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Preface

This volume contains the papers selected for presentation at TPCO VIII, the
Eighth Conference on Integer Programming and Combinatorial Optimization,
Utrecht, The Netherlands, 2001. This meeting is a forum for researchers and
practitioners working on various aspects of integer programming and combina-
torial optimization. The aim is to present recent developments in theory, compu-
tation, and application of integer programming and combinatorial optimization.
Topics include, but are not limited to: approximation algorithms, branch and
bound algorithms, computational biology, computational complexity, computa-
tional geometry, cutting plane algorithms, diophantine equations, geometry of
numbers, graph and network algorithms, integer programming, matroids and
submodular functions, on-line algorithms, polyhedral combinatorics, scheduling
theory and algorithms, and semidefinite programs.

IPCO was established in 1988 when the first IPCO program committee was
formed. The locations and years of the seven first IPCO conferences were: IPCO
I, Waterloo (Canada) 1990, IPCO II, Pittsburgh (USA) 1992, TPCO III, Er-
ice (Italy) 1993, IPCO 1V, Copenhagen (Denmark) 1995, IPCO V, Vancouver
(Canada) 1996, IPCO VI, Houston (USA) 1998, IPCO VII, Graz (Austria) 1999.
IPCO is held every year in which no MPS (Mathematical Programming Society)
International Symposium takes place. Since the MPS meeting is triennial, IPCO
conferences are held twice in every three-year period. As a rule, IPCO is held
somewhere in Northern America in even years, and somewhere in Europe in odd
years.

In response to the call for papers for IPCO 2001, the program committee
received 108 submissions, indicating a strong and growing interest in the confe-
rence. The program committee met on January 13 and 14, 2001, in Amsterdam,
The Netherlands, and selected 32 contributed papers for inclusion in the scien-
tific program of IPCO 2001. The selection was based on originality and quality,
and reflects many of the current directions in integer programming and opti-
mization research. The overall quality of the submissions was extremely high.
As a result, many excellent papers could unfortunately not be chosen.

The organizing committee for IPCO 2001 consisted of Karen Aardal, Bert
Gerards, Cor Hurkens, Jan Karel Lenstra, and Leen Stougie. IPCO 2001 was
organized in cooperation with the Mathematical Programming Society, and was
sponsored by BETA, CQM, CWI, DONET, The Netherlands Society for OR
(NGB), EIDMA, ILOG, IPA, Philips Research Labs, Technische Universiteit
Eindhoven, the Technology Foundation STW, and Universiteit Utrecht.

April 2001 Karen Aardal
Bert Gerards



IPCO VIII Program Committee

Bert Gerards (Chair), CWI Amsterdam and Technische Universiteit Eindhoven
Karen Aardal, Universiteit Utrecht

Imre Barany, Rényi Intézet, Magyar Tudoményos Akadémia, Budapest and Uni-
versity College London

Dan Bienstock, Columbia University

Michele Conforti, Universita degli studi di Padova

Michel Goemans, Massachusetts Institute of Technology

Monique Laurent, CWI Amsterdam and CNRS, France

Gerhard Woeginger, Technische Universitdt Graz and Universiteit Twente



Table of Contents

Two O(log™ k)-Approximation Algorithms for the Asymmetric k—Center
Problem .. ... .
A. Archer

Strongly Polynomial Algorithms for the Unsplittable Flow Problem ......
Y. Azar, O. Regev

Edge Covers of Setpairs and the Iterative Rounding Method .............
J. Cheriyan, S. Vempala

The Asymptotic Performance Ratio of an On-Line Algorithm for Uniform
Parallel Machine Scheduling with Release Dates .......................
C.-F.M. Chou, M. Queyranne, D. Simchi-Levi

Approximate k-MSTs and k-Steiner Trees via the Primal-Dual Method
and Lagrangean Relaxation ............ . .. .. . .. .. . .. ...
F.A. Chudak, T. Roughgarden, D.P. Williamson

On the Rank of Mixed 0,1 Polyhedra ................. ... ... ........
G. Cornuéjols, Y. Li

Fast 2-Variable Integer Programming .. ...... .. .. .. .. . .. ... ... ...
F. Eisenbrand, G. Rote

Approximating k-Spanner Problems for £ >2 ............ ... ... .. ...,
M. Elkin, D. Peleg

A Matroid Generalization of the Stable Matching Polytope ..............
T. Fleiner

A 2-Approximation for Minimum Cost {0, 1,2} Vertex Connectivity ... ...
L. Fleischer

Combined Connectivity Augmentation and Orientation Problems ........
A. Frank, T. Kirdly

An Extension of a Theorem of Henneberg and Laman ..................
A. Frank, L. Szegd

Bisubmodular Function Minimization............. ... i,
S. Fugishige, S. Iwata

On the Integrality Gap of a Natural Formulation of the Single-Sink
Buy-at-Bulk Network Design Problem .......... .. .. ... .. .. ......
N. Garg, R. Khandekar, G. Konjevod, R. Ravi, F.S. Salman, A. Sinha



X Table of Contents

Circuit Mengerian Directed Graphs ......... ... ... .. ... .. ... ...
B. Guenin

Integral Polyhedra Related to Even Cycle and Even Cut Matroids .......
B. Guenin

A Unified Framework for Obtaining Improved Approximation Algorithms
for Maximum Graph Bisection Problems ..............................
E. Halperin, U. Zwick

Synthesis of 2-Commodity Flow Networks ........ ... ... ... .. ... .....
R. Hassin, A. Levin

Bounds for Deterministic Periodic Routing Sequences...................
A. Hordik, D.A. van der Laan

Cutting Planes for Mixed 0-1 Semidefinite Programs ...................
G. Iyengar, M.T. Cezik

Independence Free Graphs and Vertex Connectivity Augmentation .. ... ..
B. Jackson, T. Jorddn

The Throughput of Sequential Testing . ........... ... ... .. ... ......
M.S. Kodialam

An Explicit Exact SDP Relaxation for Nonlinear 0-1 Programs ..........
J.B. Lasserre

Pruning by Isomorphism in Branch-and-Cut...........................
F. Margot

Facets, Algorithms, and Polyhedral Characterizations for a Multi-item
Production Planning Model with Setup Times . .................. ... ...
A.J. Miller, G.L. Nemhauser, M. W.P. Savelsbergh

Fences Are Futile: On Relaxations for the Linear Ordering Problem . ... ..
A. Newman, S. Vempala

Generating Cuts from Multiple-Term Disjunctions .....................
M. Perregaard, F. Balas

A (24-¢€)-Approximation Algorithm for Generalized Preemptive Open Shop
Problem with Minsum Objective . ......... ... ..
M. Queyranne, M. Sviridenko

Performance Guarantees of Local Search for Multiprocessor Scheduling . . .
P. Schuurman, T. Vredeveld

Connected Joins in Graphs .. ...... ... i
A. Sebd, E. Tannier



Table of Contents XI

Two NP-Hardness Results for Preemptive Minsum Scheduling of Unrelated
Parallel Machines ....... ... . 396
R. Sitters

Approximation Algorithms for the Minimum Bends Traveling Salesman
Problem . ... 406
C. Stein, D.P. Wagner

Author Index ... 423



Two O(log™ k)-Approximation Algorithms for
the Asymmetric k—Center Problem

Aaron Archer*

Operations Research Department, Cornell University, Ithaca, NY 14853
aarcher@orie.cornell.edu

Abstract. Given a set V of n points and the distances between each
pair, the k-center problem asks us to choose a subset C' C V of size k that
minimizes the maximum over all points of the distance from C to the
point. This problem is NP-hard even when the distances are symmetric
and satisfy the triangle inequality, and Hochbaum and Shmoys gave a
best-possible 2-approximation for this case.

We consider the version where the distances are asymmetric. Panigrahy
and Vishwanathan gave an O(log" n)-approximation for this case, leading
many to believe that a constant approximation factor should be possible.
Their approach is purely combinatorial. We show how to use a natural
linear programming relaxation to define a promising new measure of
progress, and use it to obtain two different O(log* k)-approximation al-
gorithms. There is hope of obtaining further improvement from this LP,
since we do not know of an instance where it has an integrality gap worse
than 3.

1 Introduction

Suppose we are given a road map of a city with n buildings where we wish to
offer fire protection, along with the travel times (a distance function) between
each pair of buildings, and suppose we are allowed to make k of the buildings into
fire stations. Informally, the asymmetric k-center problem asks how to locate the
fire stations (centers) in order to minimize the worst case travel time to a fire
(the covering radius). It is common to assume the distance function is symmetric
and satisfies the triangle inequality. Without the triangle inequality, it is NP-
hard even to decide whether the k-center optimum is finite, by a reduction from
set cover. So we require the distances to satisfy the triangle inequality, which
also makes sense when we think of them as travel times. But distances may be
asymmetric due to one-way streets or rush-hour traffic, so in this paper we do
not require symmetry.

The asymmetric k-center problem has proven to be much more difficult to
understand than its symmetric counterpart. In the early 1980’s, Hochbaum and
Shmoys [0l7] first gave a simple 2-approximation algorithm for the symmetric

* Supported by the Fannie and John Hertz Foundation and ONR grant AASERT
N0014-97-10681.

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 1-[[4] 2001.
© Springer-Verlag Berlin Heidelberg 2001



2 A. Archer

variant. Shortly thereafter, Dyer and Frieze [4] found another 2-approximation.
These results essentially closed the problem because this approximation guar-
antee is the best possible, by an easy reduction from set cover. However, no
non-trivial approximation algorithm was known for the asymmetric version un-
til Panigrahy and Vishwanathan [T4)13] gave an O(log™ n)-approximation more
than ten years later.

The k-center problem is one of the basic clustering problems. Uncapacitated
facility location and k-median are two other prominent ones, and both of these
admit constant-factor approximations in the symmetric case (see [2] for the cur-
rent best factors). But in the asymmetric case, the best results yield O(logn)
factors [BJT0], relying on clever applications of the greedy set cover algorithm.
Moreover, a natural reduction from set cover gives inapproximability results
that match these bounds up to a constant [I]. In stark contrast, it is now widely
believed that a constant-factor approximation algorithm should exist for the
asymmetric k-center problem. This conjecture is prompted by the O(log* n) re-
sult of [13], especially since no hardness of approximation result is known beyond
the lower bound of 2 inherited from the symmetric version.

In this paper we introduce a natural linear programming relaxation that
seems a promising step towards a constant-factor approximation. Our LP is
essentially a set cover LP derived from an unweighted directed graph, where the
optimal k-center solution corresponds to an optimal integral cover (dominating
set). Whereas this LP has an O(log n) integrality gap for the set cover problem, it
behaves better in our context because k-center has a different objective function.
The LP objective is the number of fractional centers chosen, whereas the k-
center objective is the covering radius. We present two O(log™ k)-approximation
algorithms for the asymmetric k-center problem, both of which use the fractional
centers given by the LP solution as a guide. There is hope that our LP might be
used to obtain further improvements since we do not know of any instances where
it has an integrality gap worse than 3 for the asymmetric k-center problemE

The O(log" n) algorithm of [13] is entirely combinatorial. Essentially, it uses
the greedy set cover algorithm to choose some (too many) centers, and then
recursively covers the centers until the correct number remain. The advantage
of working with our LP is that it gives us fractional center values to guide our
algorithm and measure its progress. Rather than choosing centers to cover the
nodes of our graph, we instead try to efficiently cover the fractional centers.

The crux of the first algorithm is our EXPANDINGFRONT routine. We se-
lect centers greedily, hoping to cover lots of fractional centers, because we are
covering within two steps what these fractional centers covered within one. For
this strategy to succeed, we need to somehow guarantee that the centers we
choose cover many fractional centers. The key idea here is that as we choose
more centers, the set A of active centers that remain to be covered shrinks, as
does the number of centers necessary to cover them. We show that the amount
of progress we make at each step grows substantially as the size of the optimal

! Here we use integrality gap in a slightly non-standard sense. See the remarks in
Section [3] for details.
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fractional cover of A shrinks, so it is important to reduce this quantity rapidly.
The fractional center values from the LP allow us to enforce and measure this
shrinkage.

We can also use the fractional centers to modify the algorithm of [I3] to obtain
the same O(log™ k) performance guarantee. Our RECURSIVECOVER routine uses
them to obtain an initial cover with fewer centers than the initial cover produced
in [13], then employs precisely the same recursive set cover scheme to finish.

Since achieving a constant-factor approximation seems difficult, it is natural
to attempt to find a bicriterion approximation algorithm that blows up both the
number of centers and the covering radius by a constant factor. This might seem
to be a significantly easier task, but in fact [I3] shows this would essentially
give us a constant-factor unicriterion approximation. This is because we can
preprocess the problem with the REDUCE routine of Section [6, and postprocess
our solution by recursively covering the centers we chose, as in Section

2 Formal Problem Definition and Notation

The input to the asymmetric k-center problem is a parameter k, a set V of n
points, and a matrix D specifying a distance function d : V x V — Ry U {oo}.
Think of d(u,v) as the distance from u to v. We require our distance function
to obey the triangle inequality, but not symmetry. That is, d(u,w) < d(u,v) +
d(v,w) for all u,v,w € V, but d(u,v) may differ from d(v,u).

Any set of centers C C V with |C| < k is a solution to the k-center problem.
The covering radius of a solution C' is the minimum distance R such that every
point is within R of the set C. (It could be oc.) The goal is to find the solution
with the minimum covering radius R*.

We will find it convenient to work with unweighted directed graphs on node
set V instead of on the space (V, D) directly. With respect to a directed graph
G = (V, E), we define (for i € Z,)

It (u)={v € V :G contains a directed path from u to v using at most i edges}.

K2

Conversely, I, (u) is the set of nodes from which u can be reached by a directed
path using at most i edges. We suppress the subscript when ¢ = 1. Thus I'" (u)
is u plus its out-neighbors, and I"~(u) is w plus its in-neighbors. For S C V
we define I';F(S) and I, (S) analogously. In G, we say S covers T within i (or
i-covers T) if I;7(S) D T. When i = 1, we just say S covers T.

For R > 0, we define the graph Gr = (V, Er), where Er = {(u,v) : d(u,v) <
R}. The essential connection here is that there exist k centers that cover all of Gg
if and only if R > R*. Thus we can binary search for the optimal radius R* and
work in G g-. Finding an ¢-cover in this graph will yield an ¢-approximation in the
original space, since traversing each edge in the graph corresponds to moving at
most R* in the original space. Moreover, in the worst case this analysis is tight,
because our given distances could be those induced by shortest directed paths
in an unweighted graph.
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For y € R, let y(S) denote Y, ¢ yy. For a function g, let g denote the
function iterated i times. Finally, define log* = min{i : log'? 2 < 31

3 Overview of the Algorithm

We describe a polynomial time relaxed decision procedure AKC (see Figure [2I),
which takes as input an asymmetric k-center instance and a guess at the optimal
radius R, and either outputs a solution of value O(Rlog* k) or correctly reports
that R < R*. Since R* = d(u,v) for some u,v € V, there are only O(n?) different
possible values for R*. We binary search on R, using at most O(logn) calls to
AKC to yield a solution of value O(Rlog" k) for some R < R*, which gives our
O(log™ k)-approximation algorithm. Thus, by guessing the covering radius R, we
immediately convert the optimization problem into a promise problem on Gg
and thereafter think only in terms of this graph and others derived from it.

Theorem 1 Given a parameter R and an asymmetric k-center instance
(V, D, k) whose optimum is R*, AKC (V, D, k, R) runs in polynomial time and
either proves that R < R* or outputs a set C of at most k centers covering V
within R(3log™ k + O(1)).

The general framework we use was introduced by [I3]. There are two sub-
stantive components — a preprocessing phase called REDUCE, and the heart of
the algorithm, which we call AUGMENT. In addition, our version of AKC solves
an LP. We can solve the LP in polynomial time, and it will be clear that our
algorithms for REDUCE and AUGMENT run in polynomial time. Thus AKC runs
in polynomial time.

We present two different ways to implement the AUGMENT phase, EXPAND-
INGFRONT (Section [4) and RECURSIVECOVER (Section [H), each of which im-
proves the approximation guarantee from O(log” n) to O(log" k). For complete-
ness, we also describe the REDUCE phase in Section [@, slightly sharpening the
analysis given in [13] to improve the constant inside the O(log* k) from 5 to 3.
We now describe how REDUCE and AUGMENT fit together.

Assume we have a graph GG, and we are promised that there exist k centers
covering G. Then AUGMENT finds at most %k centers that cover all of G within
log* k + O(1). How do we obtain a solution that uses only & centers? Roughly
speaking, we will prove that if there are k centers that cover V', then there exist
%k centers 3-covering V. So we can run AUGMENT in G2, the cube of G, to find
k centers that cover all of V' in G within 3log™ k + O(1).

More precisely, the REDUCE phase preprocesses the graph G by choosing an
initial set C' of at most k centers consisting of some special nodes, called center
capturing vertices. These centers already cover part of V' within some constant
radius. The set of nodes that remain to be covered we call the active set, and
denote it by A. We prove that there exist p < 2(k — |C|) centers 3-covering A.
Then, again roughly speaking, we use the AUGMENT procedure in G to augment
C by at most %p new centers to a set of at most k centers covering V within
log“p + O(1) in G3.
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Our LP, with respect to G = (V,F) and ACV

min y(V)
st. y(I' (v)) >1forallve A
y=>0

Fig. 1. Here is our set cover-like LP, defined with respect to some graph G with nodes
V and an active set A of nodes to be covered. Recall the notation y(S) =3 ¢ o-

Both EXPANDINGFRONT and RECURSIVECOVER use the linear program of
Figure [1. In this LP, if we further restrict y € {0,1}V, the resulting integer
program asks for the smallest set of centers necessary to cover A. This is just a set
cover problem where A is the set of elements to be covered, and {ANTT(v):v €
V'} is the collection of sets. We think of any solution y as identifying fractional
centers, so y is a fractional cover of A. We note that our AUGMENT phase does
not require there to exist an integral cover with p centers, nor does it require y
to be an optimal fractional cover. It suffices to have any fractional cover with at
most p fractional centers. We use these fractional centers to guide the AUGMENT
procedure.

The following two theorems (proved in Sections [Bland B2, respectively) sum-
marize the technical details. When put together with the precise description of
AKC in Figure 2, Theorem [ follows.

Theorem 2 Given a directed graph G for which there is a cover using k centers,
REDUCE (G) outputs a set of centers C and an active set A = V\I'} (C) such
that there exists a 3-cover of A using at most %(k — |C|) centers.

Theorem 3 Suppose A = V\I'"(C) in G, y is a fractional cover of A, and
p=y(V). When AUGMENT (G, A, C,y,p) is implemented with either EXPAND-
INGFRONT or RECURSIVECOVER, it augments C by at most %p additional cen-
ters to cover A within log*p + O(1) in G.

We show two different ways to implement the AUGMENT phase, each produc-
ing a (log" p+ O(1))-cover. The first, EXPANDINGFRONT, introduces the idea of
choosing centers to cover fractional centers, and shows how to use the LP to
make our future choices more efficient by reducing the number of fractional cen-
ters necessary to cover the new active set. The second, RECURSIVECOVER, shows
how to combine the fractional center covering idea with the recursive set cover
technique of [I3] to obtain the same improvement.

Remarks. Our main contribution is in using the LP solution to define a new
notion of progress based on covering fractional centers. We believe that this LP
and the techniques introduced here may lead to a constant-factor approximation.
Even though our LP has a ©(logn) integrality gap for the set cover problem,
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AKC (V,D,k,R)

(C,A) + REDUCE (GRr)
p 2(k - IC])
G <+ Gsgr plus the edges {(u,v) :u € C,v € I} (C)}
(where I} (C) is interpreted in Gg)
solve the linear program of Figure [l defined by G and A to get y
if y(V) > p then STOP and conclude R < R*
else
p<yV)
C + AvcMenT (G, A, C,y,p)
output C'

Fig. 2. Formal description of AKC.

we do not know of any examples where its integrality gap for the asymmetric
k-center problem is worse than 3. That is, we are not aware of any graphs G
for which there is a fractional cover using k fractional centers but there is no
integral 3-cover using [k] centers.

There is a graph G on 66 nodes that can be covered with 6 fractional cen-
ters, while the smallest integral 2-cover uses 7 centers [12]. This is the smallest
example we know that establishes the LP integrality gap of 3. Probabilistic con-
structions yield an infinite family of graphs on n nodes having a fractional cover
using k fractional centers but admitting no integral 2-cover using fewer than

2(k+/logn) centers.

4 Augment Phase: ExpandingFront

Recall that the AUGMENT phase takes as input a directed graph G, a set of
already chosen centers C, an active set A = V\I'T(C) of nodes not already
covered by C, and a solution y to the LP of Figure[Il with p = y(V'). We wish to
select an additional %p centers that, along with C, cover A within log* p+ O(1)
in G.

4.1 Motivation and Description of ExpandingFront

For motivation, consider the case where C' = () so A is all of V. If there exists a
cover using only ¢ integral centers, then clearly one of these centers v must cover
at least 2 units of fractional centers. That is, y(I't(v)) > E. It turns out that
this result holds also when there are g fractional centers covering p fractional
centers (see Lemma [ below, with z = y), and we can apply this observation
with p = ¢. Thus, there exists a node v covering a full unit of fractional centers.

It makes sense to choose such a node as a center, because it 2-covers what
these fractional centers covered. If we could manage to continue covering one
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new unit of fractional centers with each new center we select, then we would use
only p centers to cover all the fractional centers, which means we would 2-cover
all of V. This would yield a 2-approximation.

The problem is that when we choose a new center v, we remove I't(v) from
A, the active set of fractional centers yet to be covered. To see how many units
of fractional centers our next greedily chosen center covers, we use Lemma [l
Since y(A), the amount of active fractional centers, decreases, while y(V') is still
p, the best guarantee we can make is that each new greedily-chosen center covers
at least a % fraction of the remaining active fractional centers.

Lemma 4 Let G = (V,E) be a directed graph, A CV, and z € Rﬁ be any set
of non-negative weights on A. If y € RK is a fractional cover of A, that is, y is
any feasible solution to the linear program of Figure [, then there exists v € V
such that

2(A)
y(V)

Proof. We take a weighted average of z(I't(v) N A) over v € V.

Zyv (I (v Z > o

UEV UEVuEF*(v

= Zzu S ow

uGA veEl' = (u)

2 Zzu

u€A

2T (v)NA) > (1)

The inequality follows because z > 0 and y(I"~ (u)) > 1 for all u € A. Since some

term is at least as large as the weighted average, we know z(I't(v) N A) > ;Eég
for some v € V. O

We might be saved if we somehow knew that the present active set A had
a fractional cover y, with fewer than p fractional centers. We could then use
ya instead of y, so the denominator y4(V) of () would decrease along with
the numerator y(A4). We can indeed reduce the denominator by the following
observation: for any set S, the nodes in I'"*(S) do not help cover any of the
nodes in V\ I3, (9). To aid this discussion, we introduce some new notation.

With respect to a graph G and a current set of centers C C V., de-
fine V; = I;F(C)\I;",(C), the nodes exactly i steps from from C in G, and
Vs = VAT (C), the nodes at least i steps from C in G. If we consider a di-
rected breadth first search tree from the set C, then V>; consists of the nodes
at and beyond the i*" level, so this set shrinks as we add centers to C.

In our motivational example (where initially A = V'), when selecting our
first center v with y(I't(v)) > 1, let us set A <~ V>3 (instead of A < V55). See
Figure[3. Since V; does not help cover A, projecting y onto V> yields a fractional
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Fig. 3. This illustrates one step of the ¢ = 1 phase of EXPANDINGFRONT.

cover of A, so we can replace y(V) by y(V>2) < p — 1 in the denominator
of (@) for the next greedy choice. Unfortunately, the numerator decreases to
y(A) = y(V>3), which is smaller by exactly y(V2), so the next greedily chosen
center may cover less than one additional unit of fractional centers.

This problem seems to be unavoidable. The difficulty is that y(V2) might be
quite large, say £. Since these fractional centers are no longer in the active set,
our chosen centers may never cover them, so they will always contribute to the
denominator in ().

The idea of EXPANDINGFRONT is to greedily choose a few centers, then
“flush” the irritating fractional centers trapped at the “front” V5, by setting
A < V>4. We can then ignore the centers in V5 since they no longer help cover
A. This expands the front (the location of the irritating nodes) to radius 3.
In the bad case where y(V5) is large, we flush a lot of fractional centers. We
then repeat this process. The penalty is that each time we flush, we expand the
radius and so we do not get a constant-factor approximation. As it turns out,
we need flush only log” p + O(1) times. See Figure @l for a precise description.
For simplicity, the algorithm begins with phase ¢ = 0, whereas this motivating
discussion corresponds to the ¢ = 1 phase.

Figure[3 shows part of the breadth first search tree from C at one of the steps
of the ¢ = 1 phase. Suppose v (circled) is the center chosen greedily from V>s.
Adding it to C “pulls” it’s out-tree (encircled by the dotted oval) to the left in
the diagram. The shaded area is the “front,” i.e. the irritating strip of nodes that
cause our lower bound on y(I't(v) N A) from () to be less than one. By the end
of phase 0, we had chosen %p centers, reducing y(A) to exp(—%) -p =~ 0.472p. We
then moved the front one strip to the right, so we know at most 0.472p fractional
centers are necessary to cover the current A throughout phase 1.
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ExpandingFront (G, A, C,y,p)

for i =0,1,2,... do (“phase” 1)
for j =1, 2 .[32£7 do (j is just a counter)
if y(A) < 1 then STOP, output C
else
find v € V541 that maximizes y(I'" (v) N A)
C+—CHvw
A+ A\I'} | (v) (equivalently, A < V1)
A <+ V5,43 (expand the front)
(now ya is y projected onto V>;y2)

Fig. 4. Formal description of EXPANDINGFRONT.

4.2 Analysis of ExpandingFront

At the beginning of each inner loop we have A = V5,42, so all inactive nodes are
(i+1)-covered by C. If y(A) < 1, then since every v € A is covered by one unit of
fractional centers, some node in I ; (C') must cover v. Hence C' (i+2)-covers all
of V. So to prove Theorem Blfor EXPANDINGFRONT it suffices to prove Lemma [l
below, and to show that we do not choose too many centers (Lemma [IT).

Definition 5 Define the tower function T'(n) by T(0) = 1 and T(n+1) = 7™
forn > 0.

Lemma 6 EXPANDINGFRONT terminates after at most log™p + O(1) phases,
where we call each outer loop a phase.

Proof. Claims [7] B and [@ below establish that at the beginning of phase i we
have y(A) < £ where a; grows like a tower function. This establishes Lemma ]
since we stop once a; > p. a

In phase i, since A = V>;42, we take our fractional cover ya to be the
restriction of y to the nodes V>;;1, and we work on decreasing y(A), which we
can upper bound using Claim [ below. Then by expanding the front at the end
of the phase, our old y(A) becomes our new y4 (V).

Claim 7 If at the beginning of a phase we have y4(V) = a and we choose b
centers in the phase, then we reduce y(A) at least by a factor of e~ a.

Proof. Since y4 covers A, each chosen center v satisfies y(I't (v) N 4) > Y4 by
Lemma[] In phase 4, choosing v as a center actually reduces y(A) b y(]“*_'|r v)N
A), but we know how to account only for the reduction due to y( +( )N A).
Thus, each of the b new centers reduces y(A) by a factor of (1 — 1) < exp(—1).

O
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Claim 8 Define {a;} by ag = 1 and the recursion

aijt1 = a; €xp (Z 5 ) fori>0. (2)

Then a% is an upper bound on y(V>,11) at the beginning of phase i.

Proof. At the beginning of phase ¢, y(4) = y(Vsitr2) < y(Vaip1) < a% By
Claim [T, at the end of the phase we have y(A) < Z exp(— %23/ ) = m. We
then expand the front, and the lemma follows. O

Table [l illustrates how our bounds progress for the first several phases.

Table 1. This table illustrates the progress of EXPANDINGFRONT. It indicates the
number of centers used at each stage, the ratio between this and our upper bound on
the size of our present cover for A (as used in Claim [7)), our new upper bound on y(A)
at the end of the stage, and the a; from (2).

stage i|centers used|upper bound on y(I"'~ (A))| ratio |cut y(A) to| a;
0 |3p/4 P 0.75 0.472p 1
1 [3p/8 0.472p 0.794 0.214p 2.12
2 |3p/16 0.214p 0.878 | 0.0888p 4.68
3 [3p/32 0.0888p 1.06 0.0309p | 11.27
4 |3p/64 0.0309p 1.52 | 0.00676p | 32.40
5 |3p/128 0.00676p 3.47 | 0.000211p | 147.96
6 |3p/256 0.000211p 55.6  [1.51-1072%p| 4744.26
7 |3p/512 1.51-1072%p 3.89-10%°|  tiny  |6.63-10%7

Claim 9 Fori > 6, a; > 32T (i — 4).

Proof. From Table [ we have ag ~ 4744, while 42°T'(2) ~ 1293. The theorem
follows by induction, using the recurrence (2J). a

Lemma 10 EXPANDINGFRONT augments C' by at most %p centers.

Proof. Suppose there are [ phases prior to termination By Lemmal6] I < log™ p+
O(1). Since in phase i we choose no more than 3 537 11 centers, overall we choose

at most 3p +1 — %% < 3p centers. O

5 Augment Phase: RecursiveCover

We now present RECURSIVECOVER, a second way to implement the AUGMENT
phase (see Figure B]). RECURSIVECOVER uses a subroutine GREEDYSETCOVER
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RecursiveCover (G, A,C,y,p)

(find an initial 2-cover using plnp centers)
Sp 0, A+ A
while y(A") > 1 do
find v € V that maximizes y(I'""(v) N A")
S« Sh+wv
A AN\t (v)
So S(/) NnNA
(recursively cover the centers to reduce their number but increase their covering radius)
fori=0,1,2,... do
if |.S;] < %p then STOP, output C U S;
else
Si+1 < GREEDYSETCOVER (G, S;)
Sit1 S£+1 nA

Fig.5. Formal description of RECURSIVECOVER.

(G, S), which is simply the greedy set cover algorithm on the instance where
S C V is the set of elements to be covered, and {I'*(v) : v € V'} is the collection
of sets.

Ours is an enhanced version of the RECURSIVECOVER algorithm given in [13].
The place where our version of RECURSIVECOVER differs from that given in [13]
is in our choice of Sj). They use GREEDYSETCOVER (G, A) to get S so that
Sy covers A and [Sp| < pH(%). (Here the usual function H is extended to
fractional arguments as follows: for i € Z* and f € [0,1), define H(i + f) =
14 % + % +...+ % + H_il) We eliminate the dependence on n by using the
LP to guide our choice of a 2-cover for A. The greedy set cover algorithm is
well-studied (see [BI8/11]), and the following theorem is known.

Theorem 11 If there exists a fractional set cover for S using p centers, then
GREEDYSETCOVER (G, S) outputs a cover of size at most pH(l%).

This follows easily from Lemmal[4 with z = 1 and induction on |S|. Now the
following three lemmas yield Theorem Bl for RECURSIVECOVER.

Lemma 12 |Sy| < plup.

Proof. Since y(V) = p and y is a fractional cover of A, Lemma H] shows that
each new node added to S, reduces y(A’) by a factor of at least (1 — %) Thus,
within pIn p iterations we drive it below 1. a

Lemma 13 Fori=0,1,2,... we have I}, ,(S;) NI}, 5(C) 2 A.

Proof. At the end of the while loop, every node in A\ A’ is covered by S}, hence
either covered by Sy or 2-covered by C. Since y(A’) < 1, every node in A’ is
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covered either by some node in V\ A (hence 2-covered by C') or by some node in
A\A’ (hence lies in I (Sp) U I'sH(C)). This establishes the claim for i = 0. The
inductive step follows since Sj,; covers S;, so every node in S; is either covered
by S;+1 or 2-covered by C. O

Lemma 14 Fori >0, |S;| < pH® (Inp).
Proof. The case i = 0 is Lemma [[2l We use Theorem [I1]to induct. O

Since H(x) < 1+ Inz, we see from Lemma [[4] that |S;| drops below 2 when
i = log®™ p + O(1). This establishes Theorem B for RECURSIVECOVER.

6 The Reduce Phase

Our REDUCE phase (see Figure [ is identical to that given in [13], and our
analysis is essentially the same, but we include it here for completeness. The
paper [13] proves a slightly different version of Theorem [2] guaranteeing a 5-
cover of A using only % (k — |C|) centers. This allows AUGMENT to use 2y(V)
new centers when run on the fifth power of G, instead of 3y(V) when run on
the cube of G. The end effect of using our version is to decrease the constant
inside the O(log™ k) guarantee of Theorem [I] from 5 to 3. Our Theorem [2 relies
on Lemma [TA below, which was suggested to the author by Kleinberg [9].
Following [13], we define the notion of a center capturing vertex.

Definition 15 In a directed graph G, v is a center capturing vertex (CCV) if
I'~(v) CI'*(v).

Since every node has some optimal center covering it, each CCV v covers
at least one center, so it 2-covers what that center covered. Thus, adding v to
our set of centers and removing I, (v) from the active set A decreases by one
the number of centers necessary to cover A. Note that in the special case where
distances are symmetric, every node is a CCV, so REDUCE returns A = () and
C' is a 2-cover. This is exactly the 2-approximation given in [6].

The following lemma and intermediate theorem establish Theorem

Lemma 16 If H is a directed graph with nodes U and no self-loops, then there
exists S C U such that |S| < 2|U| and S covers all nodes in U with positive
in-degree.

Proof. By induction on |U|. The claim is vacuously true if H has no edges.
Otherwise let v be any node with positive out-degree, and let T be the directed
breadth first search tree rooted at v. Let Seven and Soqq respectively be the non-
root nodes at the even and odd levels of T'. Let S7 be Seven Or Soaq, whichever is
smaller. Then Sy + v covers T, and |S1| < 2|T|, the worst case occurring when
T is a directed path on three nodes. Since removing T' from H does not alter the
in-degrees of the remaining nodes, we may inductively choose Sy to cover the
positive in-degree nodes of U\T, with |S;| < 2|U\T|, and take S = S;US;. O
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Reduce (G)

AV, C«0

while there is a CCV v € A do
C«+—C+Hw
A A\ (v)

A+ A\ (O)

output (C, A)

Fig. 6. Formal description of REDUCE.

Theorem 17 Let G = (V, E) be a directed graph, C C V, and A = VA (C).
Suppose A has no CCV’s and there exist k centers that cover A. Then there
exists a set S of 2k centers that 3-cover V\I'{ (C).

Proof. Let U denote the set of k centers that cover A. We call v € U a near
center if v € Iy (C), and a far center otherwise. Then C' 4-covers all of the
nodes in A covered by near centers. Thus it suffices to choose S to 2-cover the
far centers, so S will 3-cover the nodes they cover.

Let « be any far center. Since A contains no CCV’s, there exists y such that
y covers x but z does not cover y. Since = ¢ Iy (C) we have y ¢ I,7(C), so
y € A. Thus there exists z € U covering y, and z # x. So z 2-covers z. If we
define an auxiliary graph H on the centers U with an edge from u to v if and
only if u 2-covers v in G, we see that all far centers have positive in-degree. By
Lemma[I6, there exists S C U with |S] < %l_c such that S covers the far centers
in H, so S 2-covers them in G. a

Acknowledgments. The author thanks Eva Tardos for suggesting this problem
and for reading many drafts of this paper, Anupam Gupta for helpful comments
on the presentation, Jon Kleinberg for suggesting Lemma [I6] R. Ravi for a useful
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Abstract. We provide the first strongly polynomial algorithms with
the best approximation ratio for all three variants of the unsplittable
flow problem (UFP). In this problem we are given a (possibly directed)
capacitated graph with n vertices and m edges, and a set of terminal pairs
each with its own demand and profit. The objective is to connect a subset
of the terminal pairs each by a single flow path as to maximize the total
profit of the satisfied terminal pairs subject to the capacity constraints.
Classical UF P, in which demands must be lower than edge capacities,
is known to have an O(y/m) approximation algorithm. We provide the
same result with a strongly polynomial combinatorial algorithm. The
extended UF' P case is when some demands might be higher than edge
capacities. For that case we both improve the current best approximation
ratio and use strongly polynomial algorithms. We also use a lower bound
to show that the extended case is provably harder than the classical case.
The last variant is the bounded U F' P where demands are at most % of
the minimum edge capacity. Using strongly polynomial algorithms here
as well, we improve the currently best known algorithms. Specifically,
for K = 2 our results are better than the lower bound for classical U F P
thereby separating the two problems.

1 Introduction

We consider the unsplittable flow problem (UFP). We are given a directed or
undirected graph G = (V, E), |V| = n, |E| = m, a capacity function u on its
edges and a set of I terminal pairs of vertices (s;,t;) with a demand d; and profit
r;. A feasible solution is a subset S of the terminal pairs and a single flow path
for each such pair such that the capacity constraints are fully met. The objective
is to maximize the total profit of the satisfied terminal pairs. The well-known
problem of maximum edge disjoint path, denoted EDP, is the special case where
all demands, profits and capacities are equal to 1 (see [5]).

The EDP (and hence the UF P) is one of Karp’s original NP-complete prob-
lems [f]. An O(y/m) approximation algorithm is known for EDP [7] (for addi-
tional positive results see [T2[T3]). Most of the results for UF P deal with the
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K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 15-29] 2001.
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classical case where dpqr < Upmin (the maximal demand is at most the mini-
mal capacity). The most popular approach seems to be LP rounding [2[10/14]
with the best approximation ratio being O(y/m) [2]. A matching lower bound
of 2(m'/?7¢) for any e > 0 is shown in [5] for directed graphs. Both before and
after the O(y/m) result, there were attempts to achieve the same approximation
ratio using combinatorial methods. Up to now however, these were found only
for restricted versions of the problem [5JI0] and were not optimal. Our combi-
natorial algorithm not only achieves the O(y/m) result for classical UF P but is

also the first strongly polynomial algorithm for that problem.

The extended U F' P is the case where both demands and capacities are arbi-
trary (specifically, some demands might be higher than some capacities). Due to
its complexity, not many results addressed it. The first to attack the problem is
a recent attempt by Guruswami et al. [5]. We improve the best approximation
ratio through a strongly polynomial algorithm. By proving a lower bound for the
extended U F' P over directed graphs we infer that this case is really harder than
the classical U F'P. Specifically, for large demands we show that unless P = NP
it is impossible to approximate extended UF P better than O(m!'~¢) for any
e > 0.

Another interesting case is the bounded UF' P case where djq. < %umm
(denoted K-bounded UFP). It is a special case of classical UFP but better
approximation ratios can be achieved. As a special case, it contains the half-
disjoint paths problem where all the demands and profits are equal to % and edge
capacities are all 1 [§]. For K > logn, a constant approximation is shown in [I1]
by using randomized rounding. For K < logn, previous algorithms achieved an
approximation ratio of O(Knﬁ) ([2014] by using LP rounding and [3[9] based
on [1]). We improve the result to a strongly polynomial O(K n%) approximation
algorithm which, as a special case, is a O(y/n) approximation algorithm for the
half disjoint case. Since this ratio is better than the lower bound for classical
UF P, we achieve a separation between classical UF P and bounded UF' P. The
improvement is achieved by splitting the requests into a low demand set and
a high demand set. The sets are treated separately by algorithms similar to
those of [I] where in the case of high demands the algorithm has to be slightly
modified. We would like to note that in our approximation ratios involving n,
we can replace n with D where D is an upper bound on the longest path ever
used (which is obviously at most n).

As a by-product of our methods, we provide online algorithms for UF P.
Here, the network is known but requests arrive one by one and a decision has
to be made without knowing which requests follow. We show on-line algorithms
whose competitive ratio is somewhat worse than that of the off-line algorithms.
We also show that one of our algorithms is optimal in the on-line setting by
slightly improving a lower bound of [1].

We conclude this introduction with a short summary of the main results in
this paper. We denote by d;, 4, the maximum demand and by s, the minimum
edge capacity.
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— Classical UFP (dpaz < Umin) - Strongly polynomial O(y/m) approximation
algorithm.

— Extended UF P (arbitrary dmaz, Wmin) - Strongly polynomial O(y/mlog(2+
dmaz)) approximation algorithm; A lower bound of 2(m'~¢) and of

Q(m==¢,/log(2 + %)) for directed graphs.
— Bounded UFP (dpas < %umm) - Strongly polynomial O(K n%) approxi-
mation algorithm.

2 Notation

Let G = (V,E), [V| =n, |E| =m, be a (possibly directed) graph and a capacity
function v : £ — R™'. An input request is a quadruple (s;,t;,d;,7;) where
{sj,t;} is the source-sink terminal pair, d; is the demand and r; is the profit.
The input is a set of the above quadruples for j € T = {1,...,l}. Let D be a
bound on the length of any routing path; note that D is at most n.

We denote by wmin (Umae) the minimum (maximum) edge capacity in
the graph. Similarly, we define dyin, dmaz, Tmin and Tymee to be the mini-
mum/maximum demand/profit among all input requests. We define two func-
tions on sets of requests, S C T"

r(S)=>r; dS)=> d,

JjES jES

A feasible solution is a subset P C T" and a route P; from s; to t; for each j € P
subject to the capacity constraints, i.e., the total demand routed through an edge
is bounded by the its capacity. Some of our algorithms order the requests so we
will usually denote by L;(e) the relative load of edge e after routing request j,
that is, the sum of demands routed through e divided by u(e). Without loss of
generality, we assume that any single request can be routed. That is possible since
we can just ignore unroutable requests. Note that this is not the dpyar < Umin
assumption made in classical UF P.

Before describing the various algorithms, we begin with a simple useful
lemma:

Lemma 1. Given a sequence {ay,...,an}, a non-increasing non-negative se-
quence {by,...,bp,} and two sets X,Y C {1,..,n}, let X* = X N {1,...,i} and
Yi=YN{l,..i}. If for every 1 <i<n

E a; >« E a;
JEX?® JEY?

then

Z CL]'bj >« Z ajbj

jeX JjEY
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Proof. Denote b, 11 = 0. Since b; — bj;1 is non-negative,

Zajb* Z i*i+1 Zaj

JjeX 1=1,..., jEX
>« E bfbH_l E ajfag a;b;
JEY? JeEY

3 Algorithms for UF P

3.1 Algorithm for Classical UF P

In this section we show a simple algorithm for classical UF P (the case in which
dmaz < Umin). The algorithm’s approximation ratio is the same as the best
currently known algorithm. Later, we show that unlike previous algorithms, this
algorithm can be easily made strongly polynomial and that it can even be used
in the extended case.

We split the set of requests T into two disjoint sets. The first, T3, consists
of requests for which d; < in/2. The rest of the requests are in T5. For each
request j and a given path P from s; to t; define

rj
d] ZeGP u(le) ,

a measure of the profit gained relative to the added network load.

Given a set of requests, we use simple bounds on the values of F. The lower
bound, denoted amin, is defined as == and is indeed a lower bound on F'(j, P)
since P cannot be longer than n edges and the capacity of its edges must be at
least d;. The upper bound, denoted cmqq, is defined as W and is clearly
an upper bound on F'(j, P).

F(j’P):

PROUTE
run Routinez(T1) and Routines(Ts) and choose the better solution

Routines(5):
foreach k from |log aumin] to [log tmaz |
run Routine; (2%, S) and choose the best solution

Routine(a, S):
sort the requests in S according to a non-increasing order of r;/d;
foreach j € S in the above order

if 3 path P from s; to t; s.t. F(j,P) > a and Ve € P, Lj 1( )+ o
then route the request on P and for e € P set Lj(e) = L;j_1(e) +
else reject the request
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Theorem 1. Algorithm PROUTE is an O(y/m) approzimation algorithm for
classical UFP.

Proof. First, we look at the running time of the algorithm. The number of iter-
ations done in Routines is:

Tmaa: Umaa: )

log Gmaz _ log(n

Amin Tmin Gmin

which is polynomial. Routine; looks for a non overflowing path P with F'(j, P) >
a. The latter condition is equivalent to 3 . p ﬁ < dZ—Ja and thus a shortest
path algorithm can be used.

Consider an optimal solution routing requests in @ C T'. For each j € Q let
Q; be the route chosen for j in the optimal solution. The total profit of either
QNTy or QNTy is at least T(2Q). Denote that set by @’ and its index by ¢’ € {1, 2},
that is, @ = QN T;. Now consider the values given to a in Routines and let
o/ = 2% be the highest such that 7({j € Q'|F(j,Q;) > o'}) > r(Q)/4. It is
clear that such an o/ exists. From now on we limit ourselves to Routine; (¢, i)
and show that a good routing is obtained by it. Denote by P the set of requests
routed by Routine;(¢/,i’) and for j € P denote by P; the path chosen for it.

Let Q' pign = {j € Q|F(4,Q;) > '} and Q100 = {j € Q'|F(j,Q;) < 2a'}
be sets of higher and lower ‘quality’ routes in Q’. Note that the sets are not
dlSJOlnt and that the total profit in each of them is at least ~ ( ) by the choice
of o/. From the definition of F,

Q) = Y FGQ) Y S5 Y zd)

J1€Q% 0w e€qQ); J€EQ 10w €€Q

<2azz
JEQeeQ);
/ dj
S 2

e jEQleEQ;

< 20/2 1=2mao’

where the last inequality is true since an optimal solution cannot overflow an
edge. Therefore,
r(Q) < 8ma’.

Now let Epeqny = {€ € E|Li(e) > i} be a set of the heavy edges after
the completion of Routinei(o’,i"). We consider two cases. The first is when
| Eheavy| = v/m. According to the description of the algorithm, F'(j, P;) > o’ for
every j € P. Therefore,

=Y RGP Y 25

JEP ecP;
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where the last inequality follows from the assumption that more than /m edges
are loaded more than fourth their capacity. By combining the two inequalities
we get:

I 32y/m = O(v'm)

which completes the first case.

From now on we consider the second case where |Epequy| < +/m. Status: RO

Denote by R = Q}; oh \ P. We compare the profit given by our algorithm to
that found in R by using Lemma/[. Since T—J is a non increasing sequence, it is
enough to bound the total demand routed in prefixes of the two sets. For that
we use the notation R* = RN {1,...,k} and P* = PN {l,...,k} for k = 1,...,1.
For each request j € RF the algorlthm cannot find any appropriate path. In
particular, the path @; is not chosen. Since j € Q'nign, F(j,Q;) > o' and
therefore the reason the path is not chosen is that it overflows one of the edges.
Denote that edge by e; and by E¥ = {¢;|j € RF}.

Lemma 2. EF C Eheavy

Proof. Let e; € E* be an edge with j € R¥, a request corresponding to it. We
claim that when the algorithm fails finding a path for j, L;(e;) > i. For the case
i’ = 1, the claim is obvious since the demand d; < m;,/2 and in particular,
d; < u(e;)/2. Thus, the load of e; must be higher than u(e;)/2 for the path
Q; to overflow it. For the case ¢/ = 2, we know that umin/2 < d; < Umin.
In case u(ej) > 2Upn, the only way to overflow it with demands of size at
most dpmazr < Umin i when the edge is loaded at least u(e;) — wUmin > ule;)/2.
Otherwise, u(e;) < 2upmi, and since d; < Umin < u(e) we know that the edge
cannot be empty. Since we only route requests from 75, the edge’s load must be
at least wmin/2 > u(e;)/4.

Since each request in RF is routed through an edge of E* in the optimal
solution, d(R*) < 3. v u(e). The highest capacity edge f € E* is loaded more

than fourth its capacity since it is in Ejequy and therefore d(PX) > %. By
Lemma, |E*| < |Epeqvy| < +/m and hence,

d(R*) < v/m-u(f) < 4v/m - d(P").
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We use Lemmal[I] by combining the inequality above on the ratio of demands
and the nonincreasing sequence d . This yields

> < avmy Jld;

jer 7 jeP d;
or
r(R) < 4v/m - r(P).
Since Q' pigh = RUP,
7(Qhign) = r(R) +1(P) < (1+ 43/m)r(P).
Recall that 7(Q'pign) > 7(Q)/4 and therefore

r(Q) _
P = 4+16vm = O(vVm)

3.2 Strongly Polynomial Algorithm

Routine; is strongly polynomial. Routines however calls it log &=e= times.
Therefore, it is polynomial but still not strongly polynomial. We add a pre-
processing step whose purpose is to bound the ratio ‘;:“z . Recall that [ denotes
the number of requests.

SPROUTE(T):
run Routines(T1) and Routines(Ts) and choose the better solution

Routines(S):
For each edge such that u(e) > - dmas set u(e) to be l - dpaz.
Throw away requests whose profit is below *mez.
Take the better out of the following two solutions:
Route all requests in Syiny = {j € S|d; < *=i=} on any simple path.
Run Routines (S \ Stiny)-

Theorem 2. Algorithm SPROUTE is a strongly polynomial O(\/m) approxi-
mation algorithm for classical UFP.

Proof. Consider an optimal solution routing requests in @ C S. Since the de-
mand of a single request is at most d,,qz, the total demand routed through a
given edge is at most [ - d,n... Therefore, Q is still routable after the first pre-
processing phase. The total profit of requests whose profit is lower than ez
i Tmaz. In case r(Q) > 2rpqq, removing these requests still leaves the set O
whose total profit is at least 7(Q) — rmas > @ Otherwise, we take Q' to be

the set containing the request of highest profit. Then, r(Q’) is rmes > T(QQ). All
in all, after the two preprocessing phases we are left with an UF P instance for
which there is a solution Q' whose profit is at least @
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Assume that the total profit in Q' N Stip, is at least @. Since the requests
in Stiny have a demand of at most “#i= and there are at most [ of them, they can

all be routed on simple paths and the profit obtained is at least @. Otherwise,

the profit in Q' \ Siiny is at least @ and since algorithm PROUTE is an
O(y/m) approximation algorithm, the profit we obtain is also within O(y/m) of
r(Q).

The preprocessing phases by themselves are obviously strongly polynomial.
Recall that the number of iterations performed by Routines is log(nfmes fmaz),
The ratio of profits is at most [ by the second preprocessing phase. The first
preprocessing phase limits .42 t0 k + dinasz. S0, the number of iterations is at
most log(nlz%). In case S = T1, dpae < *%™ and dypin > =5 since tiny
requests are removed. For § = T, dmaz < Umin a0d dmin > Umin/2. We end up

with at most O(logn + log!) iterations which is strongly polynomial.

3.3 Algorithm for Extended UF P

In this section we show that the algorithm can be used for the extended case in
which demands can be higher than the lowest edge capacity.

Instead of using just two sets in SPROUTE, we define a partition of the
set of requests T into 2 + max{[log dmaz/Umin |,0} disjoint sets. The first, T}
consists of requests for which d; < wmin/2. The set T; for i > 1 is of requests for
which 2 3um < d; < 2""24min. The algorithm is as follows:

ESPROUTE(T):

for any 1 < i < 24 max{[log dmaz/Umin|,0} such that T; is not empty
run Routines(T;) on the resulting graph

choose the best solution obtained

The proof of the following theorem is left to Appendix [A Tk

Theorem 3. Algorithm ESPROUTE is a strongly polynomial O(y/mlog(2 +
dwmasz)) approzimation algorithm for extended UF P.

Umin

4 Algorithms for K-Bounded UF P

In the previous section we considered the classical UF P in which dyq: < Umin-
We also extended the discussion to extended U F'P. In this section we show better
algorithms for K-bounded UF P in which d,q. < %Umm where K > 2.

4.1 Algorithms for Bounded Demands

In this section we present two algorithm for bounded U F'P. The first deals with
the case in which the demands are in the range [7/%, “5i]. As a special case, it
provides an O(y/n) approximation algorithm for the half-disjoint paths problem
where edge capacities are all the same and the demands are exactly half the edge
capacity. The second is an algorithm for the K-bounded UF P where demands

are only bounded by “=i= from above.
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EKROUTE(T):
w+2D
sort the requests in T according to a non-increasing order of r;/d;
foreach j € T in the above order
if 3 a path P from s; to ¢; s.t.
S eep(ub1© —1) < D

then route the request on P and for e € P set Lj(e) = L;_1(e) + ﬁ

‘min

else reject the request

BKROUTE(T):
[ (2D) TR
sort the requests in T according to a non-increasing order of r;/d;
foreach j € T; in the above order
if 3 a path P from s; to t; s.t.

Yeep(ut=9 1) <D
then route the request on P and for e € P set Lj(e) = Lj_1(e) +
else reject the request

Note that algorithm EK ROUTE uses a slightly different definition of L. This
‘virtual’” relative load allows it to outperform BK ROUTFE in instances where
the demands are in the correct range.

The proof of the following theorem can be found in Appendix

Theorem 4. Algorithm EKROUTE is a strongly polynomial O(K - D%) ap-

prozimation algorithm for UF P with demands in the range [}‘(Jr“ tmin] Algo-

rithm BKROUTE is a strongly polynomial O(K - Dﬁ) approzimation algo-
rithm for K-bounded UF P.

4.2 A Combined Algorithm

In this section we combine the two algorithms presented in the previous section:
the algorithm for demands in the range [z, “2in] and the algorithm for the
K-bounded UF P. The result is an algorithm for the K-bounded UF P with an
approximation ratio of O(K - D%).

We define a partition of the set of requests T' into two sets. The first, 77,
includes all the requests whose demand is at Inost frant +1 The second T5, includes

all the requests whose demand is more than K—_H and at most 3

CKROUTE(T):
Take the best out of the following two possible solutions:
Route 17 by using BKROUTE and reject all requests in Tb
Route Ty by using EK ROUTFE and reject all requests in T;
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Theorem 5. Algorithm CKROUTE is a strongly polynomial O(K - D%) ap-
prozimation algorithm for K-bounded UFP.

Proof. Let @ denote an optimal solution in 7T'. Since BK ROUTFE is used with
demands bounded by %H its approximation ratio is O(K D%). The same ap-
proximation ratio is given by EKROUTE. Either Ty or T5 have an optimal
solution whose profit is at least @ and therefore we obtain the claimed ap-
proximation ratio.

5 Lower Bounds

In this section we show that in cases where the demands are much larger than
the minimum edge capacity UF P becomes very hard to approximate, namely,
2(m'=¢) for any € > 0. We also show how different demand values relate to the
approximability of the problem. The lower bounds are for directed graphs only.

Theorem 6. [/ The following problem is NPC':

2DIRPATH:
INPUT: A directed graph G = (V, E) and four nodes z,y,z,w € V
QUESTION: Are there two edge disjoint directed paths,

one from x to y and the other from z to w in G ¢

Theorem 7. For any € > 0, extended UF P cannot be approximated better than
2(mi=e).

Proof. For a given instance A of 2DIRPATH with |A| edges and a small con-
stant €, we construct an instance of extended UF' P composed of [ copies of A,
AL A% Al where | = | Al (1. The instance A‘ is composed of edges of capacity
2!=% A special node y° is added to the graph. Two edges are added for each A?,
(y*~1, x%) of capacity 2/=% — 1 and (y'~?, 2%) of capacity 2! ~%. All [ requests share
y° as a source node. The sink of request 1 < 4 <[ is w*. The demand of request
i is 2!7% and its profit is 1. The above structure is shown in the following figure
for the hypothetical case where [ = 4. Each diamond indicates a copy of A with
x,y, z, w being its left, right, top and bottom corners respectively. The number
inside each diamond indicates the capacity of A’s edges in this copy.

Fig. 1. The UF'P instance for the case l =4
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We claim that for a given Y ES instance of 2DIRPAT H the maximal profit
gained from the extended U F' P instance is [. We route request 1 < ¢ <[ through
[v0, 2t yt, 2% y?, ..., yi L 2% wi]. Note that the path from 27 to y’ and from 2/
to w’ is a path in A7 given by the Y ES instance.

For a NO instance, we claim that at most one request can be routed. That
is because the path chosen for a request i ends at w’. So, it must arrive from
either z° or z*. The only edge entering z’ is of capacity 2'=% — 1 so z* is the
only option. The instance A* is a NO instance of capacity 2!~* through which
a request of demand 2!~ is routed form z* to w’. No other path can therefore
be routed through A? so requests j > i are not routable. Since 7 is arbitrary, we
conclude that at most one request can be routed through the extended UF P
instance and its profit is 1.

The gap created is | = |A|¢ and the number of edges is I (|A|+2) = O(I'+¢).
Hence, the gap is Q(m#) = Q(mlfel) and since € is arbitrary we complete the
proof.

Theorem 8. For any € > 0 extended UFP with any ratio dmaz/Wmin > 2
cannot be approzimated better than 2(m2 ¢, /|log(%maz)]).

Umin

Proof. Omitted.

6 Online Applications

Somewhat surprisingly, variants of the algorithms considered so far can be used
in the online setting with slightly worse bounds. For simplicity, we present here
an algorithm for the unweighted K-bounded UFP in which r; = d; for every
jerT.

First note that for unweighted K-bounded UF P, both EKROUTE and
BKROUTE can be used as online deterministic algorithms since sorting the
requests becomes unnecessary. By splitting 7" into 7} and 75 as in CK ROUTE
we can combine the two algorithms:

ONLINECKROUTE(T):
Choose one of the two routing methods below with equal probabilities:
Route T by using BKROUTFE and reject all requests in T5
Route T5 by using EK ROUTFE and reject all requests in T

Theorem 9. Algorithm ONLINECKROUTE is an O(K - D% ) competitive
online algorithm for unweighted K -bounded UF P.

Proof. The expected value of the total accepted demand of the algorithm for
any given input is the average between the total accepted demands given by the
two routing methods. Since each method is O(K - D%) competitive on its part
of the input, the theorem follows.
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Theorem 10. The competitive ratio of any deterministic on-line algorithm for

the K-bounded UFP is at least Q2(K -n¥).
Proof. Omitted.

7 Conclusion

Using combinatorial methods we showed algorithms for all three variants of the
UF P problem. We improve previous results and provide the best approxima-
tions for UF P by using strongly polynomial algorithms. Due to their relative
simplicity we believe that further analysis should lead to additional performance
guarantees such as non linear bounds. Also, the algorithms might perform better
over specific networks. It is interesting to note that no known lower bound exists
for the half-disjoint case and we leave that as an open question.
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A  Appendix

A.1 Proof of Theorem [3]

Proof. The proofs of Theorem [1l and of Theorem 2] hold also for the extended
case. The only part which has to be proved is Lemma 21 The following replaces
the lemma:

Lemma 3. Ek - Eheavy

Proof. Let ¢; € E* be an edge with j € RF, a request corresponding to it. We
claim that when the algorithm fails finding a path for j, L;(e;) > i. For the
case i = 1, the claim is obvious as before. For the case i’ > 1, we know that
2 i < dj < 272Uy In case ulej) > 2° Muppin, the only way to overflow
it with demands of size at most 2i/_2umm is when the edge is loaded at least
u(ej) — 2" 2upmin > u(ej)/2. Otherwise, u(e;) < 2° 'ty and since j is routed
through this edge in the optimal solution d; < u(e;). Therefore, the edge cannot
be empty. Since we only route requests from T3 the edge’s load must be at least
2" B Upin > ule;) /4.

The number of iterations ESPROUTE performs is at most [ since we ig-
nore empty T;’s. For T, the number of iterations of Routines is the same as
in SPROUTE. For a set T;, i > 1, the number of iterations of Routines is
log(nfmaz Umaz ) = Ag hefore, the preprocessing of Routines reduces this number

Tmin Gmin

to log(nl2%). Since the ratio % is at most 2 in each T;, we conclude that
ESPROUTE is strongly polynomial.

A.2 Proof of Theorem 4]

Proof. The first thing to note is that the algorithms never overflow an edge. For

the first algorithm, the demands are at most “=i= and the only way to exceed an

edge capacity is to route request j through an edge e that holds at least L%(E)J
requests. For such an edge, L;_1(e) > 1 and p*-1(9) —1 >y —1> D. For the
second algorithm, it is sufficient to show that in case L;_q(e) > 1 — -+ for some
e then pfi-1(¢) —1 > D; that is true since pti-1(¢) —1 > ((2D)**" 7o Yrw —1 =
2D — 1 > D. Therefore, the algorithms never overflow an edge.

Now we lower bound the total demand accepted by our algorithms. We denote
by O the set of requests in the optimal solution and by P the requests accepted
by either of our algorithm. For j € Q denote by @); the path chosen for it in the
optimal solution and for j € P let P; be the path chosen for it by our algorithm.
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We consider prefixes of the input so let Q¥ = QN {1,...,k} and P* = PN{1,...,k}
for k =1,...,1. We prove that

X, u(e) (O 1)

d(P*) > :
6KDux

The proof is by induction on k& and the induction base is trivial since the above
expression is zero. Thus, it is sufficient to show that for an accepted request j

e, ule) (b = phi-s(€)

1 < d;
6KDux

5

Note that for any e € P;, Lj(e) — L;j_1(e) < 7 for both algorithms. In addition,
for both algorithms L;(e) — L;_1(e) < 3;5-;) where the factor 3 is only necessary
for EKROUTE where the virtual load is higher than the actual increase in

relative load. The worst case is when K = 2, u(e) = (1.5 — €)Umin and d; =

(% + €)Upin: the virtual load increases by % whereas % is about %. Looking at
the exponent,

MLJ‘(S) _ luLj—l(e) —

< pli1 @ % K(Lj(e) — L1 (e))
< MLjfl(e)M%S dij
= u(e)

where the first inequality is due to the simple relation z¥ — 1 < zy for 0 < y <
1,0 < z and that for e € P;, L;(e) — Lj_1(e) < +. Therefore,

Z u(e)(,uLj(e) _ Mqu(e)) < Z NLj71(E)N%3de
e€P; e€P;

=3Ku*d; Y pbi-1©
e€P;

1 (e
=3Kpwd;( Y (b9 — 1) +|Py)
ecP;
< 3Ku*® (D + D)d;
= 6KD/,L%dj

where the last inequality holds since the algorithm routes the request through
P; and the length of P; is at most D.

The last step in the proof is to upper bound the total demand accepted by
an optimal algorithm. Denote the set of requests rejected by our algorithm and
accepted by the optimal one by R* = Q% \ P*. For j € R, we know that
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Zeer (pti-1(9) —1) > D since the request is rejected by our algorithm. Hence,

<Y 3 a0

JjERF e€Q);

<D0 > di(t -

JERF e€Q;

=> D di -

€ jERF|ecQ;

— Z Li(e) _ Z d;

]ERHCEQJ

<Z Li(e) )

where the last inequality holds since the optimal algorithm cannot overflow an
edge.
By combining the two inequalities shown above,

6K D
d(Q*) < d(P") + d(R") < d(P*) + d(P*) =5~ Pk = (14 6Ku* )d(P*)
The algorithm followed a non-increasing order of :T; and by Lemma [ we ob-
tain the same inequality above for profits. So, the approximation ratio of the
algorithm is ) .
1+6Ku®x =0O(K - ux)

which, by assigning the appropriate values of u, yields the desired results.
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Abstract. Given a digraph G = (V, E), we study a linear programming
relaxation of the problem of finding a minimum-cost edge cover of pairs
of sets of nodes (called setpairs), where each setpair has a nonnegative
integer-valued demand. Our results are as follows: (1) An extreme point
of the LP is characterized by a noncrossing family of tight setpairs, £
(where |£] < |E]). (2) In any extreme point x, there exists an edge e
with z. > @(1)/@, and there is an example showing that this lower
bound is best possible. (3) The iterative rounding method applies to the
LP and gives an integer solution of cost O(\/E) = O(\/E) times the
LP’s optimal value. The proofs rely on the fact that £ can be represented
by a special type of partially ordered set that we call diamond-free.

1 Introduction

Many NP-hard problems in network design including the Steiner tree problem
and its generalizations are captured by the following formulation. We are given an
(undirected) graph G = (V, E) where each edge e has a nonnegative cost ¢, and
each subset of nodes S has a nonnegative integer requirement f(.5). The problem
is to find a minimum-cost subgraph H that satisfies all the requirements, i.e., H
should have at least f(S) edges in every cut (S,V — S). This can be modelled
as an integer program.

(SIP) minimize ZCGCCC
subject to Z ze > f(9), vScVv
e€d(S)
ze € {0,1}, Ve € E.

Let (SLP) be the linear programming relaxation of (SIP). The requirement func-
tion f(-) should be such that (SIP) models some interesting problems in network
design, (SLP) has a provably small integrality ratio, and (SLP) is solvable in

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 30-44] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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polynomial time. Approximation algorithms based on (SIP) and (SLP) were de-
signed and analyzed by Goemans and Williamson [4], Williamson et al [7], and
Goemans et al [3]. Then Jain [2] gave a 2-approximation algorithm for the case of
weakly supermodular requirement functions via a new technique called iterative
rounding. A key discovery in [2] is that every non-zero extreme point x of (SLP)
has Iglea]%({xe} > 1. Subsequently, Melkonian and Tardos [5] studied the prob-
lem on directed graphs, and proved that if the requirement function is crossing
supermodular, then every non-zero extreme point of their linear programming
relaxation has an edge of value at least %.

Although (SIP) is quite general, there are several interesting problems in
network design that elude this formulation, such as the problem of finding a
minimum-cost k-node connected spanning subgraph. Frank and Jordan [I] gave
a more general formulation where pairs of node sets have requirements (also,
see Schrijver [6] for earlier related results). In this formulation, we are given a
digraph G = (V, E) and each edge e has a nonnegative cost ¢.. A setpair is an
ordered pair of nonempty node sets W = (Wy, Ws), where W7 C V is called the
tail, denoted t(W), and Wy C V is called the head, denoted h(W). Let A be the
set of all setpairs. For a setpair W, 6(W) denotes the set of edges covering W,
ie, d(W) = {w € Elu € t(W),v € h(W)}. Each setpair W has a nonnegative,
integer requirement f (). The problem is to find a minimum-cost subgraph that
satisfies all the requirements. (Note that the requirement function f(-) of (SIP)
is the special case where every setpair with positive requirement is a partition
of V and has the form (S,V — S) where S C V)

(IP) minimize Zcexe
subject to Z ZTe > f(W), YW e A
ecd(W)
z. € {0,1}, Ve e E.

Frank and Jordan used this formulation to derive min-max results for special
cost functions under the assumption that the requirement function is crossing
bisupermodular (defined in Section [2). They aso also showed that the linear
programming relaxation is solvable in polynomial time, under this assumption.
The problem of finding a minimum-cost k-node connected spanning subgraph
of a digraph may be modeled by (IP) by taking the requirement function to be
fOWV, W) =k — (|[V| — Wy UWs]|), where Wy, Ws are nonempty node subsets;
this function is crossing bisupermodular.

We study the linear programming relaxation (LP) for arbitrary nonnegative
cost functions. In Section Rlwe show that for any extreme point of (LP), the space
of incidence vectors of tight setpairs (setpairs whose requirement is satisfied
exactly) is spanned by the incidence vectors of a noncrossing family of tight
setpairs. A noncrossing family of setpairs is the analogue of a laminar family of
sets. Recall that two sets are laminarif they are either disjoint or one is contained
in the other. Two setpairs W,Y are comparable if either ¢(W) D t(Y), h(W) C
h(Y), (denoted as W < Y), or t(W) C t(Y), h(W) D h(Y), (denoted as W = Y).
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Setpairs W, Y are noncrossing if either they are comparable, or their heads are
disjoint (R(W)NR(Y) = (), or their tails are disjoint (¢(W)Nt(Y) = ); otherwise
W.Y cross. A family of setpairs £ C A is called noncrossing if every two setpairs
in £ are noncrossing.

In Section B, we study noncrossing families of setpairs by representing them
as partially ordered sets (posets). It turns out that the Hasse diagram of such
a poset has a special property — any two chains (dipaths) of the poset have at
most one subchain in common. We refer to such posets as diamond-free posets.
Based on this, we prove the following result. (Note the contrast with (SLP),
where the lower bound is (1), see [2/5].)

Theorem 1. For any digraph G = (V, E), any nonzero extreme point x of (LP)
satisfies

max{a:e \/;)

A direct application of iterative rounding then yields an O(1/|E|) approximation
algorithm for the setpairs formulation (IP). Iterative rounding is based on two
properties: (1) the linear programming relaxation has an optimum extreme point
with an edge of high value, say at least ﬁ where ¢(G) is a nondecreasing func-

tion of the size of G, and (2) the linear program is self-reducible, i.e., on fixing
any edge variable at 1, the residual linear program continues to have these prop-
erties. Under these conditions, iterative rounding gives a ¢(G)-approximation
guarantee by finding an edge of highest value in an optimum extreme point, set-
ting it to 1, and recursively rounding the residual linear program (for details, see
[2]). In our case, the second property holds for (LP) provided the requirement
function is crossing bisupermodular (see Section [2). Theorem [I] guarantees the
first property. This raises the question of whether iterative rounding can achieve
a better approximation guarantee for (IP). In Section[ we show that the bound
in Theorem [l is the best possible, up to a constant factor.

Theorem 2. Given any sufficiently large integer |E|, there exists a digraph G =
(V,E) such that (LP) has an extreme point x satisfying
o)

max{z,} < ——=.

ecE ‘/|E|

In the rest of the paper, an edge means a directed edge of the input digraph G.

2 Characterizing Extreme Points via Noncrossing
Families

For two crossing setpairs W, Y let WRY denote the setpair (¢((W)Ut(Y), h(W)N
h(Y)) and let WY denote the setpair (t(W) Nt(Y), h(W)Uh(Y)). Note that
W (similarly, V) is < WY and is = WY If both W and Y are partitions of
V,soW = (V—-h(W),h(W)),Y =(V—h(Y),h(Y)), then note that WY is
the partition of V' with head h(W)NA(Y), and WY is the partition of V' with
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head h(W)UR(Y). Also, see Figure[ll A nonnegative integer-valued requirement
function f : A—Z is called crossing bisupermodular if for every two setpairs
Wy,
fV) + f(Y) < f(WeY) + f(WRY)

holds whenever f(W) > 0, f(Y) > 0, A(W)NA(Y) # 0, and t(W) Nt(Y) # 0.
If the reverse inequality holds for every two setpairs (without any conditions),
then f is called bisubmodular. For any nonnegative vector z : E—IR; on the
edges, the function on setpairs z(§(W)) = Y {z. | e € (W)}, W € A, is
bisubmodular; this is discussed in [1} Claim 2.1].

t(W) h(W)

Fig. 1. TIllustration of crossing setpairs. The dashed edges contribute to z(§(W)) +
z(8(Y)) but not to z(§(WRY)) + z(§(WaY)).

For a feasible solution z of (LP), a setpair W is called tight (w.r.t. ) if
z(§(W)) = f(W). Let vec(W) denote the zero-one incidence vector of 6(W).

Theorem 3. Let x be an extreme point solution of (LP) such that z. < 1 for
each edge e, and let F = {e € E | z. > 0} be the support of x. Then there exists
a noncrossing family of tight setpairs L such that
(i) every setpair W € L has f(W) > 1,
(i) L] = |F],
(i) the vectors vec(W), W € L are linearly independent, and
(iv) x is the unique solution to {x(§(W)) = f(W), VW € L}.

The proof is based on the next two lemmas. The first of these lemmas “un-
crosses” two tight setpairs that cross.

Lemma 4. Let x : E—IR be a feasible solution of (LP). If two setpairs W, Y
with f(W) >0, f(Y) > 0 are tight and crossing, then the setpairs WQY, WY
are tight. Moreover, if x. > 0 for each edge e, then

vec(W) + vec(Y') = vec(WRY') + vec(WaY).

Proof. The requirement function f(-) is crossing bisupermodular, and the “edge
supply” function z(4(+)) satisfies the bisubmodular inequality

2(6(W)) + 2(5(Y)) > (6(WaY)) + 2(S(WaY)).
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Therefore, we have

fWeY)+ f(WaY) < z(6(WeY)) + ( (WeY)) <
z(@0(W)) +2(00(Y)) = fW)+ f(Y) < fWeY)+ f(WaY).

Hence, all the inequalities hold as equations, and so WY, W®Y are tight.
If the bisubmodular inequality holds with equality, then all edges contributing
to the Lh.s. contribute also to the r.h.s., hence

z(6@E(W)—=t(Y), h(W)—=h(Y))) =0, and x(6@t(Y)—t(W), h(Y)—h(W))) = 0.

The second statement in the lemma follows since there are no edges in both
(W) —t(Y), h(W) — h(Y)) and §(t(Y) —t(W), h(Y) — h(W)). O

Lemma 5. Let L and S be two crossing setpairs. Let N = SQL (or, let N =
S®L). If another setpair J crosses N, then either J crosses S or J crosses L.

Proof. We prove the lemma for the case N = S®L; the other case is similar.
The proof is by contradiction. Suppose the lemma fails. Then there is a setpair
J € L such that J, N cross (so t(J) Nt(N) # @ and h(J) Nh(N) # 0), but both
J, L and J, S are noncrossing.

We have four main cases, depending on whether J, L are head disjoint, tail
disjoint, J = L or J < L.

(i) J, L are head disjoint: Then J, N are head disjoint (by h(N) = h(S)Nh(L))
so J, N do not cross.
(ii) J, L are tail disjoint: We have three subcases, depending on the tails of J, S.

e t(J) properly intersects ¢(.5):
Then J, S are head disjoint (since J, S are noncrossing) so J, N are also
head disjoint, and do not cross.

o t(J) Ct(S):
Since J, S are noncrossing, either J,.S are head disjoint, in which case
J, N are head disjoint and do not cross, or h(J) D h(S), in which case
h(J) 2 h(N),so J = N and J, N do not cross.

o t(J) D t(9):
This is not possible, since J, L are tail disjoint, and ¢(S) intersects ¢(L)
(since L, S cross).

(iii) J »= L: Then J > N since h(J) D h(L) D h(N) and ¢(J) C t(L) C t(N).
(iv) J = L: As in case(ii), we have three subcases, depending on the tails of
J, S

e t(J) properly intersects t(5):
Similar to case(ii) above, first subcase.
o t(J) Ct(S):
Similar to case(ii) above, second subcase.
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o t(J) D t(9):
Since J, S do not cross, either J, S are head disjoint, in which case J, N
are head disjoint and do not cross, or h(J) C h(S), in which case J < N
since hA(J) C h(S)Nh(L) = h(N) and ¢(J) 2 t(S) Ut(L) = t(N) (note
that h(J) C h(L) and t(J) D t(L)).

This concludes the proof of the lemma. a

Proof. (of Theorem [3) Our proof is inspired by Jain’s proof of [2] Theorem 3.1].
Since z is an extreme point solution (basic solution) with 0 < z < 1, there exists
a set of |F| tight setpairs such that the vectors vec(W) corresponding to these
setpairs W are linearly independent.

Let £ be an (inclusionwise) maximal noncrossing family of tight setpairs. Let
span(L) denote the vector space spanned by the vectors vec(W), W € L. We
will show that span(L) equals the vector space spanned by the vectors vec(Y)
where Y is any tight setpair. The theorem then follows by taking a basis for
span(L) from the set {vec(W) | W € L}.

Suppose there is a tight setpair S such that vec(S) ¢ span(L). Choose such
an S that crosses the minimum number of setpairs in £ (this is a key point).
Next, choose any setpair L € £ such that S crosses L. By Lemma [,

vec(S) = vec(SQL) + vec(S®L) — vec(L).

Hence, either vec(S®L) ¢ span(L) or vec(S®L) ¢ span(L). Suppose the first
case holds. (The argument is similar for the other case, and is omitted.) Let
N = S®L = (t(S) Ut(L), h(S) N h(L)). The next claim follows from Lemma
Claim. Any setpair J € £ that crosses N also crosses S (note that J, L do not
cross since both are in £).

Clearly, L does not cross N (since L = N), but L crosses S. This contradicts
our choice of S (since N is a tight setpair that crosses fewer setpairs in £ and
vec(N) & span(L)). O

3 An Edge of High Value in an Extreme Point

This section has the proof of Theorem [Il The theorem is proved by representing
the noncrossing family £ as a poset and examining the Hasse diagram.

3.1 Diamond-Free Posets

Recall that a poset P is a set of elements together with a binary relation (=)
that is reflexive, transitive and antisymmetric. Elements W, Z in P are called
comparable if either W < Z or Z < W, otherwise they are alled incomparable.
The Hasse diagram of the poset, also denoted by P, is a directed acyclic graph
that has a node for each element in the poset, and for elements W, Z there is
an arc (W, Z) if W < Z and there is no element Y such that W <Y < Z (the
Hasse diagram has no arcs that are implied by transitivity). Throughout this
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section, a node means a node of P, not a node of G. An arc means an arc of P,
whereas an edge means a directed edge of G. A node Z is called a predecessor
(or successor) of a node W if the arc (Z, W) (or (W, Z)) is present. A directed
path in P is called a chain. An antichain of P is a set of nodes that are pairwise
incomparable. If S is a chain or an antichain of P, then |S| denotes the number
of nodes in S; the number of nodes in P is denoted by |P|. For an arbitrary
poset, define a diamond to be a set of four (distinct) elements a, b, ¢, d such that
b, ¢ are incomparable, a = b = d and a = ¢ = d. A poset is called diamond-free
if it contains no diamond. In other words, any two chains of such a poset have
at most one subchain in common.

Let £ be a noncrossing family of setpairs. We define the poset P representing
L as follows. The elements of P are the setpairs in £ and the relation between
elements is the same as the relation between setpairs (for two setpairs W and
Y, if ¢(W) D t(Y), h(W) C h(Y), then W <Y if t(W) C t(Y), h(W) 2 h(Y)
then Y < W; otherwise they are incomparable). In the Hasse diagram, an arc
(W,Y) indicates that h(W) C h(Y") and ¢(W) D ¢(Y).

Lemma 6. Let L be a noncrossing family of setpairs, and let P be the poset
representing L. Then P is diamond-free.

Proof. Suppose that £ has four setpairs W, X, Y, Z such that X, Y are incompa-
rable, W = X > Z and W > Y > Z. Since X, Y are incomparable, either they
are head disjoint, or tail disjoint. Moreover, h(X) 2D h(Z) since X > Z, and
h(Y) D h(Z) since Y = Z. Then X,Y are not head disjoint, since both heads
contain the head of Z, which is nonempty. Similarly, it can be seen that XY
are not tail disjoint, since both tails contain the tail of W, which is nonempty.
This contradiction proves that P contains no diamond. O

We call a node W unary if the Hasse diagram has exactly one arc incoming
to W and exactly one arc outgoing from W. Consider the maximum cardinality
of an antichain in a diamond-free poset P. This may be as small as one, since P
may be a chain. The next result shows that this quantity cannot be so small if
‘P has no unary nodes.

Proposition 7. (1) If a diamond-free poset P has no unary nodes, then it has
an antichain of cardinality at least \/|P|/2.

(2) If P is a diamond-free poset such that neither the predecessor nor the succes-
sor of a unary node is another unary node, then it has an antichain of cardinality

at least $+/|P].

Proof. We prove part (1); the proof of part (2) is similar.

If P has an antichain of cardinality at least 1/|P|/2, then we are done. Other-
wise, by Dilworth’s theorem (the minimum number of disjoint chains required to
cover all the nodes of a poset equals the maximum cardinality of an antichain), P
has a chain, call it C, with |C| > |P|/\/|P|/2 = /2|P|. Let C = W1, W>, ..., Wy.
Each of the internal nodes Wy, ..., Wy_; is non-unary, so it has either two pre-
decessors or two successors. Clearly, one of the two predecessors (or one of the
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two successors) is not in C. Let C}, be the set of nodes in P — C that are prede-
cessors of nodes in C, and similarly let Cs be the set of nodes in P — C' that are
successors of nodes in C. Then either |C,| > (|C| —2)/2 or |Cs| > (|C] —2)/2.
Suppose that the first case holds (the argument is similar for the other case). Let
us add Wy (the first node of C) to Cp,. Now, we claim that C), is an antichain.
Observe that part (1) follows from this claim, because |Cp| > |C|/2 > +/|P]/2.

To prove that C) is an antichain, focus on any two (distinct) nodes Y;,Y; €
Cp. Let W; and W; be the nodes in C' such that Y; is the predecessor of W; and Y;
is the predecessor of W;. First, suppose that W; # W;, and (w.l.o.g.) assume that
W; 2 W;. We cannot have Y; <X Y}, otherwise, the nodes W;, W;_1,Y;,Y; will
form a diamond, where W;_; is the predecessor of W; in C (note that the four
nodes are distinct, and W;_;,Y; are incomparable, since both are predecessors
of W;). Also, we cannot have Y; <Y}, otherwise, we have Y; <Y; < W; < W;
and so the arc (Y;, W;) is implied by transitivity. Hence, Y;,Y; are incomparable,
it W; # W;. If W; = W, then Y;,Y; are incomparable (by transitivity). O

3.2 A Proof of Theorem [1]

Theorem [Il For any digraph G = (V, E), any nonzero extreme point x of (LP)
o(1)

satisfies Erleag{xe} > \/ﬁ

The proof is by contradiction. Let = be an extreme point of (LP), and let
F={eeFE | z.> 0}. For convenience, assume that no edges e with z. = 0
are present. Also, assume that each edge e has x. < 1, otherwise the proof is
done.

Let £ be a noncrossing family of tight setpairs defining = and satisfying
the conditions in Theorem [3] and let P be the poset representing £. Note that
|P| = |L| = |F|. Let U be the set of unary nodes of P, and call a maximal chain
of unary nodes a U-chain. Let P’ be the “reduced” poset formed by replacing
each U-chain by a single unary node. Note that P’ is diamond-free, since P is
diamond-free.

Let C be a maximum-cardinality antichain of P. By Proposition [7(2), |C| >
%\/ |P’|. We may assume that each unary node of C (if any) is a bottom node of
a U-chain. By an upper U-chain we mean one that has all nodes > some node in
C, and by a lower U-chain we mean one that has all nodes < some node in C'.
Let Uy be the set of bottom nodes of all the upper U-chains together with the
set of top nodes of all the lower U-chains. Let U, be the set of nodes W € U —Uj
in upper U-chains such that the predecessor Y of W has f(W) = f(Y'), together
with the set of nodes W € U — Uy in lower U-chains such that the successor
Z of W has f(W) = f(Z). Let Uy be the set of nodes W € U — Uy in upper
U-chains such that the predecessor Y of W has f(W) > f(Y), together with
the set of nodes W € U — Uy in lower U-chains such that the successor Z of W
has f(W) < f(Z). Similarly, let Uy be the set of nodes W € U — Uy in upper
U-chains such that the predecessor Y of W has f(W) < f(Y), together with the
set of nodes W € U — Uy in lower U-chains such that the successor Z of W has

fW) > f(2).
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Clearly,
U=UyUU UUy UU, and [|P|—|P| = |Ui|+|Uz2|+ |Usl.
Claim. If « is a number such that z. < 1/, Ve € E, then
IF| > o max{|C], U], [Ual} + [U.].

We defer the proof of the claim, and complete the proof of the theorem. Let
a = 44/|P|. Suppose that z, < 1/« for each edge e € F. Then, by the claim,

|[F'| > 4y/|P| - max{|C|, |U1], |Us2|} + [Us]
1 1 1
> 44/|P| - f|C|+*|U1|+*|U2|) + UL

> 44/|P| - |P’| +*|U1\ + - \U2|) + |U.|
> [P+ |U1| + |Ua| + |Us|
> |P|.
This is a contradiction, since |F| = |P|. Hence, there exists an edge e with

ze > 1/a =1/(44/|P|). This proves the theorem.

Proof. (of the Claim) We need to prove the three inequalities separately. Con-
sider the first inequality:

IF|>a-|C] + |U.l.

Each setpair W € £ has f(W) > 1, so W is covered by > « edges (otherwise,
z(6(W)) < 1). Hence, each node W € P is covered by > o edges. We assign all
of the edges covering a node W € C to W; note that no edge covers two distinct
nodes of C. This assigns a total of > «|C/| edges. Now, consider a node W; € U,
that is in an upper U-chain Wy, ..., Wy, where 1 < i < £. Since f(W;_1) = f(W)
and vec(W;_1) # vec(W;), there is an edge in 6(W;) — §(W;_1). We assign this
edge to W;. Similarly, for a node W; € U, in a lower U-chain W1, ..., Wy, where
1 <i < ¥, we assign to W; an edge in §(W;) — §(W;11). It can be seen that no
edge is assigned to two different nodes. Hence, the first inequality follows.

Consider the second inequality: |F| > a-|U;| + |U.|. Let W; € U; be any node
in an upper U-chain W1, ..., W,, where 1 < i < {. Since f(W;) > f(Wi_1) + 1,
there must be > « edges in 5(W) — 0(W;_1). We assign all these edges to W;.
Similarly, for a node W; € U; that is in a lower U-chain W7y,..., W;, where
1 < i< ¢, we assign > « edges in §(W;11) — 6(W;) to W;. Finally, for nodes
W, € U,, if W; is in an upper U-chain W7y, ..., Wy, then we assign to W; an edge
in §(W;) — §(W;_1), and if W; is in a lower U-chain W7, ..., W, then we assign
to W; an edge in 6(W;41) — 6(W;). The second inequality follows, since no edge
is assigned to two different nodes.

The proof of the third inequality is similar to the proof of the second inequal-
ity. a
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4 A Tight Example

In this section, we present an example of an extreme point z of (LP) such that 0 <
z. < O(1)/+/|E] for all edges e € E. Thus the lower bound in Theorem [lis tight
(up to a constant factor), and hence, O(/]E|) is the best possible approximation
guarantee for (IP) via iterative rounding. An extreme point x of (LP) is defined
by a system of | E| tight constraints, where each is of the form z(6(W)) = f(W),
for some setpair W (we assume 0 < z < 1 so the constraints z, > 0, z. < 1
are redundant). Let £ be the noncrossing family of tight setpairs defining x (see
Theorem B), and let P be the poset (and the Hasse diagram) representing L.
In this section, a node means a node of P (not a node of G). Each edge e € E
corresponds to a path p(e) in P, where the nodes of p(e) are the setpairs W € L
that are covered by e, that is, p(e) = Wh,..., Wy, where W; < ... < W, and
e d(W;) (i =1,...,¢). We refer to such paths p(e) as e-paths.

Let m = |E(G)|. Our example is a poset P with m nodes and m e-paths (see
Figure ), so |P| = m. Define the incidence matrix A to be an m x m matrix
whose rows correspond to the nodes, and whose columns correspond to the e-
paths, such that the entry for node W and e-path p, Ay, is 1 if W is in p and
is 0 otherwise. We will prove that A has rank m — 1 and the system Az = 1
has a solution where each entry of = is ©(1)/y/m. (Note that = assigns a real
number to each of the e-paths, and it corresponds to a solution of the LP.)

The poset P consists of several copies of the following path structure Q. Let
t be a parameter (we will fix t = y/m/12), and let there be 3t nodes 1,2,.. ., 3t.
Then @ consists of a path [1,...,3t] on these nodes, together with 2t local e-
paths, call them p1, . .., pa;, where each p; is a subpath of the path [1,. .., 3t]. For
odd j (j =1,3,5,...,2t — 1), p; consists of the first j nodes (so p; =[1,...,7]),
and for even j (j = 2,4,6,...,2t), p; consists of all the nodes, except the first
j—2mnodes (sop; =[j—1,7,...,3t]).

Call the nodes 1,3,5,...,2t — 1 the black nodes, the nodes 2,4,6,...,2t — 2
the white nodes, and the remaining nodes 2¢,2¢t + 1, ..., 3t the red nodes. Note
that each black node is incident to t + 1 local e-paths, and each of the other
nodes is incident to ¢ local e-paths.

We take 4t copies of @), and partition them into two sets, the top path-
structures 71, . . ., Tot, and the bottom path-structures By, ..., Bo;. (We will also
refer to these as top paths and bottom paths.) Finally, we add another 4t2
nonlocal e-paths such that the following conditions hold:

each node is incident to a total of ¢t + 1 e-paths;

— each nonlocal e-path is incident to exactly two nodes, one in a top path T;
and one in a bottom path Bj; moreover, for every T; and every Bj, there is
exactly one nonlocal e-path incident to both T; and Bj;

— each nonlocal e-path is incident to either two red nodes, or one red node and
one white node;

— cach top/bottom path T; or B; is incident to exactly two red-red nonlocal

e-paths, where

(i) there is an e-path incident to the last node of B; and the last node of



J. Cheriyan and S. Vempala

— black node
O white node
e red node 2t top paths
1 1 1 _
3 3 ,,3 @3 D3
) S P55 5
D2t-1 e 99
3 $ 88 8
last t+1
nodes are red

3t 83t §3t g3t 3t

red-white e-paths

“ red-red e-paths

2t bottom paths

Fig. 2. Illustration of the poset P.

T, (i=1,...,2¢t), and

(ii) there is an e-path incident to the 2nd last node of B; and the 2nd last
node of T;41 (i = 1,...,2t); the indexing is modulo 2t, so 2t + 1 means 1;
note that there is cyclic shift by 1 in the index of the top versus bottom
paths;

the red-white nonlocal e-paths are fixed according to the first two conditions,
and are as follows: for £ = 1,2,...,¢t — 1, there is an e-path incident to
the 2¢th node of B; and the (2¢ — 1 + ¢)th node of Tj114¢ (i = 1,...,2¢t),
indexing modulo 2t; note that there is a cyclic shift by £ + 1 in the index
of the top versus bottom paths; similarly, for £ = 1,2,...,¢t — 1, there is an
e-path incident to the 2¢th node of T; and the (2¢t — 1 + ¢)th node of B;;14¢
(i=1,...,2t), indexing modulo 2t.
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Let 0 and 1 denote column vectors with all entries at 0 and 1, respectively,
where the dimension of the vector will be clear from the context.

Proposition 8. Let t be a positive integer, and let m = 12t>. Let A be the
m x m incidence matriz of the poset P and the e-paths (constructed above).
Then rank(A) > m — 1 and a solution to the system Az = 1 is given by
T = t_%l - 1.
Proof. A column vector of dimension ¢ with all entries at 0 (or, 1) is denoted by
0¢ (or, 1;). Let e; denote the ith column of the s x s identity matrix I, where
s is a positive integer. Let f; denote Z;:l ej; so f; is a column vector with a 1
in entries 1,...,72 and a 0 in entries ¢+ 1,...,s.

Let the rows of A be ordered according to the nodes 1,...,3t of T1, ..., To,
followed by the nodes 1,...,3t of By,..., Bo.

First, consider a bottom path-structure B;; top path-structures 7; are han-
dled similarly, and this is sketched later.

Let M denote the incidence matrix of B; versus all the e-paths. Then M is
3t x m matrix, where the rows 1, ..., 3t correspond to the nodes 1, ..., 3t of B;,
and the columns of M are ordered as follows:

— the 2t local e-paths of B;, p1,p2, ..., Do,

— the t — 1 red-white e-paths whose red ends are in B; (these are the e-paths
incident to nodes 2¢,2t +1,...,3t — 2 of B;),

— the two red-red e-paths incident to nodes 3t — 1 and 3t of B;,

— the remaining e-paths (among these are ¢t — 1 red-white e-paths incident to
B;, such that the white end is one of the white nodes of B;).

Let M®9 denote the submatrix of M formed by the first 2¢ columns, so M9
is the incidence matrix of the nodes versus the local e-paths of B;. Let Me™¢
denote the submatrix of M formed by excluding the first 3t+1 columns (keeping
only the columns of the “remaining e-paths”). Then

02¢—1...02¢—1 | O24—1 O2¢—1

I 0;—1 04—

_ beg t—1 t—1 t—1 end

M= M 0...0 1 0 M
0...0 0 1

Note that the rows and columns of M¢"? may be reordered such that the
submatrix in the first ¢ — 1 rows (make these the rows of the white nodes of B;)
and the first ¢ — 1 columns (make these the columns of the red-white e-paths
incident to the white nodes of B;) is the identity matrix I;_1, and every other
entry of the matrix is zero. Then

M9 =[f1, 1, fs, 1= fa, f5, L= fa, ..., far1, 1= fara].
Using elementary column operations, we can rewrite this matrix as

Ipiq 021

le1,e2,€3,...,€20-1,1 — for_1] = Opir .. Opir lpas



42 J. Cheriyan and S. Vempala

Then it is clear that the matrix [M%¢9 M¢"?] may be rewritten using elementary
column operations as

Ipp—1 O¢—1
0...0(.
Opt1 - 01 1

Going back to M, observe that it may be rewritten using elementary column
operations as

Ioy_q 02¢—1 Og¢—1...094—1 | O2¢—1 Og4—1
Op—1...0p—1 141 I 0p—1 0p—1 0.0
0...0 1 0...0 1 0 T ’
0...0 1 0...0 0 1
or as
Ipi—y O2¢—1...02¢—1 | Og4—1 O2¢—1 Og4—1
T Oi—1...0¢1 I O0p—1 041 141
MT = 0...0 0...0 1 0 1 0...0

0...0 0...0 0 1 1

Now, focus on the matrix A (the incidence matrix of the nodes of P versus all
the e-paths), and its column vectors. Consider the two red-red e-paths incident
to B; and their column vectors in A. Let r3;—; and r3; denote the two red-red
e-paths incident to the red nodes 3t — 1 and 3t (of B;), respectively, and let
the column vectors in A of these red-red e-paths also be denoted by the same
symbols. Note that r3; has two nonzero entries, namely, a 1 for node 3t of B;
and a 1 for node 3t of T;. Similarly, r3;—; has two nonzero entries, namely, a
1 for node 3t — 1 of B; and a 1 for node 3t — 1 of T;4; (indexing modulo 2t).
Keep the column r3;_1, but use elementary column operations to replace r3; by
T3 = T3t +rae—1+ M3+ ...+ M3_o — M3, where MY denotes the column
vector of dimension m obtained from the jth column vector of M* by padding
with zeros (fixing entries of rows not in M* at 0). Clearly, r5, has two nonzero
entries, namely a 1 for node 3t of T; and a 1 for node 3t — 1 of T;;1 (indexing
modulo 2t).

Let M % be the m x m matrix obtained from M* by replacing the (3t —1)th
column by r3;_1, deleting the 3tth column, and padding with zeros (fixing at 0
all entries except those in M* or in the (3¢ — 1)th column).

The construction for a top path T;11 (i = 1,2,...,2¢t, indexing modulo 2t)
is similar, except for the handling of columns 3t — 1 and 3t of M*. Let Mtopr,it!
be the m x m matrix obtained from M* by replacing the 3tth column by 7%,
deleting the (3t — 1)th column, and padding with zeros.

Let A* be the m X m matrix obtained from A by elementary column opera-

tions, where
2t 2t
A* = § :Mtop,z + E Mbot,z.
i=1 =1

Figure [ illustrates the zero-nonzero pattern of A*.
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1 node 3t-1 of Ti+1 1 node3tof T,

———————————————————————————————————— ~I ’rr‘I
,,,,,,,,,,,,,,,,,,,,,, Mg R
11 11
1 1
Nonzero part of matrix M bot.i Nonzero part of matrix M ‘P!
Tl ,,,,,,,, X X
TZ ,,,,,,,,, X X

Matrix A*

Fig. 3. Illustration of matrices M®"* and M?*?'? and the nonzero pattern of matrix
A*.

With the exception of one entry, A* is an upper triangular matrix with every
diagonal entry at 1; the exceptional entry is in row 6t (node 3t of T5;) and
column 3¢t — 1 (2nd last column of T7). Then, deleting row 6¢ and column 6t
of A* we get an upper triangular matrix with determinant 1. This proves that
rank(A) > m — 1.

By construction, each node of P is incident to exactly ¢ + 1 e-paths, hence
fixing x. = 1/(t+ 1) for each e-path p(e) gives a solution to the system Az = 1.
The proposition follows. O

Proposition 9. Let P be the polytope {x € R | Az <b, 0< 2 < 1} and let
F be the face {x € P | Ax = b}, where Ax < b is a subsystem of Ax < b. If the
matrix A has rank m — 1 and there exists an x € F such that each entry of x is
< a, then P has an extreme point T such that each entry of T is < 2a.

Proof. Fis a line-segment and so it has two extreme points, call them y and z.
Note that y and z must be extreme points of P also. Hence, x = a-y+ (1 —a) - 2,
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where 0 < a < 1. Suppose a > 1/2 (the other case is similar). Then y <

2(x — (1 —a) - z) < 2z, since z > 0, so each entry of y is < 2a. O

Theorem 2] which is the main result of this section, follows from Proposi-
tions [{ and

Theorem [2 Given any sufficiently large integer |E|, there exists a digraph
o)

NED

G = (V, E) such that (LP) has an extreme point x satisfying meaéc{xe} <
(&

5 Conclusion

In conclusion, we mention that the results generalize from crossing bisupermodu-
lar functions to (nonnegative, integral) functions f : A—2ZZ such that for every
two setpairs W, Y with f(W) > 0, f(Y) > 0, the following holds:

fWRY) + f(WaY),
fW) + f(Y) <maxq f(E(W), h(W) = h(Y)) + fEY), h(Y) = h(W)),
fEW) =t(Y), h(W)) + f(tY) —t(W), h(Y))

References

1. A. Frank and T. Jordan, “Minimal edge-coverings of pairs of sets,” J. Combina-
torial Theory, Series B, 65:73-110, 1995.

2. K. Jain, “A factor 2 approximation algorithm for the generalized Steiner network
problem,” Proc. IEEE Foundations of Computer Science, 1998.

3. M. Goemans, A. Goldberg, S. Plotkin, D. Shmoys, E. Tardos and D. Williamson,
“Improved approximation algorithms for network design problems,” in Proc.
ACM SIAM Symposium on Discrete Algorithms, 1994, 223-232.

4. M. Goemans and D. Williamson, “A general approximation technique for con-
strained forest problems,” SIAM Journal on Computing, 24:296-317, 1995.

5. V. Melkonian and E. Tardos, “Approximation algorithms for a directed network
design problem,” In the Proceedings of the 7th International Integer Programming
and Combinatorial Optimization Conference (IPC0O’99), Graz, Austria, 1999.

6. A. Schrijver, “Matroids and linking systems,” J. Combinatorial Theory, Series
B, 26:349-369, 1979.

7. D. Williamson, M. Goemans, M. Mihail, and V. Vazirani, “A primal-dual ap-
proximation algorithm for generalized Steiner network problems,” Combinator-
ica, 15:435-454, 1995.



The Asymptotic Performance Ratio of an
On-Line Algorithm for Uniform Parallel
Machine Scheduling with Release Dates*

Cheng-Feng Mabel Chou!, Maurice Queyranne?, and David Simchi-Levi3

! Northwestern University, Evanston IL 60208, USA
2 University of British Columbia, Vancouver B.C., Canada V6T 172
3 Massachusetts Institute of Technology, Cambridge MA 02139, USA

Abstract. Jobs arriving over time must be non-preemptively processed
on one of m parallel machines, each of which running at its own speed,
S0 as to minimize a weighted sum of the job completion times. In this
on-line environment, the processing requirement and weight of a job are
not known before the job arrives. The Weighted Shortest Processing Re-
quirement (WSPR) on-line heuristic is a simple extension of the well
known WSPT heuristic, which is optimal for the single machine problem
without release dates. We prove that the WSPR heuristic is asymptoti-
cally optimal for all instances with bounded job processing requirements
and weights. This implies that the WSPR algorithm generates a solution
whose relative error approaches zero as the number of jobs increases. Our
proof does not require any probabilistic assumption on the job parame-
ters and relies extensively on properties of optimal solutions to a single
machine relaxation of the problem.

1 Introduction

In the uniform parallel machine minsum scheduling problem with re-
lease dates, jobs arrive over time and must be allocated for processing to one
of m given parallel machines. Machine M; (¢ = 1,...,m) has speed s; > 0 and
can process at most one job at a time. Let n denote the total number of jobs to
be processed and let N = {1,2,...,n}. Job j € N has processing requirement
p; > 0, weight w; > 0, and release date r; > 0. The processing of job j cannot
start before its release date r; and cannot be interrupted once started on a ma-
chine. If job j starts processing at time S; on machine M;, then it is completed
pj/s; time units later; that is, its completion time is C; = S; + p;/s;. In the
single machine case, i.e., when m = 1, we may assume that s; = 1 and in this
case the processing requirement of a job is also referred to as the job processing
time.
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We seek a feasible schedule of all n jobs, which minimizes the minsum objec-
tive Z?:l w;C};, the weighted sum of completion times. In standard scheduling
notation, see, e.g., [5], this problem is denoted Q|r;| > w;C;. Our main result
concerns the case where the set of m parallel machines is held fixed, which is
usually denoted as problem Qm|r;| > w,;C;.

In practice, the precise processing requirement, weight and release date (or
arrival time) of a job may not be known before the job actually arrives for
processing. Thus, we consider an on-line environment where these data p;, w;
and 7; are not known before time r;. This implies that scheduling decisions have
to be made over time, using at any time only information about the jobs already
released by that time; see, e.g., [I0] for a survey of on-line scheduling.

In a competitive analysis, we compare the objective value, Z4(I), of the
schedule obtained by applying a given (deterministic) on-line algorithm A to an
instance I to the optimum (off-line) objective value Z*(I) of this instance. The
competitive ratio of algorithm A, relative to a class Z of instances (such that
Z*(I)>0forall I € 7),is

cz(A) sup{Z/:(I) : IGI} .

One of the best known results [11] in minsum scheduling is that the single ma-
chine problem without release dates, 1|| > w;C}, is solved to optimality by the
following Weighted Shortest Processing Time (WSPT) algorithm: process
the jobs in nonincreasing order of their weight-to-processing time ratio w;/p;.
Thus the competitive ratio cz(WSPT) = 1 for the class Z of all instances of the
single machine problem 1|| > w;C;. Unfortunately, this result does not extend
to problems with release dates or with parallel machines; in fact the single ma-
chine problem with release dates and equal weights, 1|r;| > C;, and the identical
parallel machine problem, P|| > w;C; are already NP-hard [§]. Consequently, a
great deal of work has been devoted to the development and analysis of heuris-
tics, in particular, Linear Programming (LP) based heuristics, with attractive
competitive ratios.

A departure from this line of research was presented in [6]. To present their
results, define the asymptotic performance ratio R¥(A) of an algorithm A, rel-
ative to instance class Z, as

Z4(1)
Z+(0)

R (A) = inf {r > 1| Ing such that <r,

for all instances I € 7 with n > no}.

Thus, the asymptotic performance ratio characterizes the maximum relative de-
viation from optimality for all “sufficiently large” instances in Z. When A is an
on-line algorithm, and Z*(I) still denotes the off-line optimum objective value,
we call R (A) the asymptotic competitive ratio of A relative to instance class Z.

[6] focused on the single machine total completion time problem with release
dates, i.e., problem 1|r;| > C; and analyzed the effectiveness of a simple on-line
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dispatch rule, referred to as the Shortest Processing Time among Available
jobs (SPTA) heuristic. In this algorithm, at the completion time of any job,
one considers all the jobs which have been released by that date but not yet
processed, and select the job with the smallest processing time to be processed
next. If no job is available the machine is idle until at least one job arrives. The
results in [6] imply that the asymptotic competitive ratio of the SPTA heuristic
is equal to one for all classes of instances with bounded processing times, i.e.,
instance classes Z for which there exist constants p > p > 0 such that p < p; <p
for all jobs j in every instance I € 7. B B

It is natural to try and extend the WSPT and SPTA heuristics to problems
with release dates and/or parallel machines. A simple extension to the problem
Q|r;j] >_ w;C; considered herein, with both uniform parallel machines and release
dates, is the following WSPR algorithm: whenever a machine becomes idle, start
processing on it an available job, if any, with largest w;/p; ratio; otherwise, wait
until the next job release date. This is a very simple on-line algorithm which is
fairly myopic and clearly suboptimal, for at least two reasons. First, it is “non-
idling”, that is, it keeps the machines busy so long as there is work available
for processing; this may be suboptimal if a job k with large weight wy, (or short
processing requirement py) is released shortly thereafter and is forced to wait
because all machines are then busy. Second, for machines with different speeds,
the WSPR algorithm arbitrarily assigns jobs to the idle machines, irrespective
of their speeds; thus an important job may be assigned to a slow machine while
a faster machine is currently idle or may become idle soon thereafter. Thus, it
is easy to construct instance classes Z, for example with two jobs on a single
machine, for which the WSPR heuristic performs very poorly; this implies that
its competitive ratio cz(WSPR) is unbounded.

In contrast, the main result of this paper is that the asymptotic competi-
tive ratio R°(WSPR) of the WSPR heuristic is equal to one for all classes 7
of instances with a fixed set of machines and with bounded job weights and
processing requirements.

Formally, our main result is presented in the following theorem.

Theorem 1. Consider any class T of instances of the uniform parallel ma-
chines problem Qml|r;| Y w;C; with a fized set of m machines, and with bounded
weights and processing times, that is, for which there exist constants w > w > 0
and p > p > 0 such that

w<w; <w and pP<p;<p for all jobs j in every instance I € L.

Then the asymptotic competitive ratio of the WSPR heuristic is R®(WSPR) =
1 for instance class T.

To put our results in perspective, it is appropriate at this point to refer to
the work of Uma and Wein [I2] who perform extensive computational studies
with various heuristics including WSPR, as well as linear programming based
approximation algorithms for the single machine problem 1|r;| > w;C;. While
Uma and Wein note that it is trivial to see that the worst-case performance of
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the WSPR heuristic is unbounded, they find that, on most data sets they used,
this heuristic is superior to all the LP relaxation based approaches. The results in
the present paper provide a nice explanation of this striking behavior reported
by Uma and Wein. Indeed, our results show that if the job parameters, i.e.,
weights and processing times, are bounded, then the WSPR, algorithm generates
a solution whose relative error decreases to zero as the number of jobs increases.
Put differently, WSPR has an unbounded worst-case performance only when the
job parameters are unbounded.

2 A Mean Busy Date Relaxation for Uniform Parallel
Machines

Let N = {1,...,n} be a set of jobs to be processed, with a given vector p =
(p1,--.,pn) of job processing requirements. Given any (preemptive) schedule we
associate with each job j € N its processing speed function o;, defined as follows:
for every date t we let o;(t) denote the speed at which job j is being processed
at date t. For example, for uniform parallel machines, 0;(t) = s;(;,+) is the speed
of the machine N;(; +) processing job j at date ¢, and o} (t) = 0if job j is idle at
that date. Thus, for a single machine with unit speed, o;(¢) = 1 if the machine
is processing job j at date ¢, and 0 otherwise. We consider schedules that are
complete in the following sense. First we assume that 0 < o;(t) < § for all j
and ¢, where 5 is a given upper bound on the maximum speed at which a job
may be processed. Next, we assume that all processing occurs during a finite
time interval [0, T], where T is a given upper bound on the latest job completion
time in a schedule under consideration. For the single machine problem we may
use 5 =1and 7' = max; 7; + > D For the uniform parallel machines problem,
we may use § = max; s; and 7' = max; r; + >, p;/ min; s;. The assumption

T
/ o;(T) dT = p;
0

then express the requirement that, in a complete schedule, each job is entirely
processed during this time interval [0, T']. The preceding assumptions imply that
all integrals below are well defined.

The mean busy date M; of job j in a complete schedule is the average date
at which job j is being processed, that is,

1 (T
M; = —/ oj(r)Tdr.
bj Jo
We let M = (M, ..., M,) denote the mean busy date vector, or MBD wvector, of
the schedule. When the speed function o; is piecewise constant, we may express
the mean busy date M; as the weighted average of the midpoints of the time
intervals during which job j is processed at constant speed, using as weights
the fraction of its work requirement p; processed in these intervals. Namely, if
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o;(t) = sjp for ap <t < by, with 0 < ay < by < ... <ag <bx <T and
K
> k—1 Sik(bx — ar) = p; then

M, = i 5.1 (b ,_ ag) Gk -2i- b _ (1)
k=1 Pj

Thus, if job j is processed without preemption at speed s; 1, then its completion

time is C; = M; + %pj/sj’l. In any complete schedule, the completion time

of every job j satisfies C; > M; + %pj/g, with equality if and only if job j is

processed without preemption at maximum speed s.

Let w = (wy,...,wy,) denote the vector of given job weights. We use scalar
product notation, and let w'p = Ej wjp; and w' C = Zj w;Cj, the latter
denoting the minsum objective of instance I of the scheduling problem under
consideration. We call w' M = Zj w; M; the mean busy date objective, or MBD
objective, and the problem

zZP=MBD (T} = min {wTM : M is the MBD vector of a feasible

preemptive schedule for instance I} (2)

the preemptive MBD problem. Letting Z*(I) denote the optimum minsum ob-
jective value w ' C of a feasible nonpreemptive schedule, it follows from w > 0
and the preceding observations that Z*(I) > ZP=MBDP([) + (1/28)w p. Ac-
cordingly, we shall also refer to the preemptive MBD problem as the preemptive
MBD relazation of the original nonpreemptive minsum scheduling problem.

The preemptive MBD problem is well solved, see [3] and [4], for the case of a
single machine with constant speed s > 0 and job release dates. To present the
result, define the LP schedule as the following schedule: whenever a new job is
released or a job is completed, we compare the weight to (original) processing
time ratios w;/p; of all the available jobs: the one with the largest ratio is
selected and starts (or resumes) processing immediately, even if this forces the
preemption of a currently in-process job.

Theorem 2 ((Goemans)). The LP schedule defines an optimal solution to the
preemptive MBD problem 1|r;, pmtn| Y w;M;.

Let CP and MLT denote the completion time vector, resp., the MBD vector,
of the LP schedule, and let ZMBP(I) = ZP=MBD([) 4 (1/25)w " p. Theorem B
implies that Z*(I) > ZMBDP(I) = w T MTP + (1/25)w " p.

We will bound the maximum delay that certain amounts of “work” can incur
in the WSPR schedule, relative to the LP schedule. For this, we now present a
decomposition of the MBD objective w ' M using certain “nested” job subsets.
Some of the results below were introduced in [3] in the context of single machine
scheduling.

We consider a general scheduling environment and a complete schedule, as
defined at the beginning of this Section. Assume, without loss of generality,
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that the jobs are indexed in a nonincreasing order of their ratios of weight to
processing requirement:

wi/p1 > w2 /p2 > ... > Wy /Pn > Wng1/Pnr1 = 0. (3)

Accordingly, job k has lower WSPR priority than job j if and only if k& > j.
In case of ties in (B]), we consider WSPR priorities and an LP schedule which
are consistent with the WSPR schedule. For h = 1,...,n, let Ay = wy,/pn —
Wh41/Pht1, and let [A] = {1,2,..., h} denote the set of the h jobs with highest
priority. For any feasible (preemptive) schedule we have:

w' M = Z—ij Z ZAk piM; = ZAthﬂ
Jj=

j€[h]

For any subset S C N ={1,...,n}, let p(S) = Zjespj denote its total process-

ing time, and let og = des a] denote its processing speed function. Define its

mean busy date Mg = (1/p(S fo os(7) T dr. Note that, in a feasible schedule,
fo os()dr = p(S) and 3, o p;M; = fo os(7) 7 dr = p(S)Mg. Therefore, we
obtain the MBD objective decomposition

n

w M =" Ay p([h]) My, . (4)
h=1

This decomposition allows us to concentrate on the mean busy dates M) of the
job subsets [h] (h=1,...,n).

For any date t < T, let Rs(t ft os(T) dr = p(S fo os(7) dr denote
the unprocessed work from set S at date t. (Note that thls unprocessed work
may include the processing time of jobs not yet released at date ¢.) Since the
unprocessed work function Rg(f) is nonincreasing with time ¢, we may define
its (functional) inverse Rg as follows: for 0 < ¢ < p(S) let Rs(q) = inf{t > 0 :
Rs(t) < q}. Thus the processing date Rs(q) is the earliest date at which p(S)—gq
units of work from set S have been processed. For any feasible schedule with a
finite number of preemptions we have

T p(S)
/ORsu)dt:/o Rs(q) dg .

The mean busy date Mg can be expressed using the processing date function Rg:

(S) M = /0 " s(t)tdt = /0 ! /O os(t)drdt = /0 ! / " s(t)didr

T p(S)
:/O RS(T)dT:/O Rs(q) dq.
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Combining this with equation (@) allows us to express the MBD objective using
the processing date function:

- n p([h]) _
w' M=) A, / Ry (q) dg . (5)
h=1 0

We now present a mean busy date relaxation for uniform parallel machines
and then use the above expression (Bl to bound the difference between the min-
sum objectives of the WSPR and LP schedules.

Assume that we have m parallel machines My, ..., M,,, where machine M,
has speed s; > 0. Job j has processing requirement p; > 0; if it is processed
on machine N; then its actual processing time is p;; = p;/s;. We assume that
the set of machines and their speeds are fixed and, without loss of generality,
that the machines are indexed in nonincreasing order of their speeds, that is,
81 2> 82 > ... 2> 8, > 0. We have job release dates r; > 0 and weights w; > 0,
and we seek a nonpreemptive feasible schedule in which no job j is processed
before its release date, and which minimizes the minsum objective Zj w;Cj.
Since the set of m parallel machines is fixed, this problem is usually denoted
as Qmlr;| Y- w;C;. First, we present a fairly natural single machine preemptive
relaxation, using a machine with speed sl = >t si. We then compare the
processing date functions for the high WSPR priority sets [h] between the WSPR
schedule on the parallel machines and LP schedule on the speed-s™ machine. We
show an O(n) additive error bound for the WSPR heuristic, for every instance
class with a fixed set of machines and bounded job processing times and weights.
This implies the asymptotic optimality of the WSPR, heuristic for such classes
of instances.

Consider any feasible preemptive schedule on the parallel machines, with
completion time vector C. Recall that ¢;(t) denotes the speed at which job j is
being processed at date t in the schedule, and that the mean busy date M; of

job jis M; = (1/p;) fOT o;(t)Tdr (where T is an upper bound on the maximum
job completion time in any schedule being considered).

To every instance I of the uniform parallel machines problem we associate an
instance I of the single machine preemptive problem with the same job set N
and in which each job j € N now has processing time pgm} = pj/s[m]. The job
weights w; and release dates r; are unchanged. Thus we have replaced the m ma-
chines with speeds sy, ..., s, with a single machine with speed s/ = S S
Consider any feasible preemptive schedule for this single machine problem and

let C™l denote its completion time vector. Let I J[er] (t) denote the speed (either

s or 0) at which job j is being processed at date t. Thus the mean busy date

m . . . . . . m T m
Mj[ Vof job j for this single machine problem is M7[ = (1/p) [, Ij[ ](7’) Tdr.

In the following Lemma, the resulting inequality C][-m} < Cj on all job comple-
tion times extends earlier results of [I] for the case of identical parallel machines
(whereby all s; = 1), and of [9] for a broad class of shop scheduling problems
(with precedence delays but without parallel machines). To our knowledge, the

mean busy date result, M J[m] = M;, which we use later on, is new.
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Lemma 1 ((Preemptive Single Machine Relaxation Lemma)). To every
feasible ﬁ)reemptz’ve or nonpreemptive) schedule with a finite number of pre-
emptiond] and with mean busy date vector M and completion time vector C' on
the uniform parallel machines, we can associate a feasible preemptive schedule
with mean busy date vector M and completion time vector C" on the speed-
s™ machine, such that Mj[»m] = M; and C][»m} < C;j for all jobs j € N.

Proof. Let S; denote the start date of job j in the given parallel machines
schedule. Partition the time interval [min; S;, max; C;] into intervals [a;—1, aq]
(t =1,...,7) such that exactly the same jobs are being processed by exactly
the same machines throughout each interval. Thus {a; : ¢ = 0,...,7} is the
set of all job start dates and completion times, and all dates at which some
job is preempted. Partition each job j into 7 pieces (j,t) with work amount
qjt = Si(j,b) (ar—ay—1) if job j is being processed during interval [a;_1, a¢] on a ma-
chine M;(; +), and zero otherwise. Since each job j is performed in the given sched-
ule, its processing requirement is p; = >_;_; ¢;:. Since each machine processes
at most one job during interval [a;—1,at], we have 3,y gt < st (a; — ay_y)
for all ¢, with equality iff no machine is idle during interval [a;_1, a;]. Therefore
the speed-s™ machine has enough capacity to process all the work > jen Gt

during this interval. Construct a preemptive schedule on the speed-s™ machine
as follows. For each t = 1,...,7, fix an arbitrary sequence (ji,t),..., (jn@),?)
of the n(t) pieces (j,t) with gj; > 0. Starting at date a;—; process half of each
such piece (4,t) (i.e., for %qjt/s[m] time units) in the given sequence. This pro-
cessing is complete no later than date y; = 3(a;—1 + a¢), the midpoint of the
interval [a;—1,a:]. Then “mirror” this partial schedule about this midpoint gy
by processing the other half of each piece in reverse sequence so as to complete
this mirrored partial schedule precisely at date a;. Since no job starts before its
release date, all the processing requirement of every job is processed, and the
speed-sI™ machine processes at most one job at a time, the resulting preemp-
tive schedule is indeed feasible. Furthermore each job j completes at the latest
at date max{a; : ¢;: > 0} = C}, so C’][m] < Cj;. Finally, the “mirroring” applied
in each interval [a;—1, at] ensures that, for all jobs j € N

/ O_er](T) rdr = % 5[771] W = % Si Ut = / Uj(T) Tdr
ars (3 at—1

where s; is the speed of the machine M; on which job j is processed during in-

terval [a;—1, a¢] in the given parallel machines schedule. Adding over all intervals

implies M j[m] = M; for all jobs j € N. The proof is complete.

Lemma [[]implies that the preemptive single machine problem, with a speed-
s[™ machine, is a relaxation of the original uniform parallel machines problem,
for any objective function (including the minsum objective with all w; > 0)
which is nondecreasing in the job completion times. For the minsum objective
>_; w;Cj, we may combine this result with Theorem [ and obtain:

! The finiteness restriction may be removed by appropriate application of results from
open shop theory, as indicated in [7], but this is beyond the scope of this paper.
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Corollary 1. Let Z*(I) denote the optimum objective value for instance I of
the parallel machines problem Q|r;| > w;C;. Let MEPI denote the mean busy
date vector of the LP schedule for the corresponding instance I™ of the single
machine problem. Then

ZMBD[m](I) - wTMLP[m] + 5 1[ ] ,pr < Z*(I) ) (6)

S m

Proof. Let Z!™ (I) denote the optimum value of the minsum objective
> 5 Wj C!™ among all feasible preemptive schedules for instance I, From The-

orem Bit follows that w " MLPlm] 4 5 Sllml w'p < Z™(I). From the inequalities

C'J[»m] < O; in LemmaMand w > 0, it follows that ZI™(I) < Z*(I). This suffices
to prove the corollary.

Remark 1. For the problem P|| % w;C; with identical parallel machines and all
release dates r; = 0, each s; = 1. Therefore, for any nonpreemptive parallel
machines schedule, the mean busy date M; and completion time C; of every

job j satisfy M7 = CJ — %pj. On the other hand s = m and, since the LP
schedule is nonpreemptive for identical release dates, MjLP[m} = C’jLP[m] —p;/2m.
Applying the mean busy date relationships M][m] = M of Lemmaldl to the MBD

vector M* = C* — %p of an optimal parallel machine schedule, we obtain the
slightly stronger bound:

1 1
Z*() =w'C* = wTM*—i—inp = wTM[m]+§pr

> w ' MEPIm L w'p = w! CFPIM 4 L <1 - 1> w'p. (7)
2 2 m

Let Z,(I) = w'p denote the optimum wvalue of the n-machine version of the
problem, and Z;(I) = w' (MLP[m} + ﬁw—'—p) the minsum objective value of
the LP schedule for instance I™ of the single speed-m machine version of the
problem. Recall that, in the absence of release dates, Z1(I) is the optimum value
of a feasible nonpreemptive schedule on a single machine operating at m times
the speed of each given parallel machine. Inequality (7) may be written as

20~ 520 2 = (20~ 320

which is precisely the lower bound obtained in [2] using algebraic and geometric
arguments.

3 Asymptotic Optimality of the WSPR Rule for Uniform
Parallel Machines

We now show the asymptotic optimality of the WSPR rule for uniform parallel
machines. The simple version of the WSPR heuristic considered herein is defined
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as follows: whenever a machine becomes idle, start processing the available job,
if any, with highest WSPR priority, i.e., job j such that j < k according to ());
if no job is available, wait until the next job release date. Note that we allow
the assignment of jobs to machines to be otherwise arbitrary. (We suspect that
one can design versions of the uniform parallel machine WSPR, heuristic which
may be preferable according to some other performance measure, but this is
not needed for the present asymptotic analysis.) As before, let C’jW SPR (yesp.,
M; WSPR) denote the completion time (resp., mean busy date) of job j in the
WSPR scheduled Recall that Sm 1s the speed of the slowest machine and, to
simplify, let pmax = maxjen pj.

Following [2], it is easy to obtain a job-by-job bound for the WSPR schedule
in the absence of release dates:

Lemma 2 ((Job-by-Job Bound Without Release Dates)). For the uni-
form parallel machines problem Q|| Y w;C; without release dates, the completion
time vectors of the WSPR and LP schedules satisfy

1 1
CWSPR < 1P 4 ( - ) Pmax for all j € N. (8)

S slm

Proof. Assuming the jobs are ranked according to WSPR order (@), the com-
pletion time of job j in the LP schedule is CE¥ = p([4])/s!™). In the WSPR
schedule, job j starts at the earliest completion time of a job in [j — 1], that
is, no later than p([j — 1])/s[™), and completes at most p;/s,, time units later.
Therefore C}VSPR < CEFP 4 (1/s,, — 1/s0™) p;. This implies ().

We now turn to the case with release dates r; > 0. Let N (i) denote the
set of jobs processed on machine M; in the WSPR schedule. Since MVSPH —

CJWSPR — %wjpj/si for all j € N (i), we have

ZWSPR _ T \fWSPR zm: Z PJ < T MWSPR | 5 1 wp. (9)
7, Sm
i=1jEN(i

1\3\»—\

Combining inequalities (@) and (@) with the decomposition (@) of the MBD
objective, we only need to compare the processing date functions of the speed-
s[™ machine LP schedule and of the parallel machines WSPR schedule. The next
Lemma shows that, for any instance with a fixed set of machines, no amount of
work from any set [h] can, in the parallel machines WSPR schedule, be delayed,
relative to the single machine LP schedule, by more than a constant multiple of
Pmax time units.

2 To properly speak of “the WSPR schedule” we would need to define a rule for as-
signing jobs to machines in case several machines are available when a job starts
processing. For example, we may assign the highest priority available job to a fastest
available machine. In fact, our analysis applies to any nonpreemptive feasible sched-
ule which is consistent with the stated WSPR priority rule, irrespective of the details
of such machine assignments.
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Lemma 3 ((Uniform Parallel Machines Work Delay Lemma)). As-
sume the jobs are ranked according to the WSPR order (3). Consider the WSPR
schedule on uniform parallel machines, and the speed-s'™ machine LP schedule
defined above. Then, for all h < n,

_ _ 1 m—1 slml
WSPR LP
Rpy” " a) < Ry (9) + <51 + - + (Sm)2> Pmax  for all 0 < g < p([h]) .
(10)

Proof. We fix h € {1,...,n} and we define
[m]
a=m-—1+ G
Sm,

We start by considering the LP schedule on the speed-sI™ machine. Let

[ak,bg] (where & = 1,...,K) denote the disjoint time intervals during which
set [h] is being processed continuously in the LP schedule. Thus 0 < a; and
bp—1 < ay for k = 2,..., K. The unprocessed work function R[thf starts with

R{#f(t) = p([h]) for 0 < t < ay; decreases at rate sI™ in the intervals [az, by]
while remaining constant outside these intervals; and it ends with Rf¥"(t) = 0
for by <t < T.Let Jk) ={j € [h] : ar < CjLP < by} denote the set of
jobs in [h] that are processed during time interval [ag, bg] in the LP schedule.
Note that a; = minje ) r; and by, = ay + p(J(k))/s™). Furthermore, Q) =
> o=k P(J(£)) is the total work from set [h] released after date by, where Qi = 0
and Qo = p([h]). For all k = 1,..., K we have Q) = Qx—1 — p(J(k)). In the
interval [Qg, Qk—1) the processing date function R[th decreases at rate 1/s™
from R[th]p(Qk) = by,. Thus R[Lh]P(q) = ap+(Qr_1—q)/s"™ forall Qr < q < Qx_1.

Now consider the WSPR schedule on the uniform parallel machines and
fix an interval [ay,br). We claim that, for every k = 1,..., K and every date
ar <t < by the unprocessed work

RF}[{]SPR(U < R[IiLI]) (t) + & Pmax - (11)

By contradiction, assume that ([I]) is violated at date t € [ag,bx). Let { =

inf{¢ : (II) is violated}. Since the functions RmSP R and R{;ff (t) are continuous,

RmSPR(Lt) > R{;f]j(f) + & Pmax, and the difference RmSPR(t) = R[Lh}f(t) is strictly
increasing immediately to the right of #. But since R[th is constant outside
the intervals [ag,br] and RmSPR then we must have ar < f < by for some
k € {1,...,K}. This implies that at least one machine M, is not processing a
job in [A] immediately after date . If at least one machine is idle just after date ¢
then let § = #; otherwise, let @ < f be the latest start date of a job not in [h] and
in process just after date ¢. Since no job in [h] was available for processing at
date 0, then all work released no later than 6 must either have been completed,
or be started on a machine M, # M,. Note that at least p([h]) — R[L,LI]:)(G) units
of work have been released by date #. On the other hand, a total of at most



56 C.-F.M. Chou, M. Queyranne, and D. Simchi-Levi

(m —Al)pmax units of work can be started on machines M, # M, just after
date t. Therefore

p([h) = R (0) < p([]) = Rp°PH(0) + (m — Dpmax

If @ < ¢ then the job j & [h] started at date § has processing requirement
D < Pmax and is processed at least at the slowest machine speed s,,. Since this
job is still in process at date ¢, we must have ¢ < 0 + Pmax/Sm- The unprocessed
work function REF decreases by at most si™l(f — 0) between dates 6 and f,

whereas RE/V]S PR is nonincreasing. Therefore

REF () > REY(0) — s™(E—0)
m pmax
R[h] (0) - s ]37

m

> RYFPH0) = (m = Dpuna — s 222
> RWSPR "

[h] ( ) — & Pmax
> R (),
a contradiction. Thus claim () is proved.
Claim (II)) implies that the processing date functions satisfy

RmspR(q) < R[h] (q) + aﬁz]ax whenever Q + @ Pmax < ¢ < Q-1 . (12)
Let ¢ = min{Qx + & Pmax , Qr—1} and consider the last § units of work released
from set J(k). If § < Qr—1 then claim (I]) implies that RWSPR( 7) < by, that
is, the first p([h]) — ¢ units of work are completed by date br. If some of the
remaining § units of work is being processed at a date t > b then, since all
work from J(k) has been released by date by, there will be no date 7 at which
no work from J(k) is in process until all this work from J(k) is completed, that
is, until date RWSP R(Qr). Furthermore, this work is processed at least at the

minimum speed Sm > 0, so RmSPR(Qk) < t+ §¢/sm. Note also that, unless
Rmsp R(Qr) = bg, a machine becomes available for processing these ¢ units

of work between dates by, and by + pmax/s1, where s; is the fastest speed of a
machine. Thus, for Qx < g < Qk + ¢ we have

R D max A Pmax —
R[L,f]’(q) = br—(q—Qu)/s™ and RmSPR(q) < bk+P81 Lap : ¢

(13)
Inequalities (I2) and (@3]) imply (I0) and the proof is complete.

Integrating inequality (I0)) from O to p([h]) implies
sl

1 Sm
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The next theorem combines inequality (I4) with the cost decomposition (B
and inequalities (@) and (@), to derive a O(n) bound on the difference between the
minsum objective values of the parallel machines WSPR schedule and the single
machine LP schedule, for all instances with bounded weights and processing
requirements.

Theorem 3. Consider any instance of the uniform parallel machine problem
Qlrj| > w;C; such that 0 < w; < w and 0 < p < p; < p for all jobs j € N.
Then

ZWSPR(I) S ZMBD[m](I) +ﬁu?]5n

p/1 m—-1 g™ 1/1 1
h == 2 )+ (=—-—=). @5
where [ = p (51 + o + o)’ + 5\ 5. 5 (15)
Proof. Using (B), inequality ([I4)), all A, > 0, and the given bounds on all w;
and p;, we have

ZWSPR(I) _ ZMBD[m] (I) <
< wT MWSPER | i pr _ ( TMLPIm] 25{%} pr)
= h=1 4 fp( " (RWSPR R[h] (q )) dg + (ﬁ - ﬁ) w'p
< S Mn (22 255 ) D p(B) + 3 (5 — o) n@p
<w (s

= 1 m—1 slml 1 (1 1
“’p( (E o T (s,,,;>2> ta ( = 5t

This proves Theorem [3]

Now we are ready to prove Theorem [

Proof (of Theorem [1). For every instance I € Z, let Z*(I) (resp., ZMBP(I);
resp., ZWSPE(I)) denote the minsum objective of an optimal non-preemptive
schedule (resp., the LP schedule; resp., a WSPR schedule). Theorem [2 and The-
orem Blimply

where (3 is as defined in (I5). Note that ZMEPIMI(T) > n("H) p. Therefore
ZWSPR(I) - S[m] wp
zZe(I) — n+lwp

Thus, for every r > 1, there exists ng such that for all instances I € Z with
n > ng we have ZWSPE(I)/Z*(I) < r. The proof is complete.
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Zero processing time jobs: Assume now that we have a set Z, disjoint
from N, of zero jobs j with p; = 0. The total number of jobs is now n’ = n+|Z|.
Note that, for all j € Z, CjLP = r; since every job j € Z is immediately inserted
into the LP schedule at date r;. On the other hand, C’JWSPR < Tj + Pmax/51,
where pmax = maxjen p; < p denotes the longest processing requirement, and
s1 is the fastest machine speed; indeed, in the WSPR schedule every job j € Z
is processed either at date r; or else at the earliest completion of a job in N
in process at date r;. Therefore, with 3 as defined in Theorem [l| and assuming
w; < w for all j € Z, we have

> w O SPR — N w,CFP < Bwpn+w(Z) — <wpBn
jeENUZ jJENUZ

ST

since 8 > 1/s1. So the O(n’) bound in Theorem [Il extends to the case of zero
processing time jobs if one defines p = min{p; : p; > 0}.

For Theorem Bl to extend to this case as well, it suffices that the number n of
nonzero jobs grow faster than the square root v/n/ of the total number of jobs.
Indeed in such a case a lower bound on the MBD objective value ZMBP([), which
is quadratic in n, grows faster than linearly in n’. In this respect, one may recall
the class of “bad instances” presented in [4] for the single machine problem, which
we rescale here by dividing processing times by n’ and multiplying weights by
n’, so p = w = 1. For these instances the objective value Z" % (I) approaches
e ~ 2.718 whereas the MBD lower bound ZM 5P (T) approaches e — 1. Thus one
cannot use this MBD lower bound to establish the asymptotic optimality of the
WSPR schedule in this case. This is due to the fact that, for these instances,
the number of nonzero jobs is in fact constant (equal to one), and the optimum
objective value does not grow at a faster rate than the additive error bound.
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Abstract. We consider the problem of computing the minimum-cost
tree spanning at least k vertices in an undirected graph. Garg [10] gave
two approximation algorithms for this problem. We show that Garg’s al-
gorithms can be explained simply with ideas introduced by Jain and
Vazirani for the metric uncapacitated facility location and k-median
problems [15], in particular via a Lagrangean relaxation technique to-
gether with the primal-dual method for approximation algorithms. We
also derive a constant-factor approximation algorithm for the k-Steiner
tree problem using these ideas, and point out the common features of
these problems that allow them to be solved with similar techniques.

1 Introduction

Given an undirected graph G = (V, E) with non-negative costs ¢, for the edges
e € F and an integer k, the k-MST problem is that of finding the minimum-cost
tree in G that spans at least k vertices. The rooted version of the problem has
a root vertex r as part of its input, and the tree output must contain r. For
technical reasons, we will consider the rooted version of the problem. The more
natural unrooted version reduces easily to the rooted one, by trying all n possible
roots and returning the cheapest of the n solutions obtained.

The k-MST problem is known to be NP-hard [9]; hence, researchers have at-
tempted to find approximation algorithms for the problem. An a-approximation
algorithm for a minimization problem runs in polynomial time and produces a
solution of cost no more than « times that of an optimal solution. The value
« is the performance guarantee or approzimation ratio of the algorithm. The
first non-trivial approximation algorithm for the k-MST problem was given by
Ravi et al. [I7], who achieved an approximation ratio of O(v/k). This ratio

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 60-[Z0} 2001.
© Springer-Verlag Berlin Heidelberg 2001
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was subsequently improved to O(log? k) by Awerbuch et al. [4] and O(log k)
by Rajagopalan and Vazirani [16] before a constant-factor approximation algo-
rithm was discovered by Blum et al. [7]. Garg [10] improved upon the constant,
giving a simple 5-approximation algorithm and a somewhat more involved 3-
approximation algorithm for the problem. Using Garg’s algorithm as a black box,
Arya and Ramesh [3] gave a 2.5-approximation algorithm for the unrooted ver-
sion of the problem, and Arora and Karakostos [2] gave a (2 + €)-approximation
algorithm for any fixed € > 0 for the rooted version. Finally, Garg [11] has re-
cently announced that a slight modification of his 3-approximation algorithm
gives a performance guarantee of 2 for the unrooted version of the problem.

In addition to the practical motivations given in [4J17], the k-MST problem
has been well-studied in recent years due to its applications in the context of
other approximation algorithms, such as the k-TSP problem (the problem of
finding the shortest tour visiting at least k vertices) [2l10] and the minimum
latency problem (the problem of finding a tour of n vertices minimizing the
average distance from the starting vertex to any other vertex along the tour) [1l
612

This paper is an attempt to simplify Garg’s two approximation algorithms
for the k-MST problem. In particular, Jain and Vazirani [I5] recently discovered
a new approach to the primal-dual method for approximation algorithms, and
demonstrated its applicability with constant-factor approximation algorithms
for the metric uncapacitated facility location and k-median problems. One novel
aspect of their approach is the use of their facility location heuristic as a subrou-
tine in their k-median approximation algorithm, the latter based on the tech-
nique of Lagrangean relaxation. This idea cleverly exploits the similarity of the
integer programming formulations of the two problems. We show that Garg’s
algorithms can be regarded as another application of this approach, that is, as a
Lagrangean relaxation algorithm employing a primal-dual approximation algo-
rithm for a closely related problem as a subroutine. We also give a constant-factor
approximation algorithm for the k-Steiner tree problem, via a similar analysis.
We believe that these results will give a clearer and deeper understanding of
Garg’s algorithms, while simultaneously demonstrating that the techniques of
Jain and Vazirani should find application beyond the two problems for which
they were originally conceived.

This paper is structured as follows. In Section 2], we give linear programming
relaxations for the k-MST problem and the closely related prize-collecting Steiner
tree problem. In Section [3] we describe and analyze Garg’s 5-approximation algo-
rithm for the k-MST problem. In Section[d we discuss extensions to the k-Steiner
tree problem and outline improvements to the basic 5-approximation algorithm.
We conclude in Section [5l with a discussion of the applicability of Jain and Vazi-
rani’s technique.
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2 Two Related LP Relaxations

The rooted k-MST problem can be formulated as the following integer program

Min E Cele

ecE
subject to:

(kMST) Sowmet+ Y =1 VS C VA {r} (1)
e€d(S) T:TDS

Z |S|zs <n—k (2)
S:SCV\{r}
z. € {0,1} Veec E
zs € {0,1} VS CV\{r}

where §(.9) is the set of edges with exactly one endpoint in S. The variable z, = 1
indicates that the edge e is included in the solution, and the variable zg = 1
indicates that the vertices in the set S are not spanned by the tree. Thus the
constraints ([[) enforce that for each S C V '\ {r} either some edge e is selected
from the set 6(S) or that the set S is contained in some set 7' of unspanned
vertices. Collectively, these constraints ensure that all vertices not in any set S
with zg = 1 will be connected to the root vertex r. The constraint () enforces
that at most n — k vertices are not spanned. We can relax this integer program
to a linear program by replacing the integrality constraints with nonnegativity
constraints.

This formulation is not the most natural one, but we chose it to highlight
the connection of the k-MST problem with another problem, the prize-collecting
Steiner tree problem. In the prize-collecting Steiner tree problem, we are given
a undirected graph G = (V, E) with non-negative costs ¢, on edges e € F, a
specified root vertex r, and non-negative penalties 7; on the vertices ¢ € V. The
goal is to choose a set S C V' \ {r} and a tree F' C E spanning the vertices of
V'\ S so as to minimize the cost of F' plus the penalties of the vertices in S. An
integer programming formulation of this problem is

Min Zcexe—i— Z w(S)zs

ecl SCV\{r}
subject to:
(PCST) S omet+ Y =1 VS C VA {r}
e€5(S) T:T28
z. € {0,1} Veec E
zg € {0,1} VS CVA\{r},

where 7(S) = >, g 7. The interpretation of the variables and the constraints
is as above, and again we can relax the integer program to a linear program by
replacing the integrality constraints with nonnegativity constraints.
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The existing constant-factor approximation algorithms for the k-MST prob-
lem [2[7010] all use as a subroutine a primal-dual 2-approximation algorithm for
the prize-collecting Steiner tree problem due to Goemans and Williamson [13|[14]
(which we will refer to on occasion as “the prize-collecting algorithm”). The inte-
ger programming formulations for the two problems are remarkably similar, and
recent work on the k-median problem by Jain and Vazirani [15] gives a methodol-
ogy for exploiting such similarities. Jain and Vazirani present an approximation
algorithm for the k-median problem that applies Lagrangean relaxation to a
complicating constraint in a formulation of the problem (namely, that at most
k facilities can be chosen). Once relaxed, the problem is an uncapacitated facil-
ity location problem for which the Lagrangean variable is the cost of opening a
facility. By adjusting this cost and applying an approximation algorithm for the
uncapacitated facility location problem, they are able to extract a solution for
the k-median problem.

One can show that the same dynamic is at work in Garg’s algorithms. In
particular, if we apply Lagrangean relaxation to the complicating constraint
> s:scv\r} [S]zs < n—k in the relaxation of (kM ST'), we obtain the following
for fixed Lagrangean variable A\ > 0:

Min Zcexe—l—/\ Z |Slzs — (n — k)

ecE SCV\{r}
subject to:
(LRk) Yome+ Y =1 VS CV\{r}
ecs(S) T:TDS
Te >0 Vee E
zs >0 VS C VA {r}.

For fixed A, this is nearly identical to (PCST) with m; = A for all 4, the only
difference being the constant term of —(n—k)A in the objective function. Observe
that any solution feasible for (kM ST) is also feasible for (LRk) with no greater
cost, and so the value of (LRk) is a lower bound on the cost of an optimal
k-MST.

Before discussing how Garg’s algorithms work, we need to say a little more
about the prize-collecting algorithm. The algorithm constructs a primal-feasible
solution (F, A), where F is a tree including the root r, and A is the set of vertices

not spanned by F. The algorithm also constructs a feasible solution y for the
dual of (PCST), which is

Max Z Ys

SCV\{r}
subject to:

(PCST — D) > ys<ce Ve € E
S:e€é(S)
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> yr <x(S) VS C VA {r}
T:TCS
ys >0 VS C VA {r}).

Then the following is true:

Theorem 1 (Goemans and Williamson [13]). The primal solution (F, A)
and the dual solution y produced by the prize-collecting algorithm satisfy

St (2- ) a2 ) S e

ecF

Note that, by weak duality and the feasibility of y, > SCV\{r} US is a lower bound

for the cost of any solution to the prize-collecting Steiner tree problem.
Suppose we set m; = A > 0 for all i € V and run the prize-collecting algo-

rithm. The theorem statement implies that we obtain (F, A) and y such that

Doce+2An<2 Yy (3)

ecF SCV\{r}

We wish to reinterpret the tree F' as a feasible solution for the k-MST instance,
and extract a lower bound on the cost of an optimal k-MST from y. Toward this
end, we consider the dual of the (LRk) LP, as follows (recall that A is a fixed
constant):

Max Z ys — (n— k)X

SCV\{r}
subject to:
(LRk — D) > ys<e Vee E
Sie€d(S)
> yr <ISIA vS CV\{r}
T:TCS
ys =0 VS CVA\A{r}.

The dual solution y created by the prize-collecting algorithm is feasible for
(LRk — D) when all prizes m; are set to A. Furthermore, its value will be no
greater than the cost of an optimal k-MST. After subtracting 2(n — k)A from
both sides of @), by weak duality we obtain the following:

e+ 2MAl-(n—k) <2 DY ys—(n—k)A (4)
eEF SCV\{r}
< 2-OPTy, (5)

where O PTj}, is the optimal solution to the k-MST problem. In the lucky event
that |A| = n—k, F is a feasible solution having cost no more than twice optimal.
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Otherwise, our solution will either not be feasible (if |A| > n — k) or the rela-
tions (@) and (B) will not give a useful upper bound on the cost of the solution
(if |A| < n — k). However, in the next section we combine these ideas with a
Lagrangean relaxation approach to derive an algorithm that always produces
a near-optimal feasible solution (though with a somewhat inferior performance
guarantee).

3 Garg’s 5-Approximation Algorithm

We begin with three assumptions, each without loss of generality. First, by stan-
dard techniques [I7], one can show that it is no loss of generality to assume
that the edge costs satisfy the triangle inequality. Second, we assume that the
distance between any vertex v and the root vertex r is at most OPT}; this is
accomplished by “guessing” the distance D of the farthest vertex from r in the
optimal solution (there are but n — 1 “guesses” to enumerate) and deleting all
nodes of distance more than D from r. Note that D < OPT}. The cheapest
feasible solution of these n — 1 subproblems is the final output of the algorithm.
Third, we assume that OPT) > cmin, where cpi, denotes the smallest non-zero
edge cost. If this is not true, then OPT}, = 0 and the optimal solution is a con-
nected component containing r of at least k nodes in the subgraph of zero-cost
edges. We can easily check whether such a solution exists before we run Garg’s
algorithm.

Garg’s algorithm is essentially a sequence of calls to the prize-collecting al-
gorithm, each with a different value for the Lagrangean variable A. We will use
the fact that for A\ sufficiently small (e.g., A = 0), the prize-collecting algorithm
will return (§,V \ {r}) as a solution (that is, the degenerate solution of the
empty tree trivially spanning r) and for A sufficiently large (e.g., A = > .5 ce)
the prize-collecting algorithm will return a tree spanning all n vertices. Also,
if any call to the prize-collecting algorithm returns a tree T' spanning precisely
k vertices, then by the analysis of the previous section, T' is within a factor 2
of optimal, and the k-MST algorithm can halt with T as its output. Thus, by
a straightforward bisection search procedure consisting of polynomially many
subroutine calls to the prize-collecting algorithm, Garg’s algorithm either finds
a tree spanning precisely k vertices (via a lucky choice of A) or two values A; < Ag
such that the following two conditions hold:

(i) Mg — A1 < %, where (as above) ¢pin denotes the smallest non-zero
edge cost and

(ii) for ¢ = 1,2, running the prize-collecting algorithm with A set to \; yields a
primal solution (F;, A;) spanning k; vertices and a dual solution vy, with
k1 <k < ks.

Henceforth we assume the algorithm failed to find a value of A resulting in
a tree spanning exactly k vertices. The final step of the algorithm combines the
two primal solutions, (Fy, A1) and (F», As), into a single tree spanning precisely
k vertices. For the analysis, the two dual solutions will also be combined.
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From Theorem [l we have the following inequalities:

Sas(z-2)| X -1 6)

= SCV\{r}
> ¢ < (2 a 1> ) v — | As|ho (7)
> n S
e€ls SCV\{r}

We would like to take a convex combination of these two inequalities so as
to get a bound on the cost of F} and F5 in terms of OPTy. Let aj,as > 0
satisfy a1|A;1| 4+ az]A2| =n —k and a; + as = 1, and for all S C V \ {r}, let
Ys = alyg) + azyg). Note that

n—k— ‘A2|
|A1] — |Az]

[As| = (n = F)

d f—
S N VWY TN

a1 =

Lemma 1.

oy Z Ce + Qg Z ce < 20PT,.

ecFy e€Fy

Proof. From inequality (@) we have

1
Zce§<2—n> Z y |A1 )\1+)\2—)\2)
echk SCV\{r}
1 (1) 1 Cmin‘Al|
<(2-2 ~ AN g — ) Cminl]
- < n) Z vs' — iz +( n) 2n(2n+1)
SCV\{r}
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< (2 n) Z Yg |A1] A2 | + 1
SCV\{r}

By a convex combination of this inequality and inequality (7)), it follows that

1 &1Cmin
a1 Y cetan Y c < 2_n) Y ys = delon|Ar] + a2l As]) |+

eclFy e€ly SCV\{r} 2n+1

:<2_71L) S ys—e(n—k) | + Smin (8)

SCV\{r} n+1
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- ( n) Yt o1 2n +1 9)
1
<|2—— | OPT, OPT, 10
= n) LRI R (10)



Approximate k-MSTs and k-Steiner Trees via the Primal-Dual Method 67

Equality (&) follows by our choice of ap,as. Inequality (@) follows from the
feasibility of y for (LRk — D) with the Lagrangean variable set to Ay (since the
feasible region is convex and Az > A1). Inequality (I0) follows since oy < 1 and
OPTk Z Cmin - O

Garg considers two different solutions to obtain a 5-approximation algorithm.
First, if ap > 1, then F} is already a good solution; since |As| < n — k, it spans
more than k vertices, and

Zce§2a2206§4-0PTk

ecF> ecFy

by Lemma [I Now suppose ag < % In this case the tree F} is supplemented by
vertices from Fs. Let ¢ > ko — k1 be the number of vertices spanned by F5 but
not F;. Doubling the edges of the tree F5, shortcutting any resulting Euler tour
down to a simple tour of the ¢ vertices spanned solely by Fb, and choosing the
cheapest path of k — k1 consecutive vertices from this tour, we obtain a tree (in
fact, a path) on k — k; vertices of cost at most

k—ky
2 .
ko — Ky ZCE

eckFy

This set of vertices can be connected to F; by adding an edge from the root to
the set, which will have cost no more than OPT} (due to the second assumption
made at the beginning of this section). Since

k—k n—Fk —(n—k) _ |A1| = (n— k)
ke —ki  n—k —(n—ke) |A1] — |Az]

= Qg,

the total cost of this solution is

205—1—2&2 ZCE+OPTk§2<a1 Zce—i—ag Zce> + OPTy,

eclF; ecF> eclFy ecF>
< 40PTy, + OPTy,

since ap < 1 implies a; > 3, and by Lemmal[ll

4 Extensions

The k-Steiner tree problem is defined as follows: given an undirected graph
G = (V, E) with non-negative costs ¢, for the edges e € E, aset R C V of required
vertices (also called terminals), and an integer k, find the minimum-cost tree in
G that spans at least k of the required vertices. Of course, the problem is only
feasible when k < |R|. The k-Steiner tree problem includes the classical Steiner
tree problem (set k = |R|) and is thus both NP-hard and MAX SNP-hard [5]. The
problem was studied by Ravi et al. [L7], who gave a simple reduction showing that
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an c-approximation algorithm for the k-MST problem yields a 2a-approximation
algorithm for the k-Steiner tree problem. Thus, the result of the previous section
implies the existence of a 10-approximation algorithm for the problem. However,
we can show that a modification of Garg’s 5-approximation algorithm achieves
a performance guarantee of 5 for this problem as well. Consider the following
LP relaxation for the k-Steiner tree problem

Min g CeTe

ecE
subject to:

(kST) Yoome+ Y a1 VS CV\ {r}
)

e€d(S T:TDS

> ISNRjzs <|R -k
S:SCV\{r}
Te >0 Vee F
25 >0 VS CV A\ {r}

We modify Garg’s algorithm at the point where the prize-collecting algorithm
is called as a subroutine with a fixed value of A\ inside the main Lagrangean
relaxation loop. To reflect that we are only interested in how many required
vertices are spanned by a solution, we assign required vertices a penalty of A
and Steiner (non-required) vertices a penalty of 0. In the notation of the linear
program (PCST), we put m; = X for i € R and m; = 0 for ¢ ¢ R. An analog
of Lemma [I] can then be shown, leading as in Section [3] to a 5-approximation
algorithm for the k-Steiner tree problem.

We now discuss improving the approximation ratio of the two algorithms. Us-
ing ideas of Arora and Karakostos [2], the k-MST and k-Steiner tree algorithms
can be refined to achieve performance guarantees of (4 + ¢€), for an arbitrarily
small constant e. Roughly speaking, their idea is as follows. Garg’s algorithm es-
sentially “guesses” one vertex that appears in the optimal solution, namely the
root r. Instead, one can “guess” O(%) vertices and edges in the optimal solution
(for fixed e, there are but polynomially many guesses to enumerate) such that
any other vertex in the optimal solution has distance at most O(eOPT) from
the guessed subgraph H. After H is guessed, all vertices of distance more than
O(eOPT) from H can be deleted. It is not difficult to modify the prize-collecting
algorithm to handle the additional guessed vertices. Finally, when creating a fea-
sible solution from two subsolutions as at the end of Section Bl the final edge
connecting the two subtrees costs no more than eOPT, leading to a final up-
per bound of (4 + €)OPT. The reader is referred to [2] for the details of this
refinement.

In addition to the 5-approximation algorithm discussed in Section3], Garg [10]
gave a more sophisticated 3-approximation algorithm for the k-MST problem.
Unfortunately, the analysis seems to require a careful discussion of the inner
workings of the prize-collecting algorithm, a task we will not undertake here.
(Similarly, improving Jain and Vazirani’s 6-approximation algorithm for the k-
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median problem to a 4-approximation algorithm required a detailed analysis
of the primal-dual facility location subroutine; see the paper of Charikar and
Guha [8].) However, we believe that Garg’s 3-approximation algorithm can also
be recast in the language of Jain and Vazirani and of this paper, and that it
will extend to a 3-approximation algorithm for the k-Steiner tree problem as
well. The same ideas that led from a 5-approximation algorithm to one with
performance guarantee (4+¢) should then yield (24 ¢)-approximation algorithms
for the k-MST problem (as in [2]) and the k-Steiner tree problem.

5 Conclusion

We have shown that the techniques of Jain and Vazirani [15], invented for a
constant-factor approximation algorithm for the k-median problem, also give
constant-factor approximation algorithms for the k-MST problem (essentially
reinventing older algorithms of Garg [10]) and the k-Steiner tree problem. A
natural direction for future research is the investigation of the applicability and
limitations of this Lagrangean relaxation approach. The three problems solved
in this framework so far share several characteristics. First, each problem admits
an LP relaxation with an obvious “complicating” constraint. Moreover, once the
complicating constraint is lifted into the objective function, the new linear pro-
gram corresponds to the relaxation of a problem known to be well-approximable
(in our cases by a primal-dual approximation algorithm). Lastly, and perhaps
most importantly, the subroutine for the relaxed problem produces a pair of
primal and dual solutions such that the portion of the primal cost correspond-
ing to the constraint of the original problem (e.g., the ) ¢ 7(S)zg term in the
prize-collecting Steiner tree objective function) is bounded above by the value
of the dual. Note that this is a stronger condition than merely ensuring that the
primal solution has cost no more than some constant times the dual solution
value. For example, in Theorem [I] the total primal cost is upper-bounded by
twice the value of the dual solution, 24 yg, and in addition the second term
of the primal cost is bounded above by _ ¢ ys. (Note such a statement does not
hold in general for the first primal cost term of Theorem [I) This last property
seems necessary for extracting lower bounds for the problem of interest (via the
dual LP) from the dual solutions returned by the subroutine, and may turn out
to be the primary factor limiting the applicability of the Lagrangean relaxation
approach. It would be of great interest to find further problems that can be
approximately solved in this framework, and to devise more general variants of
the framework that apply to a broader class of problems.
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Abstract. Eisenbrand and Schulz showed recently (IPCO 99) that the
maximum Chvétal rank of a polytope in the [0,1]™ cube is bounded
above by O(n?logn) and bounded below by (1 + €)n for some ¢ > 0. It
is well known that Chvétal’s cuts are equivalent to Gomory’s fractional
cuts, which are themselves dominated by Gomory’s mixed integer cuts.
What do these upper and lower bounds become when the rank is defined
relative to Gomory’s mixed integer cuts? An upper bound of n follows
from existing results in the literature. In this note, we show that the
lower bound is also equal to n. We relate this result to bounds on the
disjunctive rank and on the Lovasz-Schrijver rank of polytopes in the
[0,1]™ cube. The result still holds for mixed 0,1 polyhedra with n binary
variables.

1 Introduction

Consider a mixed integer program P = {(z,y) € Z} x R | Az +Gy < b} where
A and G are given rational matrices (dimensions m X n and m X p respectively)
and b is a given rational column vector (dimension m). Let P = {(z,y) €
R1+p | Az+Gy < b} be its standard linear relaxation. In [13], Gomory introduced
a family of valid inequalities for Py, called mized integer inequalities, that can be
used to strengthen P. These inequalities are obtained from P by considering an
equivalent equality form. Let P’ = {(z,y,s) € RT"""™| Az + Gy + s = b} and
P} ={(z,y.s) € Z% x R"™| Az + (G, I)(¥) = b}. Introduce z = (¥). For any
uGRm 1etaqu g =u(G,I) and b = ub. Let a; = |a;] + f; and b = |b] + fo.
Gomory showed that the following inequality is valid for Pj:

Z fixs + f Z fz z; + Z gjzj — f Z gjzj>f0

(i:fi< fo) (3:fi> fo) (4:9;>0) (4:9;<0)

Plugging s = b — Ax — Gy into it, we get a valid inequality for P;. Any such
inequality a,z + v,y < B, is called a mized integer inequality. The convex set
P! defined as the intersection of all mixed integer inequalities is called the mized
integer closure of P. In fact P is a polyhedron (see below). By recursively taking
the mixed integer closure of P*~1 for integers k > 2, we obtain the polyhedron

* Supported by NSF grant DMI-9802773 and ONR, grant N00014-97-1-0196.

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 71-[77] 2001.
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P*. Clearly Py C P* C P*~1. .. C P! C P. For mixed 0,1 programs, there is
always a finite k such that P; = P* (see below). The smallest such k is called
the mized integer rank of P. In this note, we show the following.

Theorem 1. The maximum mized integer rank of P, taken over all mized 0,1
programs Py with n binary variables, is equal to n.

In particular, the maximum mixed integer rank for a pure integer program
in the [0,1]™ cube is equal to n. This is in contrast to the maximum Chvétal
rank which was shown by Eisenbrand and Schulz to lie in the interval (1 + €)n
to O(n?logn) for some € > 0.

To prove Theorem [T} we use the equivalence between Gomory’s mixed integer
inequalities and Balas’s disjunctive inequalities shown by Nemhauser and Wolsey
[17]. Given the polyhedron P = {(z,y) € R!""| Az + Gy < b}, an inequality
is called a disjunctive inequality if it is valid for Conv((P N {z| mz < m}) U
(PN {x| mx > mo + 1})) for some (7, my) € Z™+!, where Conv(A U B) denotes
the convex hull of the union of two sets A and B. Disjunctive inequalities were
introduced by Balas [IJ2]. They were also studied by Cook, Kannan and Schrijver
[O0] under the name of split cuts. Many of the classical cutting planes can be
interpreted as disjunctive inequalities. For instance, in the pure case, Chvatal’s
cuts [B] are disjunctive inequalities where at least one of the two polyhedra
Pn{z| mx < m} or PN{x| mx > my+ 1} is empty. (Indeed, if say PN {z| 7z >
mo + 1} is empty, then 7z < my + 1 is valid for P, which implies that the
disjunctive inequality 7z < mg is a Chvatal cut and, conversely, any Chvatal cut
can be obtained this way). As another example, it is well known that the lift-and-
project cuts [3] are disjunctive inequalities obtained from the disjunction z; < 0
or z; > 1, 1i.e. they are valid inequalities for Conv((PN{z| z; < 0})U(PN{z|z; >
1})).

The convex set defined as the intersection of all disjunctive inequalities is
called the disjunctive closure of P. Cook, Kannan and Schrijver [9] showed that
the disjunctive closure of P is a polyhedron. Nemhauser and Wolsey [17] showed
that the disjunctive closure of P is identical to the mixed integer closure P!
defined above. The proof of this equivalence can also be found in [T0)]. Therefore
P is a polyhedron. Consider P* defined above. If there exists an integer k such
that Py = P*, the smallest such k was defined above as the mixed integer rank of
P and we also refer to it as the disjunctive rank of P. In general, mixed integer
programs do not have a finite disjunctive rank, as shown by Cook, Kannan
and Schrijver [9] using a simple example with two integer variables and one
continuous variable. Mixed 0,1 programs have the property that the disjunction
z; <0orz; >1is facial, i.e. both PN {z| ; <0} and PN {z| z; > 1} define
faces of P. If follows from a result of Balas [2] on facial disjunctive programs
that the disjunctive rank of a mixed 0,1 program is at most n. This shows the
upper bound in Theorem [[l New results in this direction were obtained recently
by Balas and Perregaard [4]. In this note, we exhibit a lower bound of n, thus
completing the proof of Theorem [l



On the Rank of Mixed 0,1 Polyhedra 73

We show that the disjunctive rank of the following well-known polytope stud-
ied by Chvétal, Cook, and Hartmann [6] is exactly n:

P, ={x€0,1]" ZxJJrZ (1—z;) , forall J C {1,2,---,n}}, (1)

JjeJ Jj¢J

just as its Chvatal rank is.

2 Proof

In this section, we prove that the disjunctive rank of P, in (1) is exactly n.

Definition 1. Let P be a polyhedron in R™ and ax < 3 a disjunctive inequality
of P from the disjunction 7z < my or mx > o + 1, where (w,m) € Z" L. If
at least one of the two polyhedra P N {x| mx < mo} or P N{z| mx > my + 1}
18 empty, the inequality is said to be of type 1, and if both are nonempty, the
inequality is said to be of type 2.

As pointed out in Section 1, Chvétal cuts are type 1 inequalities. Conversely,
any type 1 inequality ax < [ is dominated by a Chvatal cut 7z < 7y where
(m,m0) € Z" (rx < mp dominates ax < (3 means that PN {z| mz < mo} C
Pn{z| ax < G}).

In the n-dimensional 0, 1-cube, let S,, be the set of all vectors that have n—1
elements with value 1/2 and one element with value either 0 or 1. Let @, denote
the convex hull of S,,.

Lemma 1. None of the disjunctive inequalities of Q.,, can remove the point ¢ =
(1/2,1/2,---,1/2) € R™ forn > 2.

Proof. In order to show that the type 1 inequalities of @,, cannot eliminate the
center point ¢”, it suffices to prove that the Chvatal cuts of @),, cannot remove
¢". This was proved by Chvétal, Cook and Hartmann [6]. We give the proof for
completeness. Consider an arbitrary inequality 7z < mo + 1 valid for @Q,,, where
(7, 70) € Z"L. We want to show 7c" < 7. Since ¢ € Q,, mc" < T + 1, so
the result holds if m¢™ is an integer. Assume now that mc™ is not an integer.
Consider an index i such that m; # 0. Let u be the vertex of @, which is
different from ¢ only in the ith component where u; = 0, and v the vertex of
Q, which is only different from ¢™ in the ith component where v; = 1. Then
max(mu, 7v) > wc™ 4+ 1/2, because ; is integer and ¢ = 1/2. Since u,v € Qn,
max(mu, 7v) < mp + 1. Thus we know wc” < mg 4+ 1/2. Therefore, mc" < 7
follows from the fact that 27¢™ is an integer.

Now consider a type 2 inequality of @, say ax < (. Let u and v be two
extreme points of Q,, that respectively minimize and maximize 7z over @Q,,. Since
Q. is center symmetric relative to the point ¢”, we can choose u and v symmetric
relative to ¢. Since ax < 3 is an inequality of type 2, u € @, N {z| 7z < 7o}
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and v € @, N{z| mx > mg + 1}. Therefore neither u nor v is removed by the
inequality ax < (. This implies that the middle point ¢ of the segment uv
cannot be removed by a type 2 inequality. a

Lemma 2. Let P C [0,1]" and F C [0,1]"! be two polytopes. For 1 <i < mn,
assume that the face T = PN{x € R"| ; =0} (or U = PN{zx € R"| z; = 1})
of P is a polytope identical to F. Then, for any integer k > 1, the polytope F*
is identical to the face P*N{x € R"| x; = 0} (or P*N{x € R"| x; = 1}) of P*.

Proof. Tt suffices to prove the lemma for k = 1.

Assume that the polytope U, viewed as a subset of [0,1]"~!, is identical to
FClo,1]" 2.

We first show that F'! is contained in the face P! N {x € R"| x; = 1} of P'.
Let ax < [ be a disjunctive inequality of P from the disjunction mx < 7y or
x> T + 1, where (7, 7) € Z"HL. If the hyperplane 7o = 7 is parallel to the
hyperplane z; = 1, the inequality cx < 3 removes no points in U. Now consider
the case where the hyperplane mx = 7y intersects the hyperplane z; = 1. Let 7’
be the restriction of 7 to the components distinct from ¢ and let 7 = mo — ;.
Similarly, let o’ (respectively z’) be the restriction of « (respectively x) to the
components distinct from ¢ and let 3/ = 3 — ;. The inequality o’z’ < 3’ is valid
for Conv((FN{z' € R* Y 7’2’ < wp}) U (FNn{a’ € R 7’2’ >mf+1})). It
follows that o2’ < (3 is a disjunctive inequality of F' (it may not be of the same
type as ax < g for P).

Conversely, we show that the face P!N{x € R"| z; = 1} of P! is contained in
Fl. Let o/2’ < ' be a disjunctive inequality of F' from the disjunction 7'z’ < 7,
or 'z’ > 7w + 1, where (7', 7)) € Z". Define m; = 7 (j # i) and m; = 0. Let
Ky and K; be the extreme points of the polytopes PN {z € R"| max < m} and
Pn{x e R"| mx > my + 1} respectively and let L be the points of KoU K7 that
satisfy x; < 1. Clearly L is finite. In order to get a disjunctive inequality ax < 3
of P, we let aj = a; (j #£1), 8 =0+ «; and we choose «; sufficiently large so
that all points of L satisfy ax < 3. Then ax < 8 is a disjunctive inequality of
P from the disjunction 7z < my or wx > my + 1.

Similarly the result can be proved for T as well. O

Theorem 2. The disjunctive rank of P, is exactly n.

Proof. Tt was shown in the previous section that the disjunctive rank of P, is at
most n. In order to prove the theorem, it remains to show that the disjunctive
rank of P, is at least n. We obtain this result by showing that the (n — 1)t
disjunctive closure of P, is nonempty, i.e. P2~ = ). This implies that at least
one more step of the disjunctive procedure is needed since (P,); = 0. To show
that P"~1 = (), we prove that ¢® = (1/2,1/2,---, 1/2) € R™ belongs to P?~1.
The proof is by induction on n. Since P> = (2, Lemma [T shows that the result
holds for n = 2. Now assume that ¢ € Pfj‘l for some n > 2. We will prove that

n+1 n
c e P,
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Chvatal
between (1+e)n and O(n"2 logn) Mixed Integer
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Fig. 1. Maximum rank of polytopes in the [0,1]" cube

We first show that Q11 € PI'7{. Let T; = Poy1 N {z € R"| z; = 0} and
U= P,oin{z € R x; =1} for 1 < i < n+ 1. One can verify directly
from the definition of P, in (1) that the polytopes T; and U; are n-dimensional
polytopes identical to the polytope P, in [0,1]™. Let ¢; (u; respectively) be the
point in 7; (U; respectively) with n elements with value 1/2 and its i*" element
with value 0 (1 respectively). We claim that t; € P’ and u; € Py, We
know ¢" € P! by the induction hypothesis. Because T; and U; are polytopes
identical to P,, it follows by Lemmal[2 that t; € Pr ! N{z € R""| z; = 0} and
u; € Pl n{z € R"*| z; = 1}. This proves the claim. Hence S,1 C Pri.
Since Pfl’_:ll is a convex set, this implies Q41 C Pff_:ll.
By Lemma [l ¢"*! cannot be removed by any disjunctive inequality of Q, 11,
ie. ¢l e QL. Since QL. C (Pri)t = P\, it follows that ¢ € P, ;.
O

3 Concluding Remarks

In this note, we considered Gomory’s mixed integer procedure and Balas’s dis-
junctive procedure applied to polytopes P in the n-dimensional 0, 1-cube (it is
known that the two procedures are equivalent [17]). We showed that, in the
worst case, the mixed integer rank (or, equivalently, the disjunctive rank) of P
is equal to n. Lovész and Schrijver [15] introduced a different procedure, based
on a semi-definite relaxation of P; for strengthening a polytope P in the n-
dimensional 0, 1-cube. Recently, Cook and Dash [8] and Goemans and Tuncel
[12] established that the semi-definite rank of polytopes in the n-dimensional
0, 1-cube is equal to m, in the worst case, by showing that the semi-definite
rank of P, (the same example as in Theorem 2labove) is equal to n. Neither of
the two results implies the other since the disjunctive and semi-definite closures
are incomparable (neither contains the other in general). Interestingly, both the
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semi-definite and disjunctive closures are contained in the lift-and-project clo-
sure as introduced by Balas, Ceria and Cornuéjols [3]. Since the lift-and-project
rank is at most n [3] and the semi-definite and disjunctive ranks of P, equal n,
it follows that, in the worst case, all three procedures have rank n. We summa-
rize this in Figure [l where A — B means that the corresponding elementary
closures satisfy Py O Pp and the inclusion is strict for some instances, and A
not related to B in the figure means that for some instances P4 ¢ Pp and for
other instances Pg € Pjy.

Cook and Dash []] also considered the intersection of the Chvdtal closure
and the semi-definite closure. They showed that, even for this Chvéatal + semi-
definite closure, it is still the case that the rank of P, equals n. In a similar way,
we can define the disjunctive + semi-definite closure of a mixed 0,1 program Py
as the intersection of the disjunctive closure and of the semi-definite closure of
P. Using the approach of Cook and Dash and Theorem [2 above, it is easy to
show that the disjunctive + semi-definite rank of P, is equal to n.

Theorem 3. The disjunctive + semi-definite rank of P, is exactly n.
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Abstract. We show that a 2-variable integer program defined by m
constraints involving coefficients with at most s bits can be solved with
O(m+ slogm) arithmetic operations or with O(m+1log mlog s) M (s) bit
operations, where M (s) is the time needed for s-bit integer multiplica-
tion.

1 Introduction

Integer linear programming is related to convex geometry as well as to algo-
rithmic number theory, in particular to the algorithmic geometry of numbers. It
is well known that some basic number theoretic problems, such as the greatest
common divisor or best approximations of rational numbers can be formulated
as integer linear programs in two variables. Thus it is not surprising that cur-
rent polynomial methods for integer programming in fized dimension [J12] use
lattice reduction methods, related to the reduction which is part of the classical
Euclidean algorithm for integers, or the computation of the continued fraction
expansion of a rational number. Therefore, integer programming in fixed dimen-
sion has a strong flavor of algorithmic number theory, and the running times of
the algorithms also depend on the binary encoding length of the input.

In this paper, we want to study this relation more carefully for the case of
2-dimensional integer programming. The classical Euclidean algorithm for com-
puting the greatest common divisor (GCD) of two s-bit integers requires ©(s)
arithmetic operations and ©(s?) bit operations in the worst case. For example,
when it is applied to two consecutive Fibonacci numbers, it generates all the pre-
decessors in the Fibonacci sequence (see e.g. [10]). Schonhage’s algorithm [17]
improves this complexity to O(M (s)log s) bit operations, where M (s) is the bit
complexity of s-bit integer multiplication. Thus the greatest common divisor of
two integers can be computed with a close to linear number of bit operations, if
one uses the fastest methods for integer multiplication [19]. The speedup tech-
nique by Schonhage has not yet been incorporated into current methods for two
variable integer programming. The best known algorithms for the integer pro-
gramming problem in two dimensions [4[226] use O(s) arithmetic operations
and Q(s?) bit operations when the number of constraints is fixed. This number
of steps is required because these algorithms construct the complete sequence of
convergents of certain rational numbers that are computed from the input.

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 78-[89] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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Our goal is to show that integer programming in two variables is not harder
than greatest common divisor computation. We achieve this goal for the case that
the number of constraints is fixed. As one allows an arbitrary number of con-
straints, the nature of the problem also becomes combinatorial. For this general
case we present an algorithm which requires O(logm) ged-like computations,
where m is the number of constraints. This improves on the best previously
known algorithms.

Previous work. The 2-variable integer programming problem was extensively
studied by various authors. The polynomiality of the problem was settled by
Hirschberg and Wong [5] and Kannan [9] for special cases and by Scarf [I5]16]
for the general case before Lenstra [I2] established the polynomiality of integer
programming in any fixed dimension. Since then, several algorithms for the 2-
variable problem have been suggested. We summarize them in the following
table, for problems with m constraints involving (integer) numbers with at most
s bits.

lMethod for integer programming[arithmetic complexity[ bit complexity ‘
Feit [4] O(m logm +ms) | O(m logm + ms)M(s)
Zamanskij and Cherkasskij [22] | O(m logm + ms) | O(m logm + ms)M(s)
Kanamaru et al. [6] O(m logm + s) O(m logm + s)M(s)
Clarkson [2] (randomized)® O(m + 5% logm) O(m + logm s?)M(s)
This paper (Theorem H)) O(m +logm s) |O(m +logm logs)M(s)
Checking a point for feasibility O(m) O(m)M(s)
Shortest vector [18]21], GCD [17] O(s) O(log s)M (s)

Thus our algorithm is better in the arithmetic model if the number of con-
straints is large, whereas the bit complexity of our algorithm is superior to the
previous methods in all cases.

For comparison, we have also given the complexity of a few basic operations.
The greatest common divisor of two integers a and b can be calculated by the
special integer programming problem min{ ax; +bxs | ax1+bry > 1, x1,20 € Z }
in two variables with one constraint. Also, checking whether a given point is
feasible should be no more difficult than finding the optimum. So the sum of
the last two lines of the table is the goal that one might aim for (short of
trying to improve the complexity of integer multiplication or GCD itself). The
complexity of our algorithm has still an extra log m factor in connection with the
terms involving s, compared to the “target” of O(m + s) and O(m +log s) M (s),
respectively. However, we identify a nontrivial class of polygons, called lower
polygons, for which we achieve this complexity bound.

! Clarkson claimed a complexity of O(m + logm s), because he mistakenly relied on
algorithms from the literature to optimize small integer programs, whereas they only
solve the integer programming feasibility problem.
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Outline of the parametric lattice width method. The key concept of
Lenstra’s polynomial algorithm for integer programming in fixed dimension [12]
is the lattice width of a convex body. Let K C R4 be a convex body and A C R4
be a lattice. The width of K along a direction ¢ € R? is the quantity w.(K) =
max{ctr | x € K} —min{cTx | z € K}. The lattice width of K, wx(K), is
the minimum of its widths along nonzero vectors ¢ of the dual lattice A* (see
Section [2] for definitions related to lattices). For the standard integer lattice
A = 7%, we denote wyq (K ) by w(K) and call this number the width of K@ Thus
if a convex body K has lattice width ¢, then its lattice points can be covered
by [£+ 1] parallel lattice hyperplanes. If K does not include any lattice points,
then K must be “flat” along a nonzero vector in the dual lattice. This fact is
known as Khinchin’s flatness theorem (see [§]).

Theorem 1 (Flatness theorem). There exists a constant fy depending only
on the dimension d, such that each convex body K C R? containing no lattice
points of A has lattice width at most f,.

Lenstra [12] applies this fact to the integer programming feasibility problem
as follows: Compute the lattice width ¢ of the given d-dimensional polyhedron
P.If ¢ > f4, then one is certain that P contains integer points. Otherwise all
lattice points in P are covered by at most f;+1 parallel hyperplanes. Each of the
intersections of these hyperplanes with P corresponds to a (d — 1)-dimensional
feasibility problem. These are solved recursively. The actual integer programming
optimization problem is reduced to the feasibility problem via binary search. This
brings an additional factor of s into the running time.

Our approach avoids this binary search by letting the objective function slide
into the polyhedron, until the lattice width of the truncated polyhedron equals
fa. The approach can roughly be described for d = 2 as follows. For solving the
integer program

max{clz | (z1,22)T € PNZ?} (1)

over a polygon P, we determine the smallest ¢ € Z such that the width of the
truncated polyhedron PN (cTz > ¢) is at most fa. The optimum of () can then
be found among the optima of the constant number of 1-dimensional integer
programs formed by hyperplanes of the corresponding flat direction. We shall
describe this parametric approach more precisely in Section Bl The core of the
algorithm, which allows us to solve the parametric problem in essentially one
single shortest vector computation, is presented in Section 3] (Proposition Hj).

In the remaining part of the paper, we restrict our attention to the 2-di-
men-sion-al case of integer programming. We believe that the flatness constant
of Theorem [[lin two dimensions is fo = 1+ \/m, but we have not found any
result of this sort in the literature.

2 This differs from the usual geometric notion of width, which is the minimum of w.
over all unit vectors c.
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Complexity models. We analyze our algorithms both in the arithmetic com-
plexity model and in the bit complexity model. The arithmetic model treats
arithmetic operations +, —, * and / as unit-cost operations. This is the most
common model in the analysis of algorithms and it is appropriate when the
numbers are not too large and fit into one machine word. In the bit complexity
model, every single bit-operation is counted. Addition and subtraction of s-bit
integers takes O(s) time. The current state of the art method for multiplica-
tion [19] shows that the bit complexity M(s) of multiplication and division is
O(slogsloglogs), see [1, p. 279]. The difference between the two models can
be seen in the case of the gcd-computation, which is an inherent ingredient of
integer programming in small dimension: The best algorithm takes O(s) arith-
metic operations, which amounts to O(M(s)s) bit operations. However, a gcd
can be computed in O(M(s)log s) bit operations [I7]. The bit complexity model
permits a more refined analysis of the asymptotic behavior of such algorithms.

2 Preliminaries

The symbols N and N denote the nonnegative and positive integers respectively.
The size of an integer a is the length of its binary encoding. The size of a vector,
a matrix, or a linear inequality is defined as the size of the largest entry or
coefficient occurring in it. The standard triangle T° is the triangle with vertices
(0,0), (1,0) and (0, 1).

The general 2-variable integer programming problem is as follows: given an
integral matrix A € Z™*? and integral vectors b € Z™ and ¢ € Z?, determine
max{clz | z € P(A,b) NZ?}, where P = P(A,b) = {z € R? | Az < b} is the
polyhedron defined by A and b.

We can assume without loss of generality that P is bounded (see e.g. [20]
p. 237]). We can also restrict ourselves to problems where c is the vector (0,1)T,
by means of an appropriate unimodular transformation. These operations (as
well as all the other reductions and transformations that will be applied in this
paper) increase the size of the involved numbers by at most a constant factor.
Therefore we define the 2-variable integer programming problem as follows.

Problem 1 (2IP). Given an integral matrix A € Z™*2 and an integral vector
b € Z™ defining a polygon P(A,b), determine max{ xy | x € P(A,b) NZ?}.

2.1 The GCD, Best Approximations, and Lattices

The Euclidean algorithm for computing the greatest common divisor ged(ag, aq)
of two integers ag,a; > 0 computes the remainder sequence ag, as,... ,ar € Ny,
where a;, i > 2 is given by a;_2 = a;-1¢;i—1 + a;, ¢; € N, 0 < a; < a;—1, and ag
divides ag_1 exactly. Then ax = ged(ag, a1). The extended Euclidean algorithm
keeps track of the unimodular matrices MO = Hle (qf (1)), 0<j<k—-1
One has (Z‘f) = M(j)(a?il ) The representation ged(ag, a1) = uag + va; with
two integers u, v with |u| < a; and |v| < a¢ can be computed with the extended
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Euclidean algorithm with O(s) arithmetic operations or with O(M(s)log s) bit
operations [17]. More generally, given two integers ag,a; > 0 and some integer
K with ap > K > ged(ag,a1), one can compute the elements a; and a;41 of
the remainder sequence ag,ay,... ,a; such that a; > L > a;41, together with
the matrix M@ with O(M(s)logs) bit operations using the so-called half-gcd
approach [1], p. 308].

The fractions Ml(q/MQ(? are called the convergents of & = ag/a;. A fraction
x/y, y > 1is called a best approzimation to «, if one has |ya —z| < |y'a — z| for
all other fractions z’/y’, 0 < 3y’ < y. A best approximation to « is a convergent
of a.

A 2-dimensional (rational) lattice A is a set of the form A(A) = {Azx |
x € Z?}, where A € Q**? is a nonsingular rational matrix. The matrix A
is called a basis of A. One has A(A) = A(B) for B € Q**? if and only if
B = AU with some unimodular matriz U, i.e., U € Z*>*? and det(U) = +1.
Every lattice A(A) has a unique basis of the form (8 2) € Q%*2, where ¢ > 0
and a > b > 0, called the Hermite normal form, HNF of A. The Hermite normal
form can be computed with an extended-ged computation and a constant number
of arithmetic operations. The dual lattice of A(A) is the lattice A*(A) = {z €
R? | 2Tv € Z, Vv € A(A) }. Tt is generated by (A~1)T. A shortest vector of A
(w.r.t. some given norm) is a nonzero vector of A with minimal norm. A shortest
vector of a 2-dimensional lattice A(A), where A has size at most s, can be
computed with O(s) arithmetic operations [I1]. Asymptotically fast algorithms
with O(M (s)log s) bit operations have been developed by Schonhage [I8] and
Yap [21], see also Eisenbrand [3] for an easier approach.

2.2 Homothetic Approximation

We say that a body P homothetically approzimates another body @) with homo-
thety ratio A > 1,if P+ t; C Q C AP + t5 for some translation x — x + t; and
some homothety (scaling and translation) x — Az + to.

This concept is important for two reasons: (i) The lattice width of @ is
determined by the lattice width of P up to a multiplicative error of at most A, i.e.,
wa(P) < wp(Q) < Awp(P). (ii) A general convex body @ can be approximated
by a simpler body P; for example, any plane convex body can be approximated
by a triangle with homothety ratio 2.

In this way, one can compute an approximation to the width of a triangle.
Let a: x — Bz +t be some affine transformation. Clearly the width w(K) of
a convex body K is equal to the lattice width wp(p) of the transformed body
a(K). Thus we get the following lemma.

Lemma 1. Let T C R? be a triangle which is mapped to the standard triangle
T° by the affine transformation x — Bx +t. Let v be a shortest vector of A*(B)
with respect to the fo-norm. Then

(1= /1/2) [|o]l2 < w(T) < 1/V2 [[o]|2.
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Moreover, the integral vector v := B™v is a good substitute for the minimum-
width direction:
w(T) < we(T) < (V2 +1) w(T) O

With linear programming, one can easily find a good approximating triangle
T C P for a given polygon P = P(A,b). For example, we can take the longest
horizontal segment ef contained in P. It is characterized by having two parallel
supporting lines through e and f which enclose P, and it can be computed as
a linear programming problem in three variables in O(m) steps, by Megiddo’s
algorithm [13]. (Actually, one can readily adapt Megiddo’s simple algorithm for
two-variable linear programming to this problem.) Together with a point g € P
which is farthest away from the line through e and f (this point can be found
by another linear programming problem), we obtain a triangle T' = efg which
is a homothetic approximation of P with homothety ratio 3. Together with
the previous lemma, and the known algorithms for computing shortest lattice
vectors, we get the following lemma.

Lemma 2. Let P C R? be a polygon defined by m constraints each of size s.
Then one can compute with O(m + s) arithmetic operations or with O(m +
log s)M (s) bit operations an integral direction v € Z* with

2.3 “Checking the Width”

We will several times use the following basic subroutine, which we call checking
the width.

For a given polygon P, we first compute its approximate lattice width by
Lemma 2], together with a direction v. This gives us an interval [K, aK] for the
lattice width of P. If K > fo 4+ 1, then we say that P is thick, and we know
that P contains an integral point. This is one possible outcome of the algorithm.
Otherwise, P is thin and we solve 2IP for P as follows. Enumerate the at most
a(fe +1) = O(1) lattice lines through P, solving a one-dimensional integer
program for each of them. We may find that P is empty, that is, it contains no
integral point, or otherwise find the optimum point in P. These are the other
two possible results of the algorithm, and this will always mean that no further
processing of P is required. It is easy to see that the following bounds hold.

Lemma 3. Checking the width takes O(m+ s) arithmetic operations or O(m +
log )M (s) bit operations. O

3 The Approximate Parametric Lattice Width (APLW)
Problem

As in the case of Lenstra’s algorithm, the lattice width is approximated via ho-
mothetic approximations and a shortest vector computation. This brings in some
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error which complicates the parametric lattice width method described in the
introduction. The following problem, called approzimate parametric lattice width
problem, APLW for short, is an attempt to live up to the involved approximation
error. If P is a polygon, we denote by P, the truncated polygon P, = PN (xy > £).

Problem 2 (APLW). This problem is parameterized by an approximation ratio
v > 1. The input is a number K € N and a polygon P C R? with w(P) > K.
The task is to find some ¢ € Z such that the width of the truncated polygon P,
satisfies

K <w(P) <~ K.

Integer programming can be reduced to the APLW problem:

Proposition 1. Suppose that the APLW problem with any fived approzimation
ratio 7y can be solved in A(m, s) bit operations or in A(m, s) arithmetic operations
for a polygon P, described by m constraints of size at most s. Then 2IP can be
solved in T(m, s) bit operations or in T(m,s) arithmetic operations, with

T(m,s) = O(Alm,5) + (m + log s) M(s),
T(m,s) = O(A(m,s) +m+ s).

Proof. First we check the width of P. If P is thin we are done with the claimed
time bounds (see Lemmal[3). Otherwise solve APLW for K = f5+ 1, yielding an
integer £ € Z such that fo+1 < w(P;) <+ (f2+1). Then the polytope P, = PN
(x2 > ¢) must contain an integer point. Therefore the optimum of 2IP over P is
the optimum of 2IP over Py. Compute an integral direction v with w, (P;) = O(1)
by Lemma Pl As in the case of checking the width, the optimum can then be
found among the corresponding constant number of univariate integer programs.

O

4 Solving the Integer Program

An upper polygon P has a horizontal line segment ef as an edge and a pair of
parallel lines through the points e and f enclosing P, and it lies above ef. A lower
polygon is defined analogously, see Fig. [Il We now describe efficient algorithms
for APLW for upper triangles and lower polygons. This enables us to solve 2IP
for polygons with a fixed number of constraints. Polygons described by a fixed
number of constraints are the base case of our prune-and-search algorithm for
general 2IP.

4.1 Solving APLW for Upper Triangles

Let T be an upper triangle. By translating 7', we can assume that the top
vertex is at the origin, and hence T is described by inequalities of the form
Az <0, x9 > L, where L < 0. All the truncated triangles T, = T N (z2 > {)
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0=e f
T,
9t (z2=1)
T
P
g (z2=1L)

Fig. 1. The approximation of P,

for 0 > ¢ > L are scaled copies of T, and the width of T; scales accordingly:
w(Ty) = |€]| w(T-1). Therefore we simply have to compute an approximation to
the width of T' by Lemmalll and choose the scaling factor |¢| accordingly so that
K < w(Ty) < vK holds. Hence we have the following fact.

Proposition 2. APLW can be solved with O(s) arithmetic operations or with
O(M(s)logs) bit operations for an upper triangle which is described by con-
straints of size at most s.

4.2 Solving APLW for Lower Polygons

Since the width is invariant under translation, we can assume that the left vertex
e of the upper edge ef is at the origin. We want to find an £ € Z with K <
w(Py) <~ K for some constant v > 1.

Let g = (g1,92) € P be a vertex of P with smallest second component g, = L.
Let g, be the point of intersection between the line segment eg and the line
xo = £, for 0 > £ > L and denote the triangle 0fg, by T} (see Fig. ).

Lemma 4. The triangle Ty is a homothetic approximation to the truncated lower
polygon Py with homothety ratio 2. a

Thus we can solve APLW for P by finding the largest £ € Z, 0 > ¢ > L such
that w(Ty) > K. For any 2x2 matrix A and a number p, we use the notation

10
Ap = <0p>A

for the matrix whose second row is multiplied by p. If the matrix B maps the
triangle T_; to the standard triangle T, then By, maps Ty to T°. By Lemma f]
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and Lemma [[] we have the relation

(1= V1/2) [|oll2 < w(Pr) < V2 o],

where v is a shortest vector of A*(By ) w.r.t. the fo-norm.

We can thus solve APLW by determining the smallest p € N such that the
length of a shortest vector v of A*(B/,) w.r.t. the £3-norm satisfies the relation
lvll2 > (1 —+/1/2)~" K. Since one has ||v]s < [|v]l2 € V2||v]|ce We can as well
search for the smallest p such that

lollee > (1= V1/2)7'K,

where v is a shortest vector of A*(B;,,) w.r.t. the £o-norm. Observe that one
has A*(B1/,) = A(((B™')T),). This shows that we can translate APLW into
the following problem which we call the parametric shortest vector problem. The
parameter is the factor p with which the second coordinate of the lattice is
multiplied and we want to find the largest value of p such that the norm of the
shortest vector does not exceed a given bound.

Problem 8 (PSV). Given a nonsingular matrix A € Q**? and a constant K €
N, find the largest p € N such that ||v||oc < K, where v is a shortest vector
of A(Ap) w.r.t. the foo-norm.

The following statement is proved in [3]. It shows that a shortest vector of
a 2-dimensional integral lattice can be found among the best approximations a
rational number computed from the Hermite normal form of the lattice.

Proposition 3. Let A C Z? be given by its Hermite normal form (g 2) € 72%2,
A shortest vector of A with respect to the lso-norm is either (8) or (f;), or

it is of the form (_‘”gjyb), z € N,y € Ny where the fraction z/y is a best
approximation to the number b/a.

By the relation between best approximations and the remainder sequence of
the Euclidean algorithm we can now efficiently solve PSV.

Proposition 4. PSV can be solved with O(s) arithmetic operations or with
O(M (s)log s) bit operations for matrices A and integers K of size s.

Proof. Assume without loss of generality that A is an integral matrix. Let (&%)
be the HNF of A, the HNF of A(A,) is then the matrix (§ % ). Either (§) or

(Zf’c) is a shortest vector (these cases can be treated easily), or there exists a

shortest vector (’”fn‘;tyb) such that x/y is a best approximation of b/a, thus a
convergent of b/a.

Since we want to maximize p we have to find the convergent x/y of b/a
with minimal y > 1 which satisfies |—xa 4 yb| < K. This convergent yields the
candidate with which we can achieve a best scaling factor p. The best scaling

factor is then simply p = | K/(yc)].
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The required convergent x/y can be determined by exploiting the relation be-
tween convergents and the Euclidean algorithm. Let ag, a1, ... ,ax be the remain-
der sequence of b = ag and a = a;. Multiplying the equation (gg ) =M® ( ariy )
by the inverse of the unimodular matrix M) gives the following equation for
the i-th convergent z/y = Ml(q/MQ(q

+(—za +yb) = £(— 1(2(11 + Mz(fiao) = Qi1

Since subsequent convergents have strictly increasing denominators, we are look-
ing for the first index ¢ with a;41 < K. This index is determined by the conditions
a; > K and a;11 < K. As mentioned in Section 2.1}, the corresponding conver-
gent z/y = Ml(li/Méq can be computed with O(M (s)log(s)) bit operations, or
with O(s) arithmetic operations. a

Theorem 2. APLW for lower polygons defined by m constraints of size at most
s can be solved with O(m + s) arithmetic operations or with O(m + log s)M(s)
bit operations.

Proof. After one has found the point g which minimizes {zo | z € P} with
Megiddo’s algorithm for linear programming [I314] one has to solve PSV for
the matrix B which maps T_; to the standard triangle. The time bound thus
follows from Proposition Bl a

4.3 An Efficient Algorithm for 2IP with a Fixed Number of
Constraints

Theorem 3. A 2IP problem defined by a constant number of constraints of size
at most s can be solved with O(s) arithmetic operations or with O(M(s)log s)
bit operations.

Proof. We compute the underlying polygon, triangulate it, and cut each triangle
into an upper and a lower triangle. We get a constant number of 2IP’s on upper
and lower triangles, defined by inequalities of size O(s). The complexity follows
thus from Proposition [II Proposition B and Theorem [2I O

4.4 Solving 2IP for Upper Polygons

It follows from Sect. E2Ithat 2IP over lower polygons can be solved with O(m+s)
basic operations or with O((m + log s)M (s)) bit operations. Any polygon can
be dissected into an upper and a lower part (by solving a linear programming
problem); thus we are left with solving 2IP for upper polygons. Unfortunately,
we cannot solve APLW for upper polygons directly. Instead, we use Megiddo’s
prune-and-search technique [I3] to reduce the polygon to a polygon with a con-
stant number of sides, to which the method from Theorem [ in the previous
section is then applied. This procedure works for general polygons and not only
for upper polygons.
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Our algorithm changes the polygon P by discarding constraints and by in-
troducing bounds [ < x5 < u such that the solution to 2IP remains invariant.
Initially we check the width of P. If P is thin, we are done. Otherwise, we start
with I = —oo0 and u = oco. We gradually narrow down the interval [[,u] and
at the same time remove constraints that can be ignored without changing the
optimum.

One iteration proceeds as follows: Ignoring the constraints of the form
[ < z9 < u, the m constraints defining P can be classified into left and right
constraints, depending on whether the feasible side lies to their right or left,
respectively. We arbitrarily partition all left constraints into pairs and compute
the intersection points of their corresponding lines, and similarly for the right
constraints. We get roughly m/2 intersection points, and we compute the me-
dian p of their zp-coordinates. Now we check the width of P,. If P, is thick,
we replace [ by p. In addition, for each of the m/4 intersection points below p,
there is one constraint among the two constraints defining it which is redundant
in the new range u < x5 < u. Removing these constraints reduces the number
of constraints by a factor of %.

If P, is thin and contains integer points, we are done. If P, is empty, we
replace u by pu. We remove constraints as above, but we now consider the inter-
section points above p.

In this way, after O(logm) iterations, we have either solved the problem, or
we have reduced it to a polygon with at most four constraints, which can be
solved by Theorem Bl

Each iteration involves one operation of checking the width, plus O(m) arith-
metic operations for computing intersections and their median. Since the number
m of constraints is geometrically decreasing in successive steps, we get a total of
O(m++logm s) arithmetic operations and O(m+logmlog s)M (s) bit operations.
The additional complexity for dealing with the final quadrilateral is dominated
by this. This gives rise to our main result.

Theorem 4. The two-variable integer programming problem with m constraints
of size at most s can be solved in O(m + logm s) arithmetic operations or in
O(m + logmlog s)M (s) bit operations.
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Approximating k-Spanner Problems for k > 2

Michael Elkin and David Peleg*

Department of Applied Mathematics and Computer Science, The Weizmann Institute
of Science, Rehovot, 76100 Israel. {elkin,peleg}@uisdom.weizmann.ac.il.

Abstract. Given a graph G = (V, E), asubgraph G’ = (V,H), H C E is
a k-spanner (respectively, k-DSS) of G if for any pair of vertices u,w € V
it satisfies dg(u,w) < k - dg(u,w) (resp., du(u,w) < k). The basic k-
spanner (resp., k-DSS ) problem is to find a k-spanner (resp., k-DSS) of
a given graph G with the smallest possible number of edges.

This paper considers approximation algorithms for these and some re-

€

lated problems for k > 2. Both problems are known to be Q(Zlogl_ -
inapproximable [I1T3]. The basic k-spanner problem over undirected
graphs with £ > 2 has been given a sublinear ratio approximation algo-

rithm (with ratio roughly O(n’%—l )), but no such algorithms were known
for other variants of the problem, including the directed and the client-
server variants, as well as for the k-DSS problem. We present the first
approximation algorithms for these problems with sublinear approxima-
tion ratio.

The second contribution of this paper is in characterizing some wide
families of graphs on which the problems do admit a logarithmic and a
polylogarithmic approximation ratios. These families are characterized
as containing graphs that have optimal or “near-optimal” spanners with
certain desirable properties, such as being a tree, having low arboricity
or having low girth. All our results generalize to the directed and the
client-server variants of the problems. As a simple corollary, we present
an algorithm that given a graph G builds a subgraph with O(n) edges and
stretch bounded by the tree-stretch of G, namely the minimum maximal
stretch of a spanning tree for G.

The analysis of our algorithms involves the novel notion of edge-domina-
ting systems developed in the paper. The technique introduced in the pa-
per enables us to reduce the studied algorithmic questions of approxima-
bility of the k-spanner and k-DSS problems to purely graph-theoretical
questions concerning the existence of certain combinatorial objects in
families of graphs.

1 Introduction

1.1 Motivation

Spanners for general graphs were introduced in [23)21], and were shown to be the
underlying graph structure in a number of constructions in distributed systems

* Supported in part by grants from the Israel Science Foundation and from the Israel

Ministry of Science and Art.

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 90-[I04] 2001.
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and communication networks. Spanners of Euclidean graphs have turned out to
be relevant also in the area of computational geometry (cf. [4J812]).
Given a graph G = (V, E) and a subgraph G' = (V, E’), E' C E, let

der (u, w)
de(u, w)

where dg(u, w) denotes the distance between v and w in H. The subgraph G’ is
a k-spanner of G if stretch(G’) < k. The combinatorial problem of finding the
sparsest k-spanner of a given graph G (in terms of number of edges) is called the
(basic) k-spanner problem. This problem is NP-hard, which makes it interesting
to study its approximability properties.

For k = 2, the approximation ratio on arbitrary n-vertex graphs is known to
be O(logn) [I817]. For k > 2, however, the situation is not as good. To begin
with, it is known that under the assumption that NP ¢ DTIM E(nPoV!s ™),
the approximation ratio of any polynomial time algorithm for the k-spanner
problem, for any constant k > 2 and for any 0 < € < 1, is £2(2°8' ") [11]. On
the positive side, it is known that every n-vertex graph has a (polynomial-time
constructible) k-spanner of size O(nHk%l) for odd k and O(nH%ﬂ) for even k
[2116]. Since any spanner must contain at least n — 1 edges, the algorithm for
constructing such spanners can be thought of as a “universal” approximation
algorithm for the problem, with ratio O(nk%l) for odd k and O(nk%?) for even
k. This performance is poor for small constant values of k, e.g., for £ = 3 it
yields an O(n'/?)-approximation algorithm.

The situation is even worse for some related edge deletion problems. For in-
stance, the directed k-spanner problem (namely, the problem on directed graphs)
has no known sublinear approximation ratio. In particular, it is known that for
certain n-vertex directed graphs, any k-spanner requires £2(n?) edges, hence the
problem does not enjoy a “universal” sublinear ratio approximation algorithm
in the above sense.

The same applies to the k-diameter spanning subgraph (or k-DSS) problem,
defined as follows. Given a graph G = (V, E), a subgraph G' = (V,H), H C E
is a k-DSS of G if the distance in H between any two vertices u,w € V satisfies
dpg (u,w) < k. The k-DSS problem calls for finding the sparsest k-DSS of a given
graph G (in terms of number of edges). Again, the results of [ZIJI0] indicate
that no “universal” sublinear ratio approximation algorithm for the (directed or
undirected) k-DSS problem exists.

A third example involves the client-server (CS) k-spanner problem. This is a
generalization of the basic k-spanner problem in which every edge may be either
a client, a server, or both a client and a server. The goal is to k-span all the
client edges by server edges, using a minimal number of server edges. In the all-
client (AC) variant of the CS k-spanner problem, all the edges are clients, and
in the all-server (AS) variant, all the edges are servers. All of these problems

stretch(G') = max{ | u,w € V} :

are known to be Q(210g175”)—inapproximable for k > 2 and any 0 < e < 1
[10]. Moreover, with the exception of the AS k-spanner problem, none of these
problems currently enjoys a sublinear ratio approximation algorithm.
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1.2 Owur Results

The current paper is concerned with two main directions. The first involves
obtaining sublinear ratio approximation algorithms for a number of the edge
deletion problems discussed above. In particular, the paper presents O(n?/3)-
approximation algorithms for the directed 3-spanner, the (directed and undi-
rected) CS 3-spanner and the (directed and undirected) 3-DSS problems. (We
denote O(f(n)) = O(f(n)polylog (n)).) In fact, our approximation algorithm
usually provides a better ratio, and, in particular, we show that for graphs with
O(n'*9) edges, the algorithm has an O(n%)—approximation ratio.

The second direction aims at developing a better understanding for the causes
of the apparent difficulty of the k-spanner problem, by identifying specific param-
eters which affect its approximability. Specifically, our approach to this problem
is based on examining various restricted graph classes with special properties,
and attempting to approximate the problem on these classes.

The families of graphs we consider are characterized as containing graphs that
have optimal or “near-optimal” spanners with certain properties. Intuitively, we
prove that if the given input graph G has a “near-optimal” spanner H of some
convenient structure, then it is possible to find a “relatively good” spanner for
G (namely, one which is close to H in sparsity).

As a first and most extreme example, we consider the family of graphs that
enjoy a tree k-spanner, namely, a k-spanner in the form of a tree. Let Syrrer(G)
denote the minimum & such that G has a tree k-spanner. Finding a tree attaining
Strer(G) is known to be NP-hard even restricted to planar graphs [I5]. The
problem of computing Strer(G) for a given graph G is known to be (1++/5)/2-
inapproximable [22], and no nontrivial approximation algorithm for the problem
is known. Denote by SPy(TREEFE) the family of graphs that admit a tree k-
spanner.

The k-spanner problem restricted to the class SPy(TREFE) was shown in
[6] to be polynomially solvable for ¥ = 2 and NP-complete for k& > 4. In
Section we present an algorithm providing an O(min{k?logn, %})—
approximation ratio for the problem on SP,(TREE) for arbitrary (not neces-
sarily constant) values of k. In particular, for any graph G this algorithm builds
a subgraph H of G with O(n) edges and stretch(H) < Srrpe(G).

We next turn to wider classes of graphs, enjoying a spanner with low ar-
boricity or low girth. For any graph G, a k-spanner H is called a near-optimal
k-spanner of G if any other k-spanner H' of G satisfies % = O(polylog n).
Denote by SP,(PL) the family of graphs that admit a planar k-spanner. De-
note by SP;(BA) (respectively, SPy(log A)) the family of graphs that admit a
near-optimal k-spanner with arboricity (or genus) bounded by a constant (re-
spectively, by polylog n). For any fixed integer g denote by SP,(GIRTH(g))
the family of graphs that admit a near-optimal k-spanner with girth no smaller
than g.

In Section Bl we present an algorithm providing an O(logn - a(H))-approxi-
mation ratio for the 3-spanner problem on general graphs, where a(G’) is the



Approximating k-Spanner Problems for k& > 2 93

arboricity of the graph G’ and H is the optimal 3-spanner of the input graph.
It follows that the problem admits a logarithmic approximation ratio when re-
stricted to graphs in the class SP;(BA) (and in particular SP3(PL)), and a
polylogarithmic ratio when restricted to graphs in SP;(log A). In the full paper
these results are extended to the directed and CS variants of the problem.

All the above results can be easily adapted to the k-DSS problem as well.
In particular, define the graph family DSSy(TREE) (respectively, DSSy(PL),
DSSk(BA), DSSk(log A) or DSS,(GIRTH(g))) as the set of graphs that admit
a k-DSS in the form of a tree (resp., which is planar, with arboricity bounded by a
constant, with arboricity bounded by polylog n, or with girth at least g). In the
full paper we present an O(min{k?logn, %})-approximation algorithm
for the k-DSS problem on DSSi(TREE), and an O(logn-a(H))-approximation
algorithm for the 3-DSS problem on general graphs, where H is the optimal
3-DSS of the input graph, yielding a logarithmic approximation over the class
DSS5(BA) and a polylogarithmic ratio over DSS3(log A).

For problems whose definition involves a free parameter (like the parameter
k in all the above problems), it is instructive to study their approximability as
a function of this parameter. In particular, a set of problems {II,} indexed by
a parameter p is said to enjoy the ratio degradation property with respect to
the parameter if the approximability of the problem II,, decreases exponentially
fast with the inverse of the parameter p. The result of [21] shows that the basic
k-spanner problem enjoys the ratio degradation property with respect to the
stretch requirement k, whereas the results of [T0IT3] show that the CS, the AC
and the directed k-spanner problems, as well as the k-DSS problem, do not enjoy
it (with respect to k).

We analyze the behavior of the 3-spanner and the 3-DSS problems over
the graph classes SP3(GIRTH(g)) and DSS3(GIRTH(g)). Formally, let 3-
spanner(g) (resp., 3-DSS(g)) be the 3-spanner (resp., 3-DSS) problem restricted
to the family SP5(GIRTH (g)) (resp., DSS3(GIRTH(g))). We show that the
problem families {3-spanner(g)}52; and {3-DSS(g)}32; enjoy the ratio degra-
dation property with respect to this parameter. All the results mentioned above
generalize to the directed and the client-server variants of the problems.

Section [B concerns bicriteria approximation algorithms. It presents a bicri-
teria (O(n'/?),4+2)-approximation algorithm for the AC k-spanner and k-DSS
problems. In other words, the algorithm produces an AC (k+2)-spanner (respec-
tively, (k 4+ 2)-DSS subgraph) which is greater by a factor of at most of O(n'/?)
than an optimal AC k-spanner (k-DSS subgraph). We also present a bicriteria
(O(n'/?),2d — 1)-approximation algorithm for the AC k-spanner problem and
k-DSS problem for any positive integer d. These algorithms can be interpreted
also as O(n'/?)-approximation algorithms for the k-DSS problem restricted to
the graphs of diameter at most k — 2 and as O(nl/ 4)-approximation algorithms
for the k-DSS problem restricted to the graphs of diameter at most ﬁ for any
positive integer d. We also prove an analogous statement for the AC k-spanner
problem.
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Finally, in the full paper we consider the k-spanner problem on the class
SP,(DEG(A)) of graphs that admit a k-spanner with maximum degree bounded
by A, and provide an algorithm with O(A*~2 .logn) approximation ratio, for
k > 2. Note, however, that the k-spanner problem enjoys a trivial O(AF)-
approximation algorithm, hence the new algorithm is advantageous only when

A = 2(Vlogn).

1.3 Our Techniques

Generally speaking, our algorithms generalize the logarithmic approximation
algorithm of [I8] for the 2-spanner problem. That algorithm is based on de-
composing the problem into a finite number of appropriate subproblems and
iteratively solving them, where every such subproblem involves performing some
density computations over a small neighborhood in the graph.

However, as discussed earlier, the k-spanner problem for k£ > 2 is significantly
more difficult than the 2-spanner case. Hence a generalization of the algorithm
for the 2-spanner problem to the k-spanner one requires the introduction of novel
algorithmic and analytic techniques.

The technique introduced here for handling these problems involves a new
graph construct called edge-dominating system, based on a special type of graph
decomposition. Using these systems, we define an algorithmic procedure (for
density computation) which is applied to each component of this decomposition,
and gives rise to an approximation algorithm for the k-spanner problem. We
demonstrate that the approximation ratio of our algorithm equals the sparsity
of the edge-dominating system used by the algorithm, up to a factor logarithmic
in n.

Our approach thus reduces the algorithmic question of the approximability of
the k-spanner problem to the pure graph-theoretic question of existence of com-
binatorial objects with desirable properties (namely, edge-dominating systems
with bounded sparsity). In particular, we show that a proof of existence of an
edge-dominating system for the 3-spanner problem of sparsity bounded by some
power 0 < & < 1 of the arboricity of some near-optimal 3-spanner leads to an ap-
proximation algorithm for the 3-spanner problem within an approximation ratio

of O(nz'(giis)) (the current state of the art is O(n'/?) by the universal construc-
tion of [1419]; note that the state of the art of the J-edge-dominating systems
is § = 1 which unfortunately yields a similar O(nl/ 2)-approximation ratio). We
also show that the lower bound of [I1] on the approximability of the 3-spanner
problem yields a lower bound on the sparsity of the possible edge-dominating
systems.

Consequently, we present some constructions of the edge-dominating sys-
tems. To illustrate the concept, we start by presenting a construction of constant
sparsity for the 2-spanner problem on general graphs. This yields an O(logn)-
approximation algorithm for the 2-spanner problem (which is, in fact, simply a
more general presentation of the algorithm of [I8] and its analysis). We proceed
with presenting a construction of constant sparsity (i.e., not depending on n,
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but depending on k) for the k-spanner problem on SP,(TREEFE). This construc-
tion yields an O(k?logn)-approximation algorithm for the k-spanner problem
on SP,(TREE). Finally, we present a construction for general graphs for k = 3
(for the 3-spanner problem), but the sparsity of this construction is linear in
the arboricity of a near-optimal spanner of the input graph. This construction
yields logarithmic and polylogarithmic approximation ratio algorithms for the
3-spanner problem on SP3;(BA) (in particular, on SPs(PL)) and on SP3(log A),
respectively, and n°(1/9)-approximation ratio on SPs(GIRTH(g)).

We beleive that our techniques may enable in the future to get an improve-
ment for the basic 3-spanner too, and to get an 0(n2/ 3)-approximation ratio for
the aforementioned problems. Another challenging direction is to generalize our
algorithms in such a way that they would provide to a sublinear approximation
ratio for these problems for k > 3.

2 Density Computation

Throughout, we denote the number of vertices in the graph G by n. The girth
of graph G, denoted g(G), is the length of the shortest cycle in the graph.
For a set of nodes W let E(W) be the set of edges with both endpoints in

W. The arboricity of graph G is defined as a(G) = max{llgérz)l‘ } We will

use Scheinerman’s theorem, stating that a(G) = O(/u(G)) [24], where u(G)
denotes the genus of graph G.

The Nash-Williams theorem (cf. [3]) states that the edge set of a graph G with
arboricity ¢ can be decomposed into ¢ edge-disjoint forests, and furthermore, that
this decomposition can be computed polynomially. The notion of graph density,
denoted by p(G), is very similar to arboricity, except that it has |IW] instead of
[W]| — 1 in the denominator. Note that the relation between the two notions is

p(G) < a(G) <2 p(G), (1)

Definition 1. For every graph G and subgraph H for G, the vertexv € V is said
to (H,k)-dominate the edge e = (u,2) if H contains a path P = (u1,...,uy, 2)
of r+ 1 < k edges connecting u and z and going through v, or formally, s.t.
(u,u1), (ug,uz), oy (Upr—1,ur), (Ur, 2) € H and v € {u,uy,us, .., up, 2} .

The algorithm that we present in Section [l constructs the spanner subgraph
denoted H. The algorithm proceeds in steps, in each step increasing the initially
empty set H. Through the algorithm H" denotes the set of edges that are still
uncovered.

For any vertex v and any two subsets H, H* C E of the edge set F, define
COVy(H,v, H") as the subset of H* edges that are (H, k)-dominated by v.

Define the v -density of a subset of edges H and a vertex v with respect to

an edge set H" as ¢y (H,v, H*) = W#Hn)l . Intuitively, a high-density
edge subset H is a good candidate for participating in the spanner, as it covers
many edges at a low cost. For a graph G = (V, E), a subset of vertices W C V
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and a vertex v € W, define a breadth-first search (BFS) tree rooted at v for the
set W to be a tree T rooted at v, whose vertex set coincides with W and such
that for any node u € W, dr(v,u) = dg(v,u). For a vertex set U and a vertex
v, let T(U,v) denote the set of all possible non-empty BFS trees rooted at v and
contained in E(U), and let T(U ,v) denote the set of all possible non-empty trees
rooted at v and contained in E(U). Now define the 1! -density (respectively, 1%—
density) of a node v with respect to an edge set H* to be the maximum density
achievable by a BFS tree (respectively, arbitrary tree) rooted at v and spanning
some part of v’s l-neighborhood, i.e.,

o, HY) 2 max  {0n(T,0 H")} 2)
YL (v, HY) 2 max {wk(T,v,H“)} . (3)

TeT(I;(v),v)

The following lemma shows that in order to approximate z/?é (v, H") it suffices
to compute the value of ¥} (v, H*). (All proofs are omitted.)

Lemma 1. For any integer k > 1, vertex v € V. and subset of edges H* C F,
o0 HY) < O 0, HY) < (k= D (0, HY)

We denote by T, the tree that maximizes the value of (T, v, H*) and
by COVy(v, H*) the set COVy(Ty, v, H*). Specifically, our algorithm needs to
compute the value of 1% (v, H*), where | = [k/2]. Observe that an I-deep tree
T automatically 2l-spans all the edges between its vertices.

Furthermore, we next show that the density 1&2 (v, H*) can be approximated
with a ratio linear in [ in polynomial time on any graph.

Hereafter we fix [ = [k/2] and denote the function 1% by 1. Also we denote
by small letters the sizes of sets denoted by capital letters. We denote E(v) =
{u| dg(u,v) <1} and I(v) = {u | dg(u,v) =1}.

Consider the subgraph G = (V, E), where V = I}(v) and

P {E(I:“l(v))ﬂH“, k is even,
E(I(v)) N (H" \ E(I(v))), k odd.

The following close relation holds between p(G) and (v, H").

Lemma 2. p(G) <¢(v, H*) <2 p(G) .
Corollary 1. p(G) < (v, H*) < 2L - p(G).

Lemma 3. Given a graph G = (V, E), a vertezx v in G and a subset of edges
H" C E, the value of ¥(v, H*) can be approximated with ratio 2l in polynomial
time.
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3 Constructions for Dominating Systems

3.1 Dominating Systems

At this point we introduce the notion of (H, k)-dominating systems which will
be used in the analysis.

Definition 2. For a graph G and a spanner H of G, an H-system for G is a
pair (D, S) such that D C'V and S = {Sp(v)}yep, where Sp(v) is an edge set
contained in H for everyv € D.

The H-system (D, S) is called an (H,k)-dominating system for the graph
G = (V,E) if for every edge e € E there exists a vertex v € D such that v
(Sp(v), k)-dominates e.

Our construction for k-spanners makes use of a specific type of (H,k)-dominating
system, in which the set Sp(v) is a subtree of the BFS tree rooted at v, of depth
at most k — 1. To define it formally, we need the following terminology.

For a non-root vertex v in a tree T, let pr(v) denote its parent node in T
and Subj.(v) denote the edge set of the s-deep subtree rooted by v. Also let rp
denote the root of the tree T' and L7 denote its set of leaves.

In order to build a good spanner, we need a “sparse” (H,k)-dominating
system. The sparsity of an (H,k)-dominating system (D, .S) is defined as

Sparsitys(D,S) 2 (X,ep sp(v))/|H]|).

3.2 (H,2)-Dominating Systems

To illustrate the concept of dominating systems we present a simple construc-
tion of an (H,2)-dominating system with constant sparsity for arbitrary graphs.
This construction can be used to simplify the analysis of the logarithmic ratio
approximation algorithm for the 2-spanner problem due to [I8].

Construction A

1. D« V.

2. For every vertex v in D set Sp(v) = {(u,v) € E}.

3.5« {Sp(v)}veD-

Lemma 4. For any 2-spanner H of a graph G, the H-system (D, S) constructed
by Construction A is an (H,2)-dominating system with Sparsityy(D,S) =2 .

3.3 (H,k)-Dominating Systems for SP,(TREE)

Now we show that if a graph G admits a tree-spanner H then it has a sparse
(H ,k)-dominating system, i.e., with Sparsityg(D,S) = O(k).

Assume that G has a tree spanner H. Consider the following construction of
an H-system for G.

Construction B

1. D+ V\ Ly.
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2. For every vertex v in D, set Sp(v) to be the depth (k — 1) subtree of H
rooted at v plus
the edge from v to its parent (unless v is the root), i.e.,
Sp(v) = {(pu(v),v)} USubk (v) for v # ry and Sp(v) = Subk; ! (v) for
V=TH-
3. Define S to be the set {Sp(v)}vepn.

Lemma 5. For any tree-k-spanner H of a graph G, the H-system
(D, S) constructed by Construction B is an (H,k)-dominating system with
Sparsityy (D, S) at most k.

3.4 (H,3)-Dominating Systems for SP3;(BA)

We now generalize the above construction of the (H,k)-dominating system from
tree spanners to spanners with bounded arboricity, albeit only for & = 3.

By the Nash-Williams theorem, every graph H with arboricity a = a(H) has
a decomposition in to a edge-disjoint forests I, .., Iy, where for every i = 1,..,q,
the forest Fj is a collection of vertex-disjoint trees, i.e., F; = {T},..,T"}. Since
the forests are edge-disjoint, every edge participates in exactly one tree. Since
the trees in each forest are vertex-disjoint, each vertex may participate in at
most one tree per forest. Hence each vertex participates in at most a trees.

Consider the following construction. For every vertex v, denote by T;(v) the
tree in the forest F; in which v participates. An edge e = (w,u) € Fj is said to
cross the node v in Fj, for i # j, if u or w is a neighbor of v in tree T;(v), but
e does not belong to F;.

Essentially, this construction is based on repeating Construction B for every
tree T} individually, and adding the crossing edges. A formal description follows.

Construction C

1.Set D=1V.

2. For every vertex v set Sp(v) < U;({(pz, (v)(v),v)} U Sub?_('f) (v)) .

(If v is a root of T/ then the edge {(pgi(v),v)} is not included.)

3. For every vertex v, add to Sp(v) also ex;ery edge that crosses v in Fj for
some i = 1,..,a.

4. Define S to be the set {Sp(v)}ven.

Remark 1: Note that the edges that do not cross to a different tree are taken
as well for the children of v but not for its parent. For the parent, we are not
interested in taking all its neighboring edges in its own tree, but only the edges
that cross between different trees.

Remark 2: For a neighbor w of v the edge (w, z) is said to cross to a different
tree if the edge (v,w) is located on the different tree than (w, z). This is well-
defined, since each edge belongs to exactly one tree.

Lemma 6. For any graph G with a 3-spanner H, the H-system (D,S)
constructed by Construction C is an (H,3)-dominating system with
Sparsityp (D, S) at most O(a(H)).
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4 Spanner Construction Algorithm

This section presents an algorithm for building a k-spanner for a given graph
G = (V,E). The algorithm is a modification of the 2-spanner approximation
algorithm devised in [1§]. Its main part is a loop, repeated while there is at least
one vertex with positive i-density.

Inside the loop, we pick a vertex v that maximizes the 1-density, and com-
pute for v the corresponding tree T, that attains it. The algorithm is described
formally next.

Algorithm Sparse_Spanner

Input: graph G = (V| E), integer k > 2.

Output: subset H C E.

1. H + E; H® + ¢; H + ¢; | + [k/2]
2. While Jv s.t. ¢(v, H*) > 0 do :

1. Choose a vertex v that maximizes (v, H").
2. Approximate ¢(v, H") with ratio O(l) for this vertex;
let T, be the corresponding densest tree of I;(v).

3. H® + H°UCOVy(T,,v,H"); H<+ HUT,; H"+ H"\ H°

3. Return(H)

It can be easily seen that if the 1&(1}7 H™)-density is zero for every vertex v
in the graph, then H* is empty. Thus H¢ contains all the graph edges. Since an
edge is inserted into H¢ only when it is 3-spanned by some path contained in of
the spanner H, and no edges are removed from H, it follows that the algorithm
leaves the loop and returns H only when H is a 3-spanner for G.

The termination of the algorithm follows from the fact that in each iteration,
at least one edge is removed from H", hence the algorithm terminates after at
most |E| iterations.

In what follows, we analyze the algorithm as if it computes the density
77[;(1), H™) exactly, rather than approximates it. Later we show that approximat-
ing the density by a factor of p instead of computing it exactly decreases the
approximation ratio of the algorithm by the same factor p only.

5 Analysis of the Spanner Construction Algorithm

5.1 Analysis of the 3-Spanner Case

In this section we prove that Algorithm Sparse_Spanner provides an approxima-
tion ratio of O(a(H*)) for the basic 3-spanner problem, where H* is an optimal
3-spanner for the given input graph G.

For every j > 1, let H; be the spanner at the beginning of the jth iteration,
let Hf and H}' be the corresponding sets of covered and uncovered edges, let v;
be the vertex chosen in the jth iteration, and let 7; = T, be the corresponding

tree of neighbors selected, i.e., the 1/3—densest partial spanning tree of Ih(v;).
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Observe that since H" decreases at every step, the value of 1/3(U,H “) is
monotonically decreasing as well. Let us partition the iterations of the algo-
rithm into phases as follows. Let r = % and f = [logr]. The first phase
includes all iterations during which each vertex v; chosen by the algorithm sat-
isfies qﬂ(vj, H") > 5. For 2 < i < f, let the ith phase consist of the iterations
during which the chosen v; satisfies 57— > @(vj, H") > 5 .

Following [12], denote by P; the set of indices of iterations in the ith phase.
Let H[i] and H*°[i] denote the sets of new edges added to H and H¢, respectively,
during the ith phase, and let H“[i] denote the set of edges left in H* at the

end of the ith phase. Also denote the spanner at the end of the ith phase by
Hli] = Ujgi Hj].

Observe that for every v € V,

A r

P, i) < o (5)
because before the first iteration j of the (i + 1)st phase, H}' = H"[i] and so the
vertex v; chosen at this iteration satisfies 1/3(vj, H[i]) < 5=t = 37, and this v;
maximizes 1/3

Let X; be the set of vertices chosen during the ith phase. For v € X, denote
by P;(v) the subset of P; containing only those ith phase iterations at which v
was chosen, i.e., P;(v) = {j € P, |v; = v}. Let H[i,v] = U ) T
Hei,v] = UjePi(v) COV3(Tj,v, HY) .

Since for any integer 2 < i < f, vertex v € V and j € P;(v) the set
COVZ;(TJ',’U,H;L) includes only edges from H" and only edges from some set
COV5(T),v, H}') are put into H¢ and removed from H", and since edges taken
to T} are inserted into H we have that hli,v] < > cp ) [T5]
heli,v] = > ep (v covs(Tj,v, Hj') . Therefore we can state the following
lemma.

jePi(’U

Lemma 7. For every v € X;, h°[i] > h[i] - 5.

Now let H be some 3-spanner for G and H; be (a possibly Steiner) 3-spanner
for H%[i] of size no greater than H and satisfying a(H;) < a(H). Specifically,
H; is allowed to use all E edges and not only those of H%[i]. This implies the
existence of such a spanner, since in particular H itself spans H“[i].

Lemma 8. h/h = O(a(H) -logr) .

Finally, we observe that exactly as in [I8II2] it suffices to approximate the
densities instead of computing them precisely. This is implied by the following
lemma.

Lemma 9. Approzimating the densities by a factor a > 1 instead of computing
them exactly increases the approrimation ratio of Algorithm Sparse_Spanner by
the same factor.
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Denote by H(G) the set of all 3-spanners of the graph G. We have proved the
following theorem.

Theorem 1. For any graph G, running Algorithm Sparse_Spanner with k = 3
yields a 3-spanner H' such that |[H'| = O(mingeyq) {|H| - a(H) -logr}) .

We next generalize Theorem [ to establish a general connection between
the approximability of the 3-spanner problem and the sparsity of possible edge-
dominating systems.

Theorem 2. Consider a family F of graphs which admit (H,3)-dominating sys-

tems (D, S) with

Sparsityg (D, S) = O(a(H)®), for some 0 < § < 1. Then the 3-spanner problem
~ o)

restricted to the family of F-spanned graphs admits an O(n2<§+5> )-approzimation

ratio.

We now prove a lower bound on the sparsity of the possible edge-dominating
systems.

Theorem 3. If for every graph G and its optimal 3-spanner H there elsm'sts an
(H,3)-dominating system (D, S) such that Sparsityy(D,S) = O(2'°& " a(H))
for some 0 < € < 1, then NP C DTIM E(nP°Vo8 n),

Denote by H1(G) the subfamily of H(G) of 3-spanners whose size is close
to the size of an optimal 3-spanner up to a constant factor and by Ha2(G) the
subfamily of H(G) of spanners whose size is close to the size of an optimal
3-spanner up to a polylogarithmic factor in n. In particular, we get

Corollary 2. Sparse_Spanner with k = 3 is an O(logr)-approzimation algo-
rithm for the 3-spanner problem on the class SP3(BA), and an O(polylog n)-
approximation algorithm on the class SP3(log A).

Denote the girth of a graph G by g(G). Recall that SPs(GIRT H(g)) is the
family of graphs admitting a near-optimal 3-spanner with girth no smaller than

g.
Lemma 10. For any graph G with g(G) > g and m edges, a(G) < m/n9=2/9.
4g—4

Theorem 4. Algorithm Sparse_Spanner with k = 3 provides an O(nT-29)-
approzimation for the 3-spanner problem on SPs(GIRTH (g)).

Note that the exponent tends to zero as g tends to infinity. Denote by the
3-spanner(g) the 3-spanner problem on SP;(GIRT H(g)). Then

Corollary 3. The set {3-spanner(g)};2, problem enjoys the ratio degradation
property in g.
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5.2 Analysis of the k-Spanner Case

In this section we show that executing Algorithm Sparse_Spanner with integer
parameter k > 2 provides a logarithmic approximation ratio for the k-spanner
problem on SP,(TREFE). The proof of this fact involves the dominating systems
constructed in Section 33

The analysis is analogous to that of the previous section. The notions of
H_[i,v] and h¢[i,v] are changed to H[i,v] = |J )y COVi(Ty,v, HY) ,
hli,v] = X iepw) covk(Tj,v,fI;*) . )

Lemma [7 holds as is. Let H be some tree k-spanner for G and H; be (a
possibly Steiner) tree k-spanner for H"[i].

Lemma 11. h"[i]/h < k- 55 .

Next, we show that for every 1 < i < f, h[i]/h < O(k), which allows us to
conclude that h/h = O(klogr), hence we have

Theorem 5. For any G € SP,(TREE), Algorithm Sparse_Spanner finds a k-
spanner of O(nk*logr) edges.

jePi(v

Remark: One factor of k follows from Lemma[§ and the other because the
value of maximal density is not computed exactly but only approximated to a

factor of O(1) = O(k).

Corollary 4. The k-spanner problem is O(k? log n)-approzimable for any k over
SP,(TREE).

log®

m)—appmximable for any k

Corollary 5. The k-spanner problem is O(
over SP,(TREE).

Recall that Srrrpr(G) denotes the minimum stretch of any spanning tree
T for the graph G. As mentioned earlier, the problem of finding such a tree is
known to be (1 + /5)/2-inapproximable [22].

Theorem 6. There is a polynomial time algorithm A that given a graph G con-
structs o Strer(G)-spanner H with |H| = O(n).

6 Bicriteria Approximations

In this section we provide some bicriteria upper bounds on the CS k-spanner
problem and on the k-DSS problem. We say that an algorithm is a bicrite-
ria (a,+b)-approzimation algorithm for the CS k-spanner (respectively, k-DSS)
problem if given an instance of the problem it returns a solution for the CS
(k+b)-spanner (resp., (k+b)-DSS) problem of size that is no more than a times
bigger than the optimal solution for the CS k-spanner (resp., k-DSS) problem.
Analogously a bicriteria (a,b)-approxzimation algorithm for the CS k-spanner
and k-DSS problems is defined as one supplying, for a given instance of the
CS k-spanner (resp., k-DSS) problem, a solution whose size is greater than the
optimal CS (k - b)-spanner (resp., (k- b)-DSS) by a factor of at most a.
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Theorem 7. The AC k-spanner problem admits an (O(n'/?), +2)-bicriteria ap-
proximation algorithm.

For any instance (G = (V,E),C,S) of the CS k-spanner problem, define
Diam(C,S) = max(y,w)ec dists(u,w). The proof of Theorem [7 yields the fol-
lowing.

Theorem 8. The AC k-spanner problem restricted to the case of Diam(E,S) <
k — 2 admits an O(n'/?)-approzimation algorithm.

As already mentioned, the k-DSS problem is reducible to the AC k-spanner
problem. Subsequently, we have:

Theorem 9. 1. The k-DSS problem admits an (O(n'/?),+2)-bicriteria approz-
imation algorithm.

2. The k-DSS problem restricted to instances with Diam(G) < k — 2 admits an
O(n'/?)-approzimation algorithm.

3. For any integers | > 0 and k > 20— 1, the AC k-spanner and k-DSS problems
admit (O(n'/!), 21 — 1)-bicriteria approzimation algorithms.

4. For any integers 1 > 0 and k > 2l —1, the AC k-spanner problem restricted to

instances with Diam(E,S) < qu and the k-DSS problem restricted to instances

with Diam(G) < 5~ admit an O(n'/')-approzimation ratio algorithms.
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Abstract. By solving a constrained matroid intersection problem, we
give a matroid generalization of the stable marriage theorem of Gale and
Shapley. We describe the related matroid-kernel polytope, an extension of
the stable matching polytope. Linear conditions of the characterizations
resemble to the ones that describe the matroid intersection polytope.

1 Introduction

Gale and Shapley published their ground-breaking stable marriage theorem in
1962 [9], a result that proves the existence of a bipartite matching satisfying a
certain stability constraint. The theorem can be naturally formulated in terms
of marriages: if each of n men and n women has a linear preference order on
the members of the opposite sex then there exists a stable marriage scheme,
that is a set of n disjoint man-woman pairs in such a way that no man and
woman mutually prefer each other to their partners. This matching model of
Gale and Shapley turned out to be extremely applicable in Game Theory and
Mathematical Economics, but a non-negligible part of the vast literature on
stable matchings is concerned with its combinatorial links. Such result is the
one of Vande Vate [13] (later generalized by Rothblum [12]) that characterizes
the stable matching polytope (that is the convex hull of the incidence vectors of
stable matchings) in terms of linear constraints.

Recently, Fleiner has developed a fixed point theorem based approach to the
theory of bipartite stable matchings [3/4/5] that provided a common framework
for several seemingly distant topics in Combinatorics. He proved a matroid gen-
eralization of the stable marriage theorem of Gale and Shapley, a result that was
prophesied by Roth (cf. [11]).

In Section[2, we describe and prove this particular result on matroid kernels.
In Section 3, using the theory of lattice polyhedra and of blocking polyhedra,
we characterize certain matroid-kernel related polyhedra. We indicate how our
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description relates to Rothblum’s and conclude with a speculation on a possible
generalization of our result that would also contain Edmonds’ characterization
of the matroid intersection polytope as a special case.

2 Matroid-Kernels

A triple M = (E,Z, <) is an ordered matroid, if (E,T) is a matroid on groundset
FE with family Z of independent sets and < is a linear order on E. Let M =
(E,Z,<) be an ordered matroid. A subset E’ of E dominates element e of E if
e € E’ or there is an independent subset C, of E’ in such a way that {e}UC, ¢ T
(that is, C. spans e) and ¢ < e for all elements ¢ of C,. The set of elements
dominated by E’ is denoted by D (E’).

Let My = (E,Za,<a) and Mp = (E,Zp,<p) be two ordered matroids on
the same ground set E. We say that subset K of F is an M M g-kernel if K is
a common independent set of the underlying matroids, and any element e of F
is dominated by M4 or by Mp. That is, if K € T4 NZp and

DMA(K)UDMB(K):E . (1)

For example, assume that we have a finite simple bipartite graph G = (AU
B, E) with colour classes A and B. Fix linear orders <, on the star of v for each
vertex v of G. Let (E,Z,4) be the partition matroid on E defined by the A-stars,
and (E,Zp) be the partition matroid for the B-stars of G. Define linear orders
<4 and <p on F in such a way that

e <4 f whenever e <, f for some a € A, and

2)

e <p f whenever e <; f for some b € B.

Such linear orders exist. Define ordered matroids My = (E,Z4,<4) and
Mp = (E,ZIp,<p). With these definitions, it is easy to check that an M M g-
kernel is exactly a matching K of G with the property that for any edge e ¢ K
of G there is an edge k of K such that k <, e for some vertex v of G. In other
words, K is a stable matching.

For any ordered matroid M = (E,Z, <), there is an MM-kernel, it is unique
and it can be constructed with the greedy algorithm of Edmonds the following
way. Let B/ C E = {ej,e2,...,e,} with e; < e <a ... < e,, KJU(E') =
Ko(E') := . Define, for 1 < i < n, subset KM (E') := K;(E') of E' by

Kifl(E/) if €; g E/ or
if there is a subset C of K;_1(E’) 3)
such that {e;} UC € C

K;_1(E")U{e;} else.

K (E') =

It is clear from the algorithm that |K;M(E’)| = ranka(E’) and that

E' C D (Ko (E')) . (4)
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As by definition K, (F) is independent, (@) implies that K,(F) is an MM-
kernel. Hence the notion of M 4 M p-kernel can be regarded as a generalization
of minimum cost matroid basis.

The following fact is a straightforward consequence of a well-known result of
Edmonds [2].

Theorem 1. If M = (E,Z,<) is an ordered matroid then
Kn(E')={e € E': e ¢ Dm(E'\ {e}} ()
for any subset E' of E. O
For a setfunction F : 28 — 2F let us define setfunction F : 2 — 2% by
F(A) = A\ F(4). (6)
It follows from (B) that K, is a monotone function, that is

E'CE'CE =  Ku(E)CK,(E") . (7)

Theorem 2. If My = (E,Za,<a) and Mp = (E,ZIp,<p) are ordered ma-
troids then there exists an MM p-kernel K.

Proof. For subset E' of E let f(E') := E\Kx'® (E\K)'“(E')) = KM5 (g(E'))U
(E\ g(E")), where g(E') := (E\ E') U K4 (E"). 1t is straightforward to check
that KM4(E') is an MM p-kernel whenever f(E’) = E'. It follows from ([7)
that B/ C E” C FE implies f(E’') C f(E”). Hence f(0) C f(f(0)) € ..., so
YD) = £%(0) for some k < n. Then f¥() is a fixed point of f. O

Note that the iteration of f in the proof generalizes the proposal algorithm of
Gale and Shapley. Let us denote the set of M 4 M p-kernels by K, pmp- For
subsets K and L of E define

KV IL:=KMA(KUL) and
KAL:=KMs(KUL) .

Theorem 3. If K,L € Kpq,my then KVNL KAL € Kpqymy and K and L
span the same set in M a. Moreover, (K, my, V, A) 18 a lattice.

Proof. Let N := (K UL)U Dpq,, (K)U Dpg,(L). By (@),
N € K (Daay (K) N Daa(L)) (8)
hence N is independent. From () and (B) it follows that

KVL=KMY(Dy,(K)UDp, (L)) C N . (9)
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On the other hand, we have

|K| = rank g, (K) = rank g, (Da, (K)) < rankag, (Dag, (K) U Daqg, (L)) =
= [ K3 (Dt (K) U Dpay (D)] < INT < K (D (K) N Daa(L)] <

< rankuy (Daey (K)) = rank g, (K) = |K] |

10)

—~

thus there must be equality throughout. It follows that in (§) and (@) we have
equalities as well, so N = K V L. We also see that D, (K) U Dpq, (L) C
D, (N) and Dpgy (K) N Dt (L) € Dt (N), that is Dag (N)U D (N) =
E. This means that N = KV L is an M 4 M g-kernel, as claimed. It can be proved
with the interchange of the role of M 4 and M g that K AL is an M 4 M g-kernel.

It also follows from () that |K| = |N| = |K V L| = ranky,, (K U L). This
means that M 4 M g-kernels span the same set in M 4. In particular, M4 Mp-
kernels have the same size.

To prove the lattice property, introduce partial orders <4 and <p on the set
of My M p-kernels by saying that K <4 Lif Daq, (K) C Dpq,(K) and K <p L
if Daqgp(K) C Dagy(K). For these partial orders, any two MM g-kernels K
and L have a least upper bound. This is because we have seen above that

KV L=KY'*"M>(KUL)=EKY'*M5(Dpgymp (K) U Dpgymp (L))

and Dy mp () UDagyamp (L) € Dagymp (K V L), s0 KV L is the least <a-
upper bound of K and L. Similarly, the least <g-upper bound of K and L is
KA L.

What left is to show that <A:<§1. So assume that K <4 L for My Mp-
kernels K and L. This means that Dy, (K) € D, (L), so L = KMA(K UL).
As K is a My M p-kernel, each element of L\ K must be dominated by K, thus
K = KM= (K UL). Hence D, (K) 2 D, (L), that is, L <p K. O

From Theorem [3, it follows that M 4M pg-kernels have the same size, that we
shall denote by k.

Let < be the partial order on g, pm, that corresponds to the lattice in
Theorem Bl We need two important properties of this lattice.

Theorem 4. For any MaMp-kernels K, L,
oy F = KV EAL (11)
Moreover, if K < L < M for MaMp-kernels K, L and M then KM C L.
Proof. Observe that
1- (K +x5) =2k =1 ((FVE + XKL |

so for the modular property (IT) it is enough to prove that yXVI 4 YEAE <
x5 4 xL. As these vectors are nonnegative integral and y5VL 4 y KN < 2y KUL

we only have to show that if e € KAL thene ¢ (KVL)N(KAL). If, say e ¢ L,
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then without limiting of generality we may assume that e € D, (L), that is, by
the definition of dominance, there is a subset C, of L that spans e and ¢ <, e
for all elements c of C,. But then e ¢ K4 (K UL) = K V L follows. This shows

(ID.

For the second part, let ¢ be an element of K N M. As K < L < M, we have
e€ K=KMs(KUL) and e € M = K;''4(L U M). But L can dominate e only
if e belongs to L. a

3 Matroid-Kernel Polyhedra

For ordered matroids M 4 and Mp on the same ground-set F, let us denote by

Bmumy ={BCE:BNK#) forany K € Kypy,mp ) and
Apamys ={ACE:|ANK| <1 for any member K of K, mp}

the blocker and the antiblocker of K aq,m,, respectively. Further, for X = E'\
UK Mmarmp, define

Prpiymy = conv{x® : K € Kpumn}
Cloni iy ::cone{xK:KGICMAMB}:{)\~I:)\€IR+,IE7D;CMAMB} ,
::P;CMAMB+]Rf:{x+y:x€77;cMAMB,y20},
Pty = (Paiany — RE)NRY =
z{x—y:xEPKMAMB,yEO}ﬂIRE,
P ={x": Be€Brmump} =
= {z+y:zcconvi{x®:BecBy,mp},y >0}, and
Phniony = X A€ Animp b+ Cur =
=Cx +{z—y:v€conv{x?: A€ Ap,mp},y >0} NIRY

the MM p-kernel polytope, the MM p-kernel cone, the dominant of the
M 4 M g-kernel polytope and the submissive of the kernel polytope, the M s M g-
blocker polyhedron and the M s M p-antiblocker polyhedron, respectively, where
Cx ={z € Rf:2>0z.=0fore¢ X}. We are going to characterize these
polyhedra in terms of linear constraints. For P;MAMB and Pi\MAMB we apply
the theory of lattice polyhedra, and then the theory of blocking and antiblocking
polyhedra gives descriptions for the rest.

To state the Hoffman-Schwartz theorem, a basic result on lattice polyhedra,
we need to formulate some assumptions. Fix a ground-set F and a family K of
subsets of E. A partial order < on K is called consecutive if K N M C L holds
for any members K, L, M of K with K < L < M. Family K is clutter if there is
a lattice on K with lattice operations A,V such that the underlying partial order
is consecutive and x* + x* = K" 4+ xKVL holds for any members K, L of K.
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Theorem 5 (Hoffman-Schwartz [10]). Let (K, <, A, V) be a consecutive lat-
tice on ground-set E, KC be a clutter for this lattice and d : E — NU{oco} be and
arbitrary function. If r : KK — N is submodular then system

{reRF:0<2<d, 2(K)<r(K) for any K € K} (12)
is TDIL
If and r : K — N is supermodular then system
{reRF:0<z<d, 2(K)>r(K) for any K € K} (13)
is TDIL. 0

(Here, r : K — N is submodular if 7(K) +r(L) > r(K A L) 4+ (K V L) holds for
any K, L € IC; r is supermodular if the reverse inequality is true.)
Theorem M can be translated into clutter-language as follows.

Corollary 1. If M4, Mp are ordered matroids on the same ground-set E then
family Kpg oy of MaMp-kernels is a clutter. O

Hence Theorem [ is relevant in our setting. Applying the Hoffman-Schwartz
theorem on K, am,, We get the following characterizations.

Theorem 6. If M4 and Mp are ordered matroids on ground-set E then

PITS’MAMB ={zeR*:2>0and z(K)>1 for any K € Kppmp} , (14)
PjMAMB ={zeR*:2>0and z(K) <1 for any K € Kps,mp} - (15)

Proof. Obviously, the polyhedra on the left hand side of (T4ITH) are the integer
hulls of the polyhedra described by right hand sides.

By Observation [, K, m, 18 a clutter. Let d(v) := oo (for ([)), d(v) :=1
(for (I5)) and r(K) := 1 for all v € X and K € Kaqym,,- Clearly, r is sub-
and supermodular. By Theorem [B] linear systems in (I4[I5) are TDI, hence
polyhedra on the right hand sides of (14}, [IH) are integer. O

We introduce some basic notions from the theory of blocking and antiblocking
polyhedra to be able to describe the other kernel-related polyhedra.
Polyhedron P C IRi is a blocking type polyhedron if P = P + ]Rff_7 and it is
an antiblocking type polyhedron if P = lRi NP - lRi). Any finite subset H of
IRi defines a blocking and an antiblocking polyhedron by
H' := conv(H) + ]Rflir and
HY =R N (conv(H) —RY) ,
respectively. For a polyhedron P
B(P):={z € R} : 27y > 1 for all y € P} and
AP):={zeRY :aTy<1forally € P}

are the blocking and antiblocking polyhedron of P, respectively. As suggested by
the name, if P is a polyhedron then both A(P) and B(P) are polyhedra.
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Theorem 7 (Fulkerson [6)7)8]). If P is a blocking type polyhedron then B(P)
is a blocking type polyhedron and P = B(B(P)). If P is an antiblocking type
polyhedron then A(P) is an antiblocking type polyhedron and P = A(A(P)).
Furthermore,

B({wy, 22, ,an}") ={y € RY : y"w; > 1 forien]}  (16)
A{z1, 29, ., an )+ O ={yeRL . yTa; <1 fori€[n] and

y(m)=0 forme M} (17)

for any n € N and elements x; (i € [n]) of IRfl|r where for subset M of [d] cone

Cy={z € R*: 2 >0 and x(m) = 0 for m € [d] \ M} is the projection of the
positive orthant to R a

With these tools, we can justify that the following descriptions correspond to
our kernel polyhedra.

Theorem 8. If M4 and Mp are ordered matroids on ground-set E then

Phpe s, ={w €R”:0>0, 2(B) =1 for B € Baums} (18)
P,%MAMBZ{JJ eRY :2>0 and x(A) <1 for any A € Kpopmy, and
z(X) =0}, (19)

P;CMAMB:{QCE]RE::JSEO, 172 <k, (B)>1 for B€ Baramy), (20)
P}CMAMBZ{l'EIRE:xZO, 172 >k, 2(A) <1 for A€ Apmp, and
(X)) =0} , (21)
CICMAMB:{CCEIREIIZO, k-x(B) > 1%z for B€ Byump ) » and (22)
C[CMAMBZ{CCEIREIIZO, k-xz(A) <1z for A € Apmy, and
z(X) =0}, (23)

where k is the common size of M s M p-kernels and X is the set of those elements
of E that can not be contained in a MM pg-kernel.

Proof. By ([4) and (I4), P;MAMB = B(P,TCMAMB). From Theorem [0 we
get that Py, = B(Ph, . ), and (§) follows from (IB). Similarly,
PjMAMB = A(’P,LCMAMB) from ([@5) and (7). Theorem[7 gives that ’P,LCMAMB =
A(PjMAMB), so ([9) follows from (7). As each M 4M p-kernel has the same

size k, (Z20) follows directly from (I8), and (ZI)) from (I9).

Clearly, both cones C and C’ described on the right hand sides of (22) and
([23) contain Ci,, , v, - Let © > 0 be a vector outside Cic o, o, and A = %
Then 17 (\-2) = kand Az & PITCMAMB UP,LCMAMB , hence there is a member B of
Bty mp such that A-2(B) < 1 and if all 2(X) = 0 holds then there is a member
A of Ang,my such that A - x(A) > 1. This means that k- z(B) < § =172 and

k-x(A) > % =1T2. Thus 2 ¢ C and = & C', justifying (22) and (Z3). O
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Note that we gave two different descriptions for both Py MoMp and Cx MaMp
Apart from the nonnegativity conditions, there is no constraint that appears in
both of the descriptions. In particular, this means that Cx,,, ., can neither be
full dimensional nor 1-codimensional. It is also interesting to observe that the
linear description by Vande Vate [13] and Rothblum [12] of the convex hull of
bipartite stable matchings is related to (20).

Theorem 9 (Rothblum [12], see also Vande Vate [13]). Let G = (V, E)
be a finite bipartite graph and for each v € V' let <, be a linear order on D(v),
the edges incident to v. Define ¢p(e) := {f € E : f 2, e or f =X, e} for edge
e=uv € E. Then

conv{x™ : M C E is a stable matching of G} = (24)
{reRF:0<z,2(DWw) <1 forveV,z(p(e) >1 forec E} .
O

In (24), conditions z(D(v)) < 1 are special cases of conditions of type z(A) <
1 of (ZI) and together with the nonnegativity of x, these are responsible for
that any solution x is a convex combination of bipartite matchings. Constraints
x(p(e)) > 1 are special cases of z(B) > 1 type constraints in (Z0). In fact, as
17z > k for any x € PITCMAMB and 17z < k for any = € P,%MAMB, we have that

_ pl 1
Picatusts = Phatyaty 1 Phions a1t follows that

Prcps s ms :{xEIRE:xEQ z(B) > 1 for B € Byymp,
z(A) <1 for A€ Apmamp) s (25)

because for a vector x of the right hand side, define x’ by zeroing the coordinates

of = that correspond to elements e € X and add x(X) to some other coordinate
. / T 1 T —

of z. It is easy to check that 2’ € P’CMAMB ﬂP,CMAMB , hence 1* 2/ = k. But then

x € ’P,TCMAMB can only hold if z = 2/, that is, condition 2(X) = 0 automatically
holds in (2H)). Note that characterization (Z5) resembles very much to ([24)).

Another interesting question whether linear descriptions (I8IZ3]) are good
characterizations, that is, whether the separation problem over those polyhedra
can be solved efficiently. The answer is yes, and a possible way is explained in
[5].

The notion of matroid-kernel can be generalized as follows. Let M 4 and Mp
be two matroids on the same ground-set F, and let wa,wp : E — N be arbitrary
(weight)functions. A subset K is called a generalized MM p-kernel if K is a
common independent set of M 4 and Mp and for any element e of E'\ K there
is a subset C, of K such that

{e}UC, €Ca and wa(c) <4 wa(e) for any ¢ € C, or

26
{e} UC, € Cp and wp(c) <p wg(e) for any ¢ € C.. (26)

Clearly, if functions w4 and wp are injective then they induce linear orders <4
and <p on FE (by e <4 fif wa(e) <wa(f) and e <p f if wp(e) < wp(f)). A
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generalized M 4 M p kernel turns out to be a M M pg-kernel for these orders.
If functions w4, wp are not injective, then still we can find orders <4 and <p
with the property that e <4 f implies wa(e) < wa(f) and e <p f implies
wp(e) < wp(f). An My M p-kernel for these orders is a generalized MM -
kernel for weights w4 and wpg. The problem is that these linear orders are not
unique in general, and depending on our choice the set of M 4 M g-kernels can be
different. So if we would like to characterize generalized M 4 M g-kernels related
polyhedra, we have to take this into account. Here, we only point out that for two
(in a sense extreme) cases this characterization is known. Theorem [} does it for
injective functions w4, wp, and the following linear description of the matroid
intersection polytope by Edmonds [1] does the job for constant functions wa, wp.

Theorem 10 (Edmonds [I]). If M4 = (E,Z4) and Mp = (E,Zp) are ma-
troids then

convi{x! : I €TaNIp}=
{:0<zeRF z(F)<min{ra(F),rp(F)} for any F C E} ,

where r4 and rg are the rank functions of M 4 and Mp, respectively. O

It is a most challenging problem to find a characterization of the generalized
matroid-kernel polytope. Such a common generalization of Theorem [ and The-
orem [[0 could reveal interesting connections between the theory of lattice poly-
hedra, matroids, and bipartite stable matchings.

References

1. Jack Edmonds. Submodular functions, matroids, and certain polyhedra. In Combi-
natorial Structures and their Applications (Proc. Calgary Internat. Conf., Calgary,
Alta., 1969), pages 69-87. Gordon and Breach, New York, 1970.

2. Jack Edmonds. Matroids and the greedy algorithm. Math. Programming, 1:127—
136, 1971.

3. Tamads Fleiner. A fixed-point approach to stable matchings and some applications.
Submitted to Mathematics of Operartions Research, 2000.

4. Tamds Fleiner. A fixed-point approach to stable matchings and some applica-
tions. Egres Technical Report TR-2001-01, http://www.cs.elte.hu/egres/, 2000
March.

5. Tamds Fleiner. Stable and srossing structures, 2000. PhD dissertation,
www.renyi.hu/"fleiner.

6. D. R. Fulkerson. Blocking polyhedra. In Graph Theory and its Applications
(Proc. Advanced Sem., Math. Research Center, Univ. of Wisconsin, Madison, Wis.,
1969), pages 93-112. Academic Press, New York, 1970.

7. D. R. Fulkerson. Blocking and anti-blocking pairs of polyhedra. Math. Program-
ming, 1:168-194, 1971.

8. D. R. Fulkerson. Anti-blocking polyhedra. J. Combinatorial Theory Ser. B, 12:50—
71, 1972.



114 T. Fleiner

9. D. Gale and L.S. Shapley. College admissions and stability of marriage. Amer.
Math. Monthly, 69(1):9-15, 1962.

10. A. J. Hoffman and D. E. Schwartz. On lattice polyhedra. In Combinatorics (Proc.
Fifth Hungarian Colloq., Keszthely, 1976), Vol. I, pages 593-598. North-Holland,
Amsterdam, 1978.

11. Alvin E. Roth. Conflict and coincidence of interest in job matching: some new
results and open questions. Math. Oper. Res., 10(3):379-389, 1985.

12. Uriel G. Rothblum. Characterization of stable matchings as extreme points of a
polytope. Math. Programming, 54(1, Ser. A):57-67, 1992.

13. John H. Vande Vate. Linear programming brings marital bliss. Oper. Res. Lett.,
8(3):147-153, 1989.



A 2-Approximation for Minimum Cost {0, 1, 2}
Vertex Connectivity

Lisa Fleischer

Graduate School of Industrial Administration
Carnegie Mellon University
5000 Forbes Ave.
Pittsburgh, PA 15217, USA

lkf@andrew.cmu.edu

Abstract. In survivable network design, each pair (z,j) of vertices is
assigned a level of importance r;;. The vertex connectivity problem is
to design a minimum cost network such that between each pair of ver-
tices with importance level r, there are r vertexr disjoint paths. There
is no approximation algorithm known for this general problem. In this
paper, we give a 2-approximation for the problem when r € {0,1,2}V*V
improving on a previous known 3-approximation. This matches the best
known approximation for the easier problem that requires that the paths
be only edge-disjoint.

Our algorithm extends an iterative rounding algorithm that gives
a 2-approximation for the edge-connectivity problem, for arbitrary con-
nectivity requirements r. (K. Jain, A factor 2 approximation for the gen-
eralized Steiner network problem.) This algorithm relies on well-known
uncrossing lemma for tight edge cutsets. Our extension uses a new type
of uncrossing lemma for tight cutsets that may include vertices as well
as edges.

For r € {1,k}V*V, k > 3, we show that a) uncrossing tight cutsets
is not possible, and b) any analysis for iterative rounding that depends
directly on the largest fractional value in the linear programming solu-
tion cannot provide approximation guarantees better than the maximum
connectivity requirement.

1 Introduction

Let G = (V, E) be an undirected graph on vertex set V' and edge set E. Given
X C V, define 6(X) as the set of edges with exactly one endpoint in X and
E(X) as the set of edges with both endpoints in X. Define G — X as that graph
obtained from G by removing all vertices in X and all edges in 6(X) U E(X).
Given F' C F, define G — F to be that graph obtained from G by removing all
edges in F. G is called k-vertex connected if |V| > k and for every X C V with
|X| < k, G—X is connected. G is called k-edge connected if |V'| > k and for every
F C E with |F| <k, G — F is connected. A k-vertex connected graph is k-edge
connected, but the converse does not typically hold. Given vertex connectivity
requirements r;; between any pair of vertices (4, j), G satisfies the connectivity

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 115-[I29] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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requirements if for every subset X C V — {i,5} with |X| < r;;, ¢ and j are
in the same connected component of G — X. If the requirements are for edge
connectivity instead, then G satisfies the connectivity requirements if for every
subset F' C E with |F| < 55, i and j are in the same connected component of
G- F.

Let ¢ be a cost vector on the edges of G. The problem of finding the minimum
cost subgraph of G so that G satisfies edge connectivity requirements r € Z" <V
is called the minimum cost edge connectivity problem (MCEC). The equivalent
problem for vertex connectivity is the minimum cost vertex connectivity prob-
lem (MCVC). Both of these problems are Max-SNP hard since the Steiner tree
problem is a special case of each.

In [I0], Jain describes the first constant factor approximation for MCEC.
He obtains this approximation by iteratively solving linear programs with the
property that at least one variable in each program has solution value of at least
1/2. His main contribution is to prove this property holds for the iterative prob-
lems generated by his algorithm. The previous best approximation algorithm, by
Goemans et al., gives a O(log k) approximation [5]. This is a primal-dual based
approximation algorithm that does not rely on solving linear programs.

No nontrivial approximation algorithm is known for MCVC. For the prob-
lem where 7 is restricted to {0,1,2}V*V Ravi and Williamson [16] describe a
primal-dual 3-approximation algorithm. We call this problem {0, 1,2}-MCVC.
This problem arises in the design of survivable communications networks [8/T5].

In this paper we describe a 2-approximation algorithm for {0,1,2}-MCVC
that iteratively rounds appropriately defined linear programs. This approxima-
tion guarantee now matches the best approximation guarantee for the corre-
sponding edge-connectivity problem [I0].

Our approximation algorithm extends the algorithm of Jain [10]. Jain consid-
ers basic solutions to a linear programming relaxation of an integer programming
formulation of the problem. A basic solution is any solution corresponding to a
vertex of the polytope defined by the inequalities describing the linear program.
Any basic solution is uniquely defined by a set of |E| inequalities that are satis-
fied at equality. Any inequality that is satisfied at equality is called tight. Jain
shows that for any basic feasible solution to the LP, there exists a set of inequal-
ities that define the solution that correspond to laminar subsets of vertices. Two
sets S and T are called laminarif at least one of SNT, S\T, T\ 'S, and V\(SUT)
is empty. Otherwise S and T cross. A set of sets is laminar if every pair in the
set is laminar. Using laminarity, Jain develops a charging scheme to bound from
below the value of the highest solution coordinate.

For {0,1,2} MCVC, we define an appropriate linear program whose set of
integer solutions correspond to solutions to {0, 1,2} MCVC. We prove the exis-
tence of a laminar set of inequalities defining any basic feasible solution to this
LP. The proof relies on a new uncrossing lemma. We can then use a very similar
charging scheme to obtain the same lower bound on the value of the highest
coordinate in the solution vector.
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A natural question is if this can be extended to yield a constant factor ap-
proximation for {0,1, ..., k}-vertex connectivity. We show the same proof tech-
nique will not work by exhibiting an infinite family of examples where the only
sets of inequalities defining a basic solution to the appropriate linear program
are highly non-laminar. In this example, the largest fraction after one round-
ing is % This indicates that an approximation argument based simply on the
size largest fraction in an iterative rounding scheme will not yield better than a
k-approximation.

For the more specialized connectivity problems of constructing a minimum
cost uniformly k-connected graph, the best known approximation guarantee is
roughly factor k [3,13] If ¢ is a metric, then there are constant factor approxima-
tions for uniform k-connectivity [12l13]. Last IPCO, Melkonian and Tardos [14]
extend Jain’s iterative rounding analysis to obtain a 4-approximation for uniform
k-edge connectivity on directed graphs. They also describe a different approach
that yields a 2-approximation. There are numerous approximation results for
other special cases of vertex and edge connectivity. For surveys, see [6l11].

We discuss our linear program formulation and the recursive algorithm in
Section 2] We prove the existence of a variable with value at least 1/2 in Section[3l
In Section[d] we describe an infinite family of examples that show that these proof
techniques do not extend when r € {1,k}V*V.

2 A 2-Approximation

Our 2-approximation relies on formulating the problem as an integer program,
solving the LP relaxation of the integer program, and showing that there is at
least one edge with fractional value greater than or equal to 1/2. If we include
this edge in our final solution, its contribution to the cost of our solution is no
more than twice its contribution to the linear program solution, the latter being
a lower bound on the cost of an optimal integer solution. We then show that
the remaining problem is of the same general form as our original problem, and
that we can use recursion to obtain a complete integer solution that has cost
at most twice the optimal solution to the original linear program. Thus it is a
2-approximation to our problem.

This general outline was suggested by Jain in [10]. He uses the following linear
programming relaxation of MCEC. There is a variable z(e) for every edge e € E,
and an inequality for every subset of vertices that requires that the number of
edges leaving the set be at least the maximum connectivity requirement over all
pairs of vertices that have exactly one member of the pair in the set. Let f(S)
be defined to take this value for subset S. Let §(S) denote the set of edges with
exactly one endpoint in S. The linear program is:

1 In [16], a primal-dual algorithm is proposed, but the analysis has recently discov-
ered to be flawed, and the algorithm does not provide the claimed O(log k)-factor
guarantee [17].
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min cx
s.6. D eess) 2(e) 2 f(9), VSTV (MCEC)
0<z(e) <1, Vee E

The key to the argument in [10] is establishing that any basic solution to
(MCEC)) contains at least one edge with fractional value at least one half. This
is done by assuming that the ground set corresponds to the support of x. Then,
if z < 1, he shows that any basic solution is defined by a set of tight inequalities
that correspond to a set of laminar subsets of V. This is proven by demonstrating
that f is weakly supermodular and using this to employ a well-known uncrossing
lemma for tight edge cutsets. This is used in an innovative charging scheme that
shows that laminarity implies the existence of an edge with sufficiently high
value in the solution to (MCECI). The other part of the argument involves
establishing that this technique may be invoked recursively. This is done using a
general description of f as being weakly supermodular. A set function f is weakly
supermodular if f(S) + f(T) <max{f(SUT)+ f(SNT), f(S\T) + f(T\S5)}.

To extend these arguments to the vertex connectivity problem we 1) intro-
duce an appropriate linear program relaxation of the MCVC 2) prove a new
uncrossing lemma for {0,1,2} MCVC 3) establish that this lemma may be in-
voked recursively, by extending the notion of weak supermodularity. The exam-
ples in Section M indicate that step 2) and step 3) do not hold for more general
connectivity requirements. One problem is that the cutsets corresponding to in-
equalities of the linear program for MCVC consist of edges and vertices. The
inclusion of vertices in cutsets makes uncrossing nontrivial, and when connec-
tivity requirements are higher than 2, it is no longer possible.

We use a linear program description of the problem that contains a variable
x(e) for each edge that indicates whether or not the edge is selected in the
final network. The formulation contains an exponential number of constraints.
However, as long as we can find a constraint of the LP that is violated by a given
vector x € {0,1}¥ in polynomial time, we can find an optimal, basic solution
to the linear program in polynomial time [7]. We describe such a subroutine in
Section

Our results extend to the case where we are allowed to select an edge multiple
times. In our case, this would be at most twice. In fact, the problem appears to
be only harder when we are restricted to selecting an edge at most once.

We give the linear programming formulation below. The constraints are based
on a theorem of Menger. (For multiple proofs and references, see []):

Theorem 1 (Menger). Let G = (V, E) be a graph, and s,t € V such that
(s,t) ¢ E. Then, the minimum number of vertices separating s from t in G is
equal to the mazimum number of vertex disjoint paths from s tot in G.

For any subset S C V, and disjoint set of vertices A C V\S, we express
the connectivity required between S and V\(A U S) as f(S,A). Similarly, we
represent the z-value of edges with one endpoint in S and the other in V\(SUA)
as z(S5, A). That is, z(S, A) 1= >_,c5 e\ (sua) 2((4,7)). Here, A is the subset of
vertices in the cutset separating S from the rest of the graph. Since there may
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be at most one path from S to V\(SU A) through each vertex of A, the number
of edges from S to V\(AU.S) must therefore be at least f(S, A) —|A|. This yields
the following formulation.

min cT
st. z(S,A) > f(S,A)—|A|, VS, ACV,SNA=0 (MCVC)
0<1:()§1 Vee FE

The following lemma is a simple consequence of Menger’s Theorem.

Lemma 1. The set of integral solutions to the above LP equals the set of solu-
tions to the corresponding vertexr connectivity problem. a

The following definitions generalize the one-set function notions of submodu-
larity, supermodularity, and weak supermodularity. A two-set function f defined
on the set of pairs of disjoint subsets of V' that satisfies

f(S,A)+ f(T,B) =
max{ f(SUT,(A\T)U (B\S))+ f(SNT,(ANT)U(BNS)),
FS\(TUB), (A\T)U(BNS))+ f(T\(SUA),(B\S)U(ANT))}

is called two-submodular. This is a different concept from bisubmodularity in-
troduced in [IJ2]. For the case when A = B = (), this reduces to submodularity
for symmetric one-set functions.

If — f is two-submodular, then f is two-supermodular. This definition is equiv-
alent to replacing > with < and max with min in the above definition. A two-

set function f is wery weakly two-supermodular if whenever f(S,A) > 0 and
f(T,B) > 0 then

f(8,4) + f(T,B) <

max{ f(SUT, (A\T)U (B\S)) f(SNT,(ANT)U(BNS)), (1)
FIS\(T U B), (A\T)U (BN S)) + f(T\(SUA), (B\S)U(ANT)), (2)
max{ f(SUT, (A\T) U (B\S)), f(SNT,(AnT)U(BNS)),

FIS\(TUB), (A\T)U (BN S)), F(T\(SUA),(B\S)U (ANT)) }, (3)
OR for some permutation of S and V\(SU A), T and V\(T'U B),

fFSNT,(ANT)U(BNS))+ f(T\(SUA),(B\S)U(ANT)) }

While it may seem that (B) is included in (@) and @), if f is allowed to take

on negative values, this may not be the case.

Let 6 (S, A) denote the set of edges in F' that have exactly one endpoint in
each of S and V\(SU A).

Lemma 2. Both z(S, A) and |dr(S, A)| are two-submodular. O

Define fi, by fi(S,A) = max{r;[i € S,5 € V\(SU A)}, where r;; €
{0,1,... ,k} for all 4,j € V. Define g by gr(S,A) = fx(S,A) — |A|. In Sec-
tion [3, we prove Lemmas [3 and [ and Theorem
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Lemma 3. The two-set function gs is very weakly two-supermodular.

Lemma 4. For any edge set F' on 'V, g2(S, A) — |0p (S, A)| is very weakly two-
supermodular.

Theorem 2. For the function f(S,A) := f2(S, A) — [0r(S, A)|, any basic solu-
tion to (MCVC)) has at least one component with value at least %

We now describe an algorithm that yields a two approximation to (MCVYCJ).
This algorithm mirrors the algorithm in [T0] for MCEC.
Let z* be an optimal basic solution to (MCVC]). Let E%+ be the set of edges

which have x*-value > % Fix all values of edges in E%Jr tol.Let E,es = E‘—E%Jr7
and consider the resulting residual LP:

min cx
s.t. (S, A) > g2(S, A) — [0r(S, A) ﬁE%Jr|7 VS,ACV,.SNA=0
0<z(e) <1, Ve € Eyes
(MCVCs,)
Let z¥., be the optimal value of this LP and z* be the optimal value of

(MCVCQ). The following theorem follows from similar arguments presented by
Jain for edge-connectivity [10].

Theorem 3. If E,.s is an integral solution to (MCVCaJ|) with value at most
22}, then Enes U E1 is an integral solution to (MCVC)) with value at most

res’

2z*.

The 2-approximation algorithm: 1) Find an optimal basic solution z* to
(MCVQ), 2) Include all edges e with x*(e) > 1/2, in the final solution. 3)
Delete all edges that were included in 2), and solve the residual problem on
Eres-

3 Uncrossing Lemmas and Proof of Theorem

In this section, we prove an uncrossing lemma (Lemma [5]) that we then use
to establish laminarity of a set of spanning tight subsets (Corollary [2). The
proof of this lemma relies on Lemmas B and @l Laminarity of the tight subsets
determining a basic solution in turn implies the main theorem.

Given (S, A), there is a pair i € S, j € V\(S U A) that determines f2(S, A).
Let i(S, A) denote one such ¢ and j(S, A) denote the corresponding j.

Proof of Lemmal3. For r € {0,1,2}V*V | the only values of |A| that yield nontriv-
ial inequalities for (MICVC)) are |A| = 0 or 1. Since f2(S, A) = fo(V\(SUA), A),
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it suffices to show that weak two-supermodularity holds for S and T satisfying
SNB=TNA=0. Hence A\T = A and B\S = B, and it suffices to show that

92(S, A) + g2(T, B) < max{ g2(SUT, AU B) + g2(SNT,0), (4)
gQ(S\Tv A) +92(T\S7 B)’ (5)
g2(SNT,0), (6)
OR by perhaps swapping (S, A) for (T, B),
(SNT,0) +g2(T\S, B) }. 7

If |A| = |B| = 0, then the weak supermodularity of the one-set function f
defined by f/(S) := max{r;;|i € S,j € V\S} used in [5/10] implies that either
) or () hold.

If |A| = |B| =1, then f2(S, A) = fo(T, B) = 2. In this case, either
1) (S, A) € S\T and (T, B) € T\S, or
2) {i(S, A),i(T,B)} N (SNT) is nonempty.

In the first case, (B) holds. In the second case, (@) holds.

If |Al =1, B = 0, (the case |B| = 1, A = () may be treated symmetri-
cally) then T may have connectivity requirement 1 or 2. If i(S, A) € S\T and
j(S, A) € T\S then fo(T,0) =2 and (@) holds. If i(S, A) € S\T and there is no
corresponding j(S, A) in T\ S then fo(7,0) = 1. In this case, if i(T, B) € T\S,
then (@) holds. Otherwise, (@) holds.

The remaining case has i(S,A) € SNT. If j(S,A) € V\(SUT), then
f2(T,0) = 2 as well, and (@) holds. Otherwise, j(S, A) € T\S. We consider the
possible values of fo (T, 0). If fo(T,0) = 1, then (B) holds. Otherwise, fo(T,0) = 2.
If j(T,B) € S\T, then (B) holds. If (7, B) € V\(SUAUT), then @) holds.
Otherwise, A = {j(T, B)}. In this case only, none of @)-(@) hold, and (@) holds.

O

The proof of Lemma [B] demonstrates why and when we require (@) in the
description of go. We summarize this in the following corollary so that we may
easily refer to it.

Corollary 1. If TN A =0 =SNB and g2(S, A) + g2(T, B) 1is strictly greater
than the mazimum of (4)-(8), then |A| + |B| = 1, and assuming |A| = 1 (the
other case is symmetric), then A = {j(T, B)}, i(S,A) € SNT, j(S,A) € T\S,
and fg(T, B) = fz(T,@) =2. O

The example in Section @ shows that the corresponding gy for r € {1, k}V*V
is in general not very weakly two-supermodular for any k > 3. For k = 3, this
example also demonstrates that the very weak two-supermodularity inequalities
do not hold in this case even for the simplification ANT = BN S = ( used in
the above proof.

Proof of Lemmal[j. Since the proof of the lemma is independent of choice of F/,
and the context is clear, we use ¢ for dr. Suppose g2(S, A) > 0 and go(T, B) > 0.
If g2(S, A) + g2(T, B) satisfies any of (@)-(B), then by the two-submodularity
of 4], we have (go — [0])(S, A) + (g2 — |6])(T, B) satisfies the same inequality.
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If g2(S, A) + g2(T, B) does not satisfy ({H)-(G), then it satisfies (), for some
permutation of S, V\(S U A), T, and V\(T' U B). If |6(S, A)| + |6(T, B)| >
|6(S N T,0)| + |6(T\S, B)|, then go — |d| also satisfies (), and we are done.
Otherwise, there is an edge from S NT to T\S in F, since this is the only type
of edge that contributes more to the right hand side of ([d) than the left. Thus
|6(S, A)| > 1. Since g2(S, A) + g2(T, B) does not satisfy [@)46]), by Corollary [T} we
must have that |A|+|B| = 1. By swapping S, A for T, B we may assume |A| = 1.
Then g2(S, A) = 1, and thus g2(S, A) —[6(S, A)| < 0. Hence, none of {@)-({@) need
apply to (S, A) to establish weak two-supermodularity of go — |4]. O

Let = be a basic solution to (MCVC3) with the property that z(e) < 1 for
all e € F, s, and let E, be the set of edges with nonzero z-value, and let F' be
the set of edges already included in the final solution. A pair (S, A) is tight if it
satisfies

2(5,A) = f2(5, A) — [A] = |67 (S, A)| (®)

at equality. Given z, define x, (.S, 4) to be the characteristic vector of the support
of (S, A). If (S, A) = 0, we say that (S, A) is empty. If x(S, A) > 0, then (S, A)
is non-empty. If (S, A) is empty, then x, (S, A) = 0.

Lemma 5 (Uncrossing Lemma). If (S,A) and (T, B) are tight and non-
empty, then for the appropriate permutation of S and V\(S U A) and T and
V\(T UB) so that ANT = BNS =0, one of the following holds.

i. (SNT,0) is tight, (SUT, AU B) is either empty or tight, and
Xz (S, A) + x2(T, B) = xo(SNT,0) + x.(SUT, AU B),
it. (S—T,A) and (T — S, B) are tight and
Xz (S, A) + x2(T, B) = x2(S = T, A) + x2(T — S, B),
iii. After perhaps swapping (S, A) for (T, B), then B = (, and (SNT,0) and
(T —S,0) are tight, and
2X2 (8, A) + X2(T,0) = xo (SN T, 0) + X (T - S, 0).

Proof. For simplicity of notation, let ¢’ = g2 — |dp|. Since x is a solution to
), ¢’ — 2 < 0. Since ¢’ is very weakly two-supermodular by Lemma H]
if (S, A) and (T, B) are both nonempty, then for appropriate permutations of S
and V\(SUA), T and V\(T' U B), we have that ¢'(S, A) + ¢'(T, B) must satisfy
one of {@l)-(T) with g, replaced by ¢'. If it satisfies any of (@)-(@), then since x
is two-submodular, (¢’ — 2)(S, A) + (¢’ — x)(T, B) satisfies the same inequality.
Thus if (S, A) and (T, B) are tight, then the left hand side of the corresponding
inequality in @)-(@) equals 0. Since ¢’ — x < 0, this implies that each part of
the corresponding right hand side equals 0. Thus, if () is satisfied, then i. holds
with (SUT, AU B) tight; if (B is satisfied then, ii. holds; and if (@) is satisfied,
then i. holds with (SUT, AU B) empty.
If ¢'(S, A)+ ¢’ (T, B) does not satisfy any of [@)-(G), then neither does go and
by Corollary [l), by perhaps swapping (5, A) for (T, B), we have that |A| = 1,
B =10, g2(S,A) =1, go(T,0) = 2, i(S,A) € SNT and j(S,A) € T\S. Thus,
g2(SNT,0) = go(T\S,0) = 2. Since (S, A) and (T, D) are tight, then in order to
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satisfy the inequalities in (MCVC) for (S N T,0) and (T\S,0), we must have
that all the edges crossing (S, A) must leave S NT and enter T\S. Then the
weights of edges leaving T are evenly split among edges from SNT to S\T and
edges from T\ S to V\(SUT). This means that z(SNT,0) = 2 and z(T\S, ) = 2,
so that (SN T,0) and (T — S,0) are tight and 2x, (S, A) + xz(T,0) = x=(SN
T,0) + x2(T — S,0). Thus iii. holds. O

Let T be the set of tight set pairs for z. Set pairs (S, A) and (T, B) are called
pair-laminar if T and S are laminar and if T or T'U B cross S or S U A then
A = B. Otherwise, they are said to cross. A subset £ C 7T is called pair-laminar
if all the pairs of set pairs in £ are pair-laminar. Before establishing that 7 is
spanned by a collection of pair-laminar set pairs, we need the following technical
lemma.

Lemma 6. Suppose ANT = BNS =10, and (S, A) crosses (T, B). If (1", B’)
crosses at least one of (SNT,0), (SUT,AUB), (S-T,A), (T —S,B), and it
does not cross (T, B), then it crosses (S, A).

Proof. We use the following easy to see fact:
XcrossesYNZ, YUZ Y —Z or Z—Y but not Z = X crosses Y. (9)

If (T', B') crosses one of the four set pairs in the lemma, then either 7" crosses
one of the first sets in each set pair; or T U B’ crosses one of the first sets or 1"
or T" U B’ cross one of the four unions of first and second sets, and B’ does not
equal the corresponding second set. We consider each case in turn, progressively
assuming that the previous cases do not occur.

If T’ crosses SNT, S—T,T — S, or SUT, then by setting X =T",Y = S,
and Z =T, (@) implies it crosses S.

Otherwise, if 7" U B’ crosses SNT, S —T,T — S, or SUT, then by setting
X=T'UB,Y =8, and Z = T, (@) implies it crosses S. We need to now
establish that if B’ does not equal the corresponding second set, then B’ # A.
Note that if the second set contains more than one element, then the set pair
is empty, so it is not included in a collection of tight set pairs as described in
Lemma Bl Suppose B’ = A. Then the only cases of interest are 7' U B’ crosses
T—S and B’ # B, or T"U B’ crosses SNT since in the other non-empty set pair
cases A is the second set. If T/ U B’ crosses SNT or T — S, since by assumption,
B'NT=ANT =0, then either T/ ¢ T — S or T € SNT. But then T U B’
crosses T and B’ # B, which contradicts (77, B’) and (T, B) pair-laminar.

Otherwise, if T crosses one of the four unions of set pairs in the lemma, then
setting X =T',Y = SUA, Z =T U B, implies that either 7" crosses S U A or
TUB. If T' crosses T U B then B’ = B # (), so T C T", and the only possibility
is that 7" crosses (SUA) — T with B’ = B # A # (). If T" does not cross S U A,
then 7" C SUA. Since B’ # B ¢ SU A and T" does not cross S, it must be that
T’ C S. But then T"UB’ crosses S, and thus (7", B’) crosses (S, A). A symmetric
argument for the case of T” crossing S U A with B’ = A yields a contradiction
to (T”, B’) and (T, B) being pair laminar.
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Finally, if none of the above cases hold, and 7’ U B’ crosses one of the four
unions of set pairs, then 77 U B’ crosses either T'U B or S U A. If the former
holds, then B' = B # (), and T NT’" = (. Thus, the only possibility of the four
are that 7" U B’ crosses (SUA) — T and B’ = B # A # (. Since T" does not
cross SU A, and B ¢ SU A, we have that 7" C S U A. But then 77U B’ crosses
S and thus (T”, B’) crosses (S, A). O

Corollary 2. For any mazimal, pair-laminar family £ of tight set pairs, the
following holds: Span(L) = Span(T).

Proof. If Span(L) # Span(T), then Span(£) C Span(T), and there exists a pair
(S, A) € T, with (S, A) ¢ L, such that (S, A) crosses a minimum number of set
pairs in L. Let (T, B) be one of those pairs. Then by Lemma [} we can rewrite
Xz (S, A) as a linear combination of characteristic vectors of pair-laminar tight
set pairs. Note that the new set pairs do not cross (T, B). Since (5, A) ¢ Span(L),
at least one of these new set pairs is also not in Span(£). By Lemmal@, any set
pair L € Span(L) crossing any of the new sets must also have crossed (S, A).
Since the new sets do not cross (T, B), they have strictly fewer crossings with
sets in £ than S does, contradicting the choice of S. ad

Corollary 3. There exists a collection B of pair-laminar tight set pairs satisfy-
mg

1. |B| = |E.|,
2. the vectors xz(S, A) for (S, A) € B are linearly independent,
3. (92 —0r)(S,A) > 1 for all (S, A) € B. O

We define containment on set pairs by (S, 4) C (T,B) if S C T and A C
T U B. It is easy to see that the containment relation is transitive, reflexive, and
anti-symmetric. Thus it defines a partially ordered set (poset).

Lemma 7. If B is a collection of pair-laminar set pairs, then the poset defined
by the containment relation on the set pairs in B is described by a unique forest.

The following theorem implies Theorem

Theorem 4. There is a tight set pair (S, A) with (g2 — 0r)(S, A) > 0 and at
most 2 edges in 0g,., (S, A). Hence, at least one of these edges has x-value at
least L.

2

res

Proof. Using the following concept of incidence, along with Lemma [7] the proof
is very similar to the proof of the corresponding statement for MCEC in [10].
Each edge e = (4, 5) in E has two endpoints, 4; and j;,. An endpoint 4; of an edge
(i,7) is incident to node (S, A) if (S, A) is the lowest node in the tree among all
nodes with either i € S or {i,j} € SU A. A vertex ¢ may be the endpoint of
several edges; and each such endpoint may be incident to a different node of the
forest. An edge crosses a node (S, A) if exactly one of its endpoints is incident to
any node in the subtree rooted at (S, A). This assignment ensures that an edge
(4,7) crosses a node (S, A) if and only if ¢ € S and j € V\(SU A). O
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4 Examples and Counterexamples

In [I0], Jain gives an example to show that the analysis of this algorithm is
tight for the edge connectivity problem with connectivity requirements in {0, 1}.
Since in this case the edge and vertex connectivity problems are the same, the
same example shows that the analysis is also tight for the vertex connectivity
problem.

A natural question is: Can we extend the arguments given here to give
a constant factor approximation for vertex connectivity problems with higher
connectivity requirements? We answer this question negatively for general r €
{1,k}V*V by describing basic solutions to an infinite family of instances of
for which 1) the tight set pairs spanning the basis are highly non-

laminar, and 2) the largest fraction is bounded above by ma}(rv_ .
ij

Specifically, we construct a family of vertex connectivity instances with r;; =
min{r;,r;}, and r; € {1,k} for all i € V. This family has the property that after
solving the initial LP and fixing all edges e with x, = 1, the residual LP has a
basic solution with largest z-value equal to %

We depict the family of instances in Figure [} For each k construct a graph
on 2k vertices. The first k vertices V' = {v1,... , v} have demand k, the second
k vertices U = {uq,... ,ur} have demand 1. The edge set consists of a clique of
0-cost edges on V', and a complete bipartite graph between V and U of cost 1
edges. The optimal LP solution will choose every edge in the clique at value 1
and every edge in the bipartite graph at value 1/k. After fixing all edges with
ze = 1, the remaining optimal LP solution will still have every edge in the
bipartite graph at value 1/k. It is not hard to establish that this is an optimal
solution. For instance, consider the solution to the dual linear program that sets
ys,.a =1for S ={u;}forl <i<kandA={,and 0 otherwise. This is feasible,
and has value equal to the feasible primal solution. Hence both are optimal.

We now establish that this is a vertex of the polytope described by (MICVC3)
with all cost 0 edges included in E1,. We do this by describing a set of k?
tight inequalities (note that k2 is the number of fractional edges and hence
variables in the remaining problem), constructing a matrix of the support of these
inequalities, constructing a second matrix and arguing that the two matrices are
inverses of each other, hence each are linearly independent. Since the solution is
then the intersection of k? linearly independent halfspaces in sz, it is a vertex
of the polytope.

The set of k2 tight inequalities is divided into k blocks of k inequalities. Block
0 includes the k inequalities with S = {u;}, 1 <i < k, and A = ). Aside from
these inequalities, the point is highly degenerate. The remaining & — 1 blocks
of inequalities are described as follows. In block ¢ € {1,... k — 1}, we have
viy1 € S, A' = {v;|j # i,i+ 1}, and v; € V\(S U A?Y). Thus there is exactly
one cost-0 edge crossing this cut (edge (v;,v;+1)), and the (g2 — dp)-value of
the inequality is 1. Denote the set S for inequality ¢ € {1,...,k} in this block
by Si. We set S% := {viy1,u1,uz,... ,ug_qs1}. See Figure [ Then z(S}, A*) is
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Fig. 1. On the left, a basic solution to (MCVC3) after fixing the cost 0 edges to 1.
The largest fraction in the solution is %, here k = 6. On the right, an example of a
set (S5, A%) for ¢ = 3, ¢ = 3 with f2(S;, A*) = k. All the edges crossing the cut are
included in the figure. They have total value 2. Together with the 4 vertices in the
cutset, this satisfies () at equality. The collection of cuts {(S, A*)}1<i<k—1, 1<q<k are
highly crossing.

determined by the ¢ — 1 edges from U to v;41 and the &k — ¢ + 1 edges from U
to v;, for a total value of (¢ —1+k —q+ 1)% = 1. Thus, these cuts are tight.

Let matrix C' be the support matrix of edges in each cutset above, with the
rows of C' corresponding to cutsets and the columns corresponding to edges.
The rows of C' are ordered first according to block, and then within each block,
according to ¢. The first row block in C' corresponds to the inequalities with
S = {u;}, i.e. it is the block 0 of the tight inequalities. The columns of C are
ordered according to incidence to U, and then to V. All the edges incident to u;
are in the i'" block. Within a block, the j* edge is the edge incident to v;. See
Figure[2

Let matrix B be a k? x k% matrix with its columns and rows ordered into
blocks of k. The first block of columns (called column block 0) has a pattern that
is slightly different from the rest. See Figure Bl The first column is 0 everywhere
except in the last entry in the first row block, which is 1. The second thru k"
columns have the following pattern: the first row block consists of k — 1 entries

—1

of value == followed by a single entry of % Then the ¢** column has the ¢**

row block filled with % All other entries are 0.

For the pattern of the i*" column block, i = 1,... ,k — 1, see Figure @ The
first column of the first row block has ¢ — 1 entries of % followed by k — 4
entries of i followed by a single entry of # This column vector is denoted
X;. The first column of the last row block is the vector Z; containing i entries
of £=% followed by k — i entries of 2. The ¢"" column of the k — ¢'" row block

k
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u1 u2 “ Uk—1 ‘ Uk
block 0 [11---11
11---1
11---1
11---1
block1 {10---00/10---0f---{10---0/10---0
10---00/10---0l---110---0l01---0
10---00/10---0l---l01---0l01---0
10---00/01---0/---l01---0l01---0
block2 [01---00/01---0[---]01---0/01---0
block k-1 : : :
00...1000...1..‘00...1‘00...1

Fig. 2. Incidence Matrix C of k? Tight Set Pairs

column |1 2 3 k
TOW 0 _Tl _Tl _Tl
block 1| : @ :
0 F oo T

k—1 k— k—

e

0+ O 0

block 2 | : :
0+ 0 0

0+ 0

block 3| : @ :
00 1+ 0

00 O £

block k | © :
00 0 +

Fig. 3. Column Block 0 of Matrix B
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X Y. Z

—k+i —k+i k—i

Col. Block i of B row 1 = k %
X; 0 - 0 Z oW i-i ki ki ki
00 --2Z;Y; k : _ k’“_
00---Y% 0 rowi ¢ _T'“ -
Do row i+1 i % %
0Z - 00 Do S
Zi Y-~ 00 row k-1 £ L 2
row k _’ZH % _71

Fig. 4. On the left, the pattern of column block ¢ of matrix B. On the right, the
composition of the vectors X;, Y; and Z; that describe block 1.

is Z; for 1 < ¢ <k, and the ¢"" column of the k — ¢+ 1°* row block is the vector
Y; with ¢ entries of *’ZJ” followed by k — ¢ entries of 7.
The following lemma follows by inspection of B and C.

Lemma 8. For any k, matrices B and C are inverses.

5 Algorithmic Details

To solve the LP in polynomial time, we need a separation algorithm for the
connectivity constraints. We interpret x-values as capacities and transform the
graph induced by the current fractional solution and the fixed edges into a di-
rected graph by replacing every edge by oppositely oriented edges with the same
capacity as the original undirected edge. We then perform a standard procedure
of splitting vertices to model the fact that at most one path can pass through
any vertex. Then, in the resulting graph, the maximum flow value between ¢ and
J is vertex connectivity between ¢ and j. If this is less than r;;, the minimum
cut reveals a violated inequality.

Thus we have a polynomial time separation algorithm for (MCVCg). Using
ellipsoid algorithm, we can solve the LP in polynomial time. Once we have a
solution, it may not be a basic solution. However, it can be transformed to a
vertex solution in polynomial time, as described in [7JI0].
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Combined Connectivity Augmentation and
Orientation Problems
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Abstract. Two important branches of graph connectivity problems are
connectivity augmentation, which consists of augmenting a graph by
adding new edges so as to meet a specified target connectivity, and
connectivity orientation, where the goal is to find an orientation of an
undirected or mixed graph that satisfies some specified edge-connection
property. In the present work an attempt is made to link the above
two branches, by considering degree-specified and minimum cardinality
augmentation of graphs so that the resulting graph has an orientation
satisfying a prescribed edge-connection requirement, such as (k,!)-edge-
connectivity. Our proof technique involves a combination of the super-
modular polyhedral methods used in connectivity orientation, and the
splitting off operation, which is a standard tool in solving augmentation
problems.

1 Introduction

In a connectivity augmentation problem the goal is to augment a graph or di-
graph by adding a cardinality- or degree-constrained new graph so as to meet a
specified target connectivity. Initial deep results of the area are due to Lovasz
[6] and to Watanabe and Nakamura [I0] on augmenting a graph to make it k-
edge-connected. Since then, augmentation results for many different connectivity
properties of graphs and digraphs have been proved, employing various versions
of the splitting off technique, which was originally introduced by Lovdsz [6] and
subsequently developed by Mader [7] and others.

In a connectivity orientation problem one is interested in the existence of an
orientation of an undirected graph that satisfies some specified edge-connection
properties. For example, classical results of Nash-Williams [§] and of Tutte [9]
characterize graphs having k-edge-connected and rooted k-edge-connected orien-
tations. For a common generalization of their results, call a digraph D = (V, A)
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(k,1)-edge-connected for non-negative integers k > [ if there is a node s € V
such that there are k edge-disjoint paths from s to any other node, and there
are | edge-disjoint paths to s from any other node. Then (k, k)-edge-connectivity
is equivalent to k-edge-connectivity, and (k, 0)-edge-connectivity is equivalent to
rooted k-edge-connectivity from some node s. Good characterizations of undi-
rected and mixed graphs having a (k, [)-edge-connected orientation were given in
[1] and [3], with the help of submodular flows and related polyhedral methods.

In this paper an attempt is made to link these two branches of connectiv-
ity problems by studying combined augmentation and orientation problems. For
example we characterize undirected and mixed graphs that can be augmented
by an appropriate degree-specified undirected graph so as to have a (k,)-edge-
connected orientation. Another new result concerns the minimum number of new
edges whose addition to an initial undirected graph results in a graph admit-
ting a (k,!)-edge-connected orientation. Our proof methods for these character-
izations combine the splitting off technique used in connectivity augmentation
with extensions of the supermodular polyhedral techniques used in [3] to solve
connectivity orientation problems. Since these methods are constructive from
an algorithmic point of view, the proofs presented here give rise to polynomial
algorithms for finding a feasible augmentation.

The results are presented in the customary framework for connectivity ori-
entations. We consider graphs with no loops, but possibly with multiple edges.
Given a graph G = (V,E) and a set function h : 2" — ZZ, an orientation G
of G is said to cover h if g5(X) > h(X) for every set X C V, where g5(X)
denotes the number of edges of the digraph G entering the set X. Throughout
the paper we assume that h(@) = h(V) = 0. The h-orientation problem is to
find an orientation of G that covers h. For general h this includes NP-complete
problems, so special classes of set functions must be considered. A set function
h is called crossing G—supermodular with respect to a given graph G = (V, E) if

MX)+h(Y)<h(XNY)+h(XUY)+de(X,Y) (1)

for every crossing pair (X,Y) (where the sets X, Y C V are crossing if none
of X-Y,Y—-X, XNY and V — (X UY) are empty), and dg(X,Y) is the
number of edges in E connecting X —Y and Y — X. As in [3], we restrict our
attention to crossing G—supermodular set functions. The augmentation problem
corresponding to h-orientation is the following: given a graph G, find a graph
G’ (either with specified degrees, or with minimum number of edges), so that
G + @G has an orientation covering h.

It was shown in [I] that for a graph G and a non-negative crossing G-
supermodular set function A the h-orientation problem can be solved in polyno-
mial time. In Sect. 3 we solve the corresponding degree-specified and minimum
cardinality augmentation problem, as well as minimum cost augmentation for
node-induced cost functions.

These results are used in Sect. 4 to augment a graph to obtain one admit-
ting a (k, [)-edge-connected orientation, and we show that in this special case the
characterizations can be further simplified. The theorems obtained can also be in-
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terpreted independently of orientations. A graph G is called (k,)-tree-connected
if any graph obtained by deleting [ edges from G contains k edge-disjoint span-
ning trees. It is known that if & > [, then (k, [)-tree-connected graphs are exactly
those that have a (k,[)-edge-connected orientation; thus we can solve the (k,1)-
tree-connectivity augmentation problem.

In [3], submodular flows were used to solve the h-orientation problem when h
is a crossing G-supermodular set function that can have negative values; this im-
plies for example that we can find a (k, [)-edge-connected orientation of a mixed
graph M. In Sect. 5 we generalize this result by considering the h-orientation
problem for positively crossing G—supermodular functions, and by solving the
corresponding degree-specified augmentation problem. The proof exploits the
TDI-ness of a system closely related to the intersection of two base polyhedra.

2 Preliminaries

A family of sets is a collection of subsets of the ground set V', with possible
repetition. If every member of a family F is replaced by its complement, the
resulting family is denoted by F. For an element v € V, dx(v) denotes the
number of members of F containing v. A composition of a set X C V is a family
F for which dr —dx; is constant. A composition of V' is called a regular family.
The covering number of a family F is min,cy dz(v).

For a function = : V' — IR and a set Z C V, and analogously for a set function
p:2Y = Z U{—oo} and a family F, we use the notations z(Z) = > ., z(v)
and p(F) = > ycrP(X). The upper truncation of p is

p"(Z) := max {p(F) | F is a partition of Z} . (2)

If p is intersecting supermodular, then p” is fully supermodular. If p is crossing
supermodular, then so is p”. To the set function p we associate the polyhedra

Clp)={z:V=>R|2(2) 2p(Z2)VZCV} 3)
B(p):={z:V o> R [z(V)=p(V); x(2) 2p(Z) VZCV} . (4)

Clearly, C(p) = C(p™). A polyhedron is a contra-polymatroid if it equals C(p) for
some monotone increasing fully supermodular function p; it is a base polyhedron
if it can be represented as B(p) for some fully supermodular function p. The
following theorem of Fujishige [3] deals with base polyhedra given by crossing
supermodular set functions.

Theorem 1 (Fujishige [5]). Let p: 2V — Z U{—oc} be a crossing supermod-
ular function. Then B(p) is non-empty if and only if
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both hold for every partition {X1, ..., X:}. Furthermore, if B(p) is non-empty,
then it is a base polyhedron. a

Let G = (V,E) be a graph. For a set X C V| i¢(X) denotes the number
of edges uv € F with u,v € X. An important property of ig is that if a set
function h is crossing G—supermodular, then h + ig is crossing supermodular.
For a family F of sets we define

eq(F) = max {Q@(]:) | G is an orientation of G} .

Note that eg(F) can be easily computed since we can orient the edges indepen-
dently. For partitions it equals the number of cross-edges; more generally, if F
is a regular family with covering number «, then

eq(F)=alB| = Y ic(X) . (5)

XeF

A family F is cross-free if it has no crossing members. Simple examples are
partitions and co-partitions; in fact, it is easy to show that these are the only
minimal regular cross-free families:

Proposition 1. FEvery reqular cross-free family decomposes into partitions and
co-partitions. O

3 Non-negative Crossing G—Supermodular Set Functions

The first result is a theorem on the degree-specified augmentation problem. The
characterizations given are good in the sense that they provide an easily veri-
fiable certificate if the augmentation is impossible. Moreover, the proof is con-
structive and gives rise to a polynomial algorithm, since it refers to polyhedral
and splitting off problems that can be solved in polynomial time.

Theorem 2. Let G = (V, E) be a graph, h: 2V — Z, a non-negative crossing
G-supermodular set function on V, and m : V — ZZ a degree specification with
m(V') even. There exists an undirected graph G' = (V, E') such that G + G’ has
an orientation covering h and dg/(v) = m(v) for all v € V, if and only if the
following hold for every partition F:

Tzh(f)—e(;(}'), (6)
min m(X) > h(F) = ea(F) , (7)
"V 5 hF) - el | 5
min m(X) > h(F) - eq(F) - (9)
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Proof. To see the necessity of these conditions, observe that m(V')/2 is the num-
ber of new edges, while h(F) — eq(F) measures the deficiency of a partition F,
hence (@) simply requires that the deficiency of a partition should not exceed
the number of new edges. The necessity of ([7) is also straightforward since each
new cross-edge must have an endnode in X, so the number of new cross-edges,
which should be at least the deficiency of F, is at most m(X). The necessity of
(B) and (@) can be seen analogously.

To prove sufficiency, add a new node z to the set of nodes, and for every
v € V add m(v) parallel edges between v and z; the resulting graph is denoted

by Go = (Vo, Ep). Define the following extension of the set function h:

ho(2) = ho(v) == "4

ho(X+Z)=h0(X) :h(X) lf(b?éXCV

The proof consists of finding an orientation of G that covers hg, and then
splitting off the directed edges at z so that the resulting digraph on the ground
set V' covers h. To find an orientation covering hg, we resort to a lemma that is
a standard tool for orientation problems:

Lemma 1. For a given vector x : Vo — Z ., there is an orientation éo of
Go such that oz, (v) = z(v) for every v € Vo, if and only if (Vo) = |Eo| and
x(Z) > ig,(Z) for every Z C Vj.

Proof. The necessity is obvious. We prove the sufficiency by induction on the
number of edges. Call a set Z tight if x(Z) = ig,(Z). Let uv € Ey be an arbitrary
edge. If there are no tight wv-sets and x(v) > 0, then we can remove the edge
uv, decrease x(v) by one, find a feasible orientation of the resulting graph by
induction, and add the directed edge wv. If z(v) = 0, then z(u) > 0 and there
is no tight vu-set X for otherwise X + v would violate the condition. So we
can assume that z(u),z(v) > 0, there is a tight vu-set X, and similarly that
there is a tight uv-set Y. But then dg,(X,Y) > 0, thus ig,(X) + ig,(Y) <
iGo (X NY)+ig,(XUY)—dg,(X,Y) implies that either (X NY) < ig,(XNY)
or (X UY) <ig,(X UY), contradicting the conditions. O

Lemma [0l and the non-negativity of h imply that if we can find a vector
x: Vo — Z 4 that satisfies x(Vy) = |Ep| and z(X) > ho(X) + ig,(X) for every
X C Vo, then there is an orientation G of Go such that o (v) = z(v) for every
v € Vp, and Gy covers hg since 05, (X) = 2(X) —ig,(X) = ho(X). Such a vector
x is called feasible. By the definition of hg, 2(z) must be equal to m(V)/2; let
2’ 'V — Z denote the projection of z to V. Let

Vv
P (X) := h(X)—t—ig(X)—l—maX{O,m(X)—m;)} (XCV).
Then it easily follows from the definition of hg that the vector z is feasible if
and only if ’ is an element of the polyhedron B(p,,) as defined in ().
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Claim. The set function p,, is crossing supermodular.

Proof. The G—supermodularity of h implies that h+1i¢ is crossing supermodular.
Let m*(X) := max{0, m(X) —m(V)/2}; we show that this set function is fully
supermodular. Indeed, if m*(Y") = 0, then m*(X) 4+ m*(Y) = m*(X) < m*(X U
Y)=m*(XNY)+m*(XUY). If m*(X),m*(Y) > 0, then m*(X) + m*(Y) =
m(XNY)+m(XUY)—m(V) <m*(XNY)+m*(XUY). The sum of a crossing
supermodular and a fully supermodular function is crossing supermodular. O

Claim. Suppose that (@)—(@) are true. Then B(p,,) is non-empty.

Proof. By Theorem [1] it suffices to show that p,,(F) < |E| + m(V)/2 and
P (F) < (t —1)(|E| + m(V)/2) for every partition F with ¢ members. Observe
that a partition has at most one member X with m(X) > m(V')/2. If there is no
such member then () and the identity (B) imply that p,,(F) < |E| + m(V)/2;
if there is one such member, then (@) and ({) imply the same. Similarly, a
co-partition has at most one member X with m(X) < m(V)/2, so [®) or (@)
(depending on the existence of such a member) and (B) for the co-partition F

imply pp(F) < (¢ = D(|E[+m(V)/2). O

By Theorem [l B(p.,) is a base polyhedron, therefore it has an integral
point z’; as we have seen, this and Lemma [I] implies that G has an orientation
Go = Vo, EO) covering hg.

Let m;(v) be the multiplicity of the edge zv in Gy, and mo(v) the multiplicity
of the edge vz in C?O; let G denote the edges of Gy not incident with z. Then
mi(X) > W(X) = 05(X) and mo(V — X) > h(X) — 05(X) for every X C V,
since Gy covers hy. By the crossing G—supermodularity of h, the set function
p(X) := h(X) — 05(X) is crossing supermodular. Thus we can use the following
result in [2], which generalizes Mader’s directed splitting theorem:

Lemma 2 ([2]). Let p be a positively crossing supermodular set function on V.
Let m;, m, be non-negative integer-valued functions on V' for which m;(V) =
mo (V). There exists a digraph D = (V, A) such that op(v) = m;(v), pp(V —v) =
me(v) for every v € V, and op(X) > p(X) for every X CV, if and only if

mi(X) > p(X) for every X CV

and
me(V — X) > p(X) for every X CV .

O
To complete the proof of Theorem [ observe that if G’ is the underlying

undirected graph of the digraph D given by Lemma [ then G’ satisfies the
degree specification, and G + G’ has a feasible orientation, namely G+ D. 0O

This theorem can be used to derive the following min-max theorem for min-
imum cardinality augmentation:
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Theorem 3. Let G = (V,E) be a graph, and h : 2V — ZZ, a non-negative
crossing G-supermodular set function. There is an undirected graph G' = (V, E’)
with v edges such that G + G’ has an orientation covering h if and only if

v = hF) = ec(F) (10)
holds for every partition and co-partition F, and
2y > M(F) = ea(F) (11)

holds for every cross-free reqular family F that decomposes into a partition of
some X CV and a co-partition of X.

Proof. Again, h(F) — eg(F) measures the deficiency of the family F, so the
necessity follows easily by observing that an oriented new edge can cover at
most one member of a (sub)partition or a (sub)-copartition.

Sufficiency can be proved by showing that if (I0) and (1)) hold, then there
exists a vector m : V. — ZZ, with m(V) = 2v satisfying @)-); thus by
Theorem [2] we can find a feasible augmentation with degree-specification m.
The essential result in the proof is that the polyhedron

C:={m:V — Z, | m satisfies [@)-@)}
is a contra-polymatroid. Define the set functions
p1(X) = h(X) +ic(X),

p2(X) = h(X) +ic(X) - |E] .

By the crossing G—supermodularity of h, the set functions p; and po are
crossing supermodular, therefore the set functions p{ and p4 (as defined in (2)))
are also crossing supermodular. By the identity (B, a non-negative vector m
satisfies (@)—(@) if and only if the following hold:

(V) 2 2 (s () + (X)) (12)

m(X) > pp(X) + p2(X) for every X C V (13)

(V) 2 2 (gm0 +24(0)) (14)

m(X) > p1(X) +p5 (X) for every X C V. (15)

For a set X C V, define
P(X) 1= mise {5} (X) + pa((X), p1(X) + p(X), 0} . (16)
and let

p(V) = 2 max p(X) (17)

XCcV
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Then the polyhedron C' can be characterized as
C={m:V->Z | |mX)>pX)VX CV}.

To prove that C is a contra-polymatroid, we will show that the set function p”
is fully supermodular. First we establish some other properties of p”:

Proposition 2. For every proper subset X of V', the value of p"(X) is given by
MNX) = MY 2(Y)) .
PP (X) = max (pr (V) +p2 (V)

Proof. By definition p” is less or equal to the maximum on the right side. For
the other direction, suppose indirectly that there exists an Y C X and partitions
F1 and Fy of Y such that

pN(X) < p1(F1) + p2(Fa) .

Repeat the following step as many times as possible:

— If X € 71 and Y € F; are crossing, then replace X in F; by X — Y, and
replace Y in 5 by ¥ — X.

Observe that the resulting families are partitions of some proper subset of Y, so
the procedure terminates after a finite number of steps. Furthermore, X and Y
are crossing, so h(X) + h(Y) < (X NY)+ h(X UY) +dg(X,Y); this implies
that p1(X) + p2(Y) < p1(X = Y) + p2(Y — X). Let F{ and Fj denote the
families obtained at the end of the procedure; then Fj and Fj are partitions of
some Y/ C Y, and p(X) < p1(F)) + p2(Fh). Moreover, F| + F} is cross-free,

which means that there is a partition Y{,..., Y} of Y’, such that for every i
either F] contains Y, and F} contains a partition of ¥/, or vice versa. But then
p1(Fp) + p2(Fh) < p™(Y') < p™(X), a contradiction. 0

Proposition 3. The set function p satisfies
p(X) +p(Y) <pH(XNY)+pH(XUY) (18)
for every pair (X,Y).

Proof. The inequality is obvious if one of p(X) and p(Y) is zero, or X and Y
are not intersecting. If X UY = V, then p(X) + p(Y) < 2max{p(X),p(Y)} <
p(V) = p(X UY) < p"(X 1Y)+ p (X UY).

By Proposition 21t suffices to prove that if p(X),p(Y) > 0 and X and Y are
crossing, then

p(X) +p(Y) < (07 +p)(XNY) + (p7 +p3)(XUY) .
Using the definition of p and the supermodularity of pf* and p3,

P(X) +p(Y) < P} (X) +pA(X) + 0} (V) + D5 ()
<PHXNY)+p5(X NY) +pR(XUY) +ph(XUY).
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This property is sufficient for the supermodularity of p”, as the following
lemma states:

Lemma 3. If a set function p (with p(0) = 0) satisfies {I8) for every pair
(X,Y), then p" is fully supermodular.

Proof. For a set X C V, let Fx denote a partition of X for which p"(X) =
p(Fx). Let X, Y C V be an arbitrary pair. Starting from the family F = Fx +
Fy, repeat the following operation as many times as possible:

— If there is an intersecting pair X’ and Y” in the family, remove both of them,
and add the sets of Fx/ny’ and of Fx/yy-

The operation doesn’t change dz, and doesn’t decrease p(F), since p has the
property (I8). Since the operation either increases the cardinality of the family,
or increases Yy x| X |* without changing the cardinality, after a finite number
of steps we get a laminar family F’ for which p(F’) > p(F). Such a family
decomposes into a partition of X NY and a partition of X UY', hence p"(X) +
pMY)<pMNXNY)+pN(XUY). 0

Lemma [3] and Proposition ] implies that p” is fully supermodular, and it is
obviously monotone increasing, hence the polyhedron C' is a contra-polymatroid
defined by p”. It is known that in this case the minimum cardinality of an integral
element of the contra-polymatroid C is p” (V). Thus, for a fix v, there exists an
element m of C' with m(V) = 2v if and only if p"(V) < 2v. This exactly gives
conditions (I0) and (1) of the theorem. O

Remark 1. The following example shows that (I0) is not sufficient in Theo-
rem B Let V = {v1,v9,v3,v4}, E = {v1v2,v103,v104}. Let h = 1 on the sets
{v2},{vs}, {va} and on their complement; h = 0 on all other sets. We need at
least 2 new edges for a feasible orientation, but (Q) gives only v > 1.

Remark 2. A cost function ¢ : E — R is called node induced if c(uv) = ¢ (u) +
c(v) where ¢ : V — IR is a linear cost function on the nodes. To solve the
minimum cost augmentation for node induced cost functions, one can find a
minimum cost element m of the contra-polymatroid C' according to the cost
function ¢/, using the greedy algorithm. Then this m can be used as a degree
specification to find a minimum cost augmentation.

For general edge costs the problem is NP-complete: let G be the empty graph,
and let ¢(e) = 1 on the edges of a fix graph G*, ¢(e) = 2 on the other edges. Let
h(X) =1if X # 0,V; thus h is crossing supermodular. Now the minimum cost
of the augmentation is |V| if and only if G* contains a Hamiltonian cycle.
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4 (k,l)-Edge-Connected Orientations

In the introduction we defined (k,{)-edge-connectivity for non-negative integers
k > I, and mentioned that the (k,[)-edge-connectivity orientation problem is
a common generalization of k-edge-connectivity orientation (with [ = k) and
rooted k-edge-connectivity orientation (with I = 0). Recently, it was shown in
4] that the case | = k — 1 has an important role in orientations with par-
ity constraints. As for the corresponding augmentation problems, the degree-
specified and minimum cardinality augmentation of a graph to have a k-edge-
connected orientation is already solved, but the minimum cost augmentation is
NP-complete even for k& = 1. Conversely, for rooted k-edge-connected orienta-
tions, the minimum cost augmentation is easily solvable by matroid techniques,
but the degree constrained augmentation was hitherto unsolved.

To show how the results of the previous section can be used to solve degree-
specified and minimum cardinality augmentation of a graph so that the new
graph has a (k,[)-edge-connected orientation, fix a node s € V, and introduce
the following family of set functions:

koifs ¢ X,
hi (X) ::{l ifsiX. (19)

Menger’s Theorem implies that an orientation is (k, [)-edge-connected from root
s if and only if it covers hy;. The set function hy; is crossing G—supermodular
for any G. Note that if a digraph is (k,[)-edge-connected from root s, and for
some s’ € V — s we reverse the orientation of the edges of k — I edge-disjoint
paths from s to s, then we get a digraph that is (k,)-edge-connected from root
s’. Thus the root can be selected arbitrarily in orientation problems.

Theorem 4. Let G = (V, E) be a graph, and m : V — ZZ 1 a degree specification
with m(V') even. There exists an undirected graph G' = (V, E') such that G+ G’
has a (k,1)-edge-connected orientation and dg(v) = m(v) for allv € V, if and
only if the following hold for every partition F = {X1,..., X} of V:

m(;/) > (t— Dk +1—eq(F) (20)
miinm(z) >(t—-Dk+1—eq(F). (21)

Proof. The necessity can be shown as in Theorem [2. As for the sufficiency, we
can fix a node s € V and use Theorem [Z with hy;. In this case the inequalitiﬁs

(B) and (@) in Theorem Blare consequences of (@) and (IZ), since hyy(F) > hyi(F)
and eq(F) = eq(F) for every partition F. O

Theorem 5. Let G = (V, E) be a graph. There is a graph G’ with v edges such
that G + G’ has a (k,l)-edge-connected orientation, if and only if the following
two conditions are met:

1. v>({t—1Dk+1—eq(F) for every partition F with t members.
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2. 2v > t1k + tol — eq(F) for every F = F1 + Fo where F1 is a partition of
some X with t; members, Fa is a co-partition of X with to members, and
every member of Fo is the complement of the union of some members of F.

Proof. As in the proof of Theorem M, we demand that G + G’ should have an
orientation covering hy;. Going back to the proof of Theorem [Bl the set function
p defined in (I6) can be defined in this case as

max{p](X) +p2(X), 0} fXCV,

P(X) = {2maXch (DL (V) +pa(Y)) i X =V | (22)

As it was proved in Theorem B a feasible augmentation with + edges exists if
and only if p™(V) < 2v; by the above characterization of p, this is equivalent to
the conditions of the theorem. a

There are other equivalent characterizations of graphs that have a (k,[)-
edge-connected orientation. For given non-negative integers k and [, a graph
G = (V,E) is called (k,)-tree-connected if any graph obtained by deleting [
edges from G contains k edge-disjoint spanning trees; it is called (k,1)-partition-
connected if eq(F) > k(t —1)+1 for every partition F with ¢ members. Tutte [9]
proved that a graph is (k, 0)-tree-connected if and only if it is (k,0)-partition-
connected. This immediately implies that a graph is (k, [)-tree-connected if and
only if it is (k,)-partition-connected.

Simple calculation shows that for £ < I, a graph G is (k,)-tree-connected
if and only if it is (k + [)-edge-connected; hence the (k,[)-tree-connectivity aug-
mentation problem is interesting only for k > [.

Proposition 4. For k > 1, a graph G = (V, E) is (k,l)-tree-connected if and
only if it has a (k,l)-edge-connected orientation.

Proof. Tt follows from the orientation theorem in [I] that for k£ > [, a graph has a
(k, 1)-edge-connected orientation if and only if it is (k, [)-partition-connected. O

Thus Theorems [ and [l solve the degree-specified and minimum cardinality
(k, 1)-tree-connectivity augmentation problem.

5 Positively Crossing G-Supermodular Set Functions

A set function h is positively crossing G-supermodular if () holds for every
crossing pair (X,Y) for which h(X),h(Y) > 0.

Let M = (V;E,A) be a mixed graph, where E is the set of undirected
edges and A is the set of directed edges. Then the task of finding a (k,!)-edge-
connected orientation of M for a fix root s is equivalent to finding an orientation
of the edges in E that covers the set function max{hy; — 04,0}, where hy; is
defined in (I9). This set function isn’t crossing G—supermodular anymore, but
it is positively crossing G—supermodular for any G. This motivates the study of
the h-orientation problem for positively crossing G—supermodular set functions,
and the corresponding augmentation problems.
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The characterizations in this section involve some complicated set families.
Every cross-free family F has a tree-representation (T, ), where T = (W, B) is
a directed tree, and ¢ : V — B is a mapping such that {p=*(W,) | e € B} =
F, where W, is the component of T" — e entered by e. A tree-composition of
) # X C V is a cross-free composition of X which has a tree-representation
(T = (W, B), ) such that o~ 1(w) # 0 for every w € W. Equivalently, a tree-
composition of X is a cross-free composition of X that contains no partitions
and co-partitions of V. A partition or a co-partition of V' will be regarded as a
tree-composition of ().

In this section we solve the degree-specified augmentation problem, by mainly
the same methods as in Sect. 3, but instead of relying on the properties of base
polyhedra, we use the following extension of the classical result on the TDI-ness
of the intersection of base polyhedra:

Lemma 4. Let p: 2V — ZZ U{—oc} be a fully supermodular set function, and
let q : 2V — ZZ U{—oc} be a set function that is supermodular on the crossing
pairs (X,Y) for which p(X) < q(X) and p(Y') < q(Y). Then the system

{zeRY | 2(V)=p(V); x(2) >p(Z), 2(Z) > q(Z) VZ CV} (23)

1s TDI; it has a feasible solution if and only if

p(X) +q(F) < (a+1)p(V) (24)

for every X C V (including the empty set) and every tree-composition F of X
with covering number .

Proof. To prove TDI-ness, we have to show that the dual system

max {y1p+ v2q — Bp(V) : (y1 +y2)A — Bl =c, y1,y2,06 >0}

has an integral optimal solution for every integral ¢, where y1,92 : 2V — @ i
are dual variables on the sets, y; corresponding to the inequalities featuring
D, Y2 corresponding to those featuring ¢, 3 € @, is the dual variable for the
inequality (V) < p(V), and A is the incidence matrix of all subsets of V. The
main observation is that we can assume that y; is positive on a chain and y- is
positive on a cross-free family: this can be achieved by a slight modification of
the usual uncrossing technique. Consider the following operations:

— If y1(X),y1(Y) > 0 and neither X C Y, nor Y C X, decrease y; on X and
Y by min{y; (X),y1(Y)}, and increase y; by the same amount on X NY and
XUY.

— I ya(X),y2(Y) > 0, p(X) < q¢(X), p(Y) < ¢(Y) and X,Y are crossing, then
decrease y2 on X and Y by min{y2(X),y2(Y)}, and increase y2 by the same
amount on X NY and X UY.

— If yo(X) > 0 and p(X) > ¢(X), then decrease yo on X to 0 and increase y;
on X by the same amount.
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These operations do not decrease y1p + y2g — Bp(V'), and they maintain (y; +
y2)A — 81 = ¢. We show that by repeatedly applying these operations (in any
order), in a finite number of steps we get an optimal dual solution (v}, y5,3)
such that y} is positive on a chain and ¥} is positive on a cross-free family.

Since y1,y2 € @, there is a positive integer v such that vy; and vy, are
integral. The sum

vz Y wOIXP+ Y w0)xP

y1(X)>0 y2(X)>0

increases by at least 1 with any of the above operations, and it is bounded from
above by 2v|V|? (8 + max,cy ¢(v)). Thus the procedure terminates after a finite
number of steps.

We proved that there is an optimal dual solution (y1, v%, 3) where y} is posi-
tive on a chain and g} is positive on a cross-free family; but this means that this
is also an optimal solution of the dual of the system we get if we restrict p to the
sets where y] is positive, and restrict ¢ to the sets where y) is positive (changing
their value to —oo on all other sets). This system is the intersection of two base
polyhedra, so it has an integral optimal dual solution, which is in turn optimal
for the dual of the system (23); therefore the system (Z3) is TDIL.

The proof of the non-emptiness condition (24]) is similar: the infeasibility
of the system is equivalent to the feasibility of its dual by the Farkas Lemma;
a feasible dual solution can be uncrossed as above, so dual feasibility implies
the emptiness of the intersection of the two base polyhedra given by p and ¢
restricted to the sets where y} and y) are positive. Thus the emptiness condition
for the intersection of base polyhedra (which is of the form (24))) is sufficient for
the infeasibility of the original system. a

Theorem 6. Let G = (V,E) be a graph, h : 2V — Z, a positively crossing
G-supermodular set function on V, and m : V. — ZZ, a degree specification
with m(V') even; let
1%
hm(X) := h(X) —|—max{0,m(X) - m(2)} .
There exists an undirected graph G' = (V, E') such that G+G' has an orientation
covering h and dg/(v) = m(v) for allv € V if and only if
— \% \%4

him(F) + max {07m(X) - L(Q ) } <eq(F)+ (a+ 1)7m(2 )
for every X C V and for every tree-composition F of X with covering number
a.

Proof. The necessity follows from the fact that if ' is a regular family with
covering number o 4 1, then o5(F’) < eg(F’) for any orientation of G, and

0a (F) < (a+ 1)@ - Z max{O,m(X) - m(V)}

2
XeF!
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for any orientation G of a graph G’ satisfying the degree specification.
The sufficiency can be proved in essentially the same way as in Theorem
define Gg and hg similarly, and for X C V, let

p(X) i=ig(X) +max{0,m(X) - m(2V)} ,
q(X) = h(X)—i—ig(X)—i—max{O,m(X) — m(QV)} :

In this case Lemma[d] implies that an orientation of G covering hg exists if and
only if the polyhedron

{: VR |2(V)=p(V); 2(2) >p(2), ©(Z) > q(Z)VZ CV}
has an integral point.

Claim. The set function p is fully supermodular, and the set function ¢ is super-
modular on the crossing pairs (X,Y") for which p(X) < ¢(X) and p(Y) < q(Y).

Proof. The set function p is the sum of two fully supermodular functions, so
it is fully supermodular. Since h is positively crossing G—supermodular, ¢ is
supermodular on the crossing pairs (X,Y") for which h(X),h(Y) > 0, and these
are exactly the crossing pairs for which p(X) < ¢(X) and p(Y) < ¢(Y). O

Lemma[4] implies that an orientation of Gy covering hq exists if and only if

p(X) +q(F) < (a+1)p(V)

for every X C V and every tree-composition F of X with covering number a.
Using (B) this is equivalent to the condition of the theorem.

From here we can follow the line of the proof of Theorem [2. Let do be the
orientation of Gy covering hg, and let G denote the edges of G\ not incident with
z. Let m;(v) be the multiplicity of the edge zv in Gy, and m, (v) the multiplicity
of the edge vz in Gy. Define the set function h/(X) = h(X) — 0a(X); b is
positively crossing supermodular. As in the proof of Theorem [2, we can apply
Lemma @2 (with the m;, m, and b’ defined above) to obtain a directed graph D
whose underlying undirected graph is a feasible augmentation. O

Remark 3. We can use the ellipsoid method to prove that the above theorem
gives rise to a polynomial algorithm. To prove that the optimization for (23)
can be solved in polynomial time, we show that the separation can be solved
for a vector . We know that the separation algorithm works for supermodular
functions. Thus we can determine if there is a set X with z(X) < p(X). If not,
then for the set function ¢*(X) = max(x(X), ¢(X)), B(g*) is a base polyhedron.
Therefore we can solve the corresponding optimization problem, which implies
the solvability of the separation problem; this is equivalent to the separation
problem for ¢ concerning x.
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Remark 4. The condition involving tree-compositions may seem unfriendly, but
it is unavoidable, even in the special case when the problem is to find an orienta-
tion of the undirected edges of a mixed graph such that the resulting digraph is
k-edge-connected. This orientation problem was already considered in [3], where
crossing G—supermodular set functions with possible negative values were stud-
ied. The following example shows that the positively G—supermodular case is
more general, i. e. not every positively crossing G—supermodular set function h
can be made crossing G—supermodular by decreasing the value of h on some of
the sets where it is 0.

Let X7, X2, X3 be three subsets of a ground set V in general situation. Let
hMX;) =1, h(X; UX;) =2 (i # j), h(X; UXaU X3) =4, and h(X) = 0 on the
remaining sets; this is a positively crossing supermodular function. The value of
X1 N X5 cannot be decreased since

h(Xl ﬂXz) > h(Xl) + h(Xg) - h(Xl U Xg) =0.
Therefore it is impossible to correctly modify h so as to satisfy

MX1NXs) <h(XiNXoNXs)+h(X1NXoUX3)—h(X3)<—1.
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Abstract. We give a constructive characterization of graphs which are
the union of k spanning trees after adding any new edge. This is a gen-
eralization of a theorem of Henneberg and Laman who gave the charac-
terization for k = 2.

We also give a constructive characterization of graphs which have k
edge-disjoint spanning trees after deleting any edge of them.
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1 Introduction

The idea of constructive characterizations in graph theory is not new. The first
example is the following theorem of Tutte [15] from 1966. A graph on more than
k nodes is said to be k-node-connected if after deleting less than k nodes the
graph remains connected.

Theorem 1 (Tutte). An undirected graph G = (V, E) is 3-node-connected if
and only if G can be obtained from the complete graph on 4 nodes by the following
two operations:

(i) add a new edge,

(ii) take a node z and replace it by two nodes z1, z2, put an edge between them,
and put edges incident to z1, zo such that the union of the neigbours of them
are exactly the original neighbours of z and there are at least two neighbours
of z; fori=1,2.

In 1976 Lovész [8] proved the following theorem. A graph is said to be k-
edge-connected if after deleting less than k edges the graph remains connected.

* Research supported by the Hungarian National Foundation for Scientific Research
Grant, OTKA T17580.

** This author is supported by the Siemens-ZIB Fellowship Program and FKFP grant
no. 0143/2001.

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 145-159, 2001.
© Springer-Verlag Berlin Heidelberg 2001



146 A. Frank and L. Szeg6

Theorem 2 (Lovasz). An undirected graph G = (V, E) is 2k-edge-connected if
and only if G can be obtained from a single node by the following two operations:

(i) add a new edge,
(ii) add a new node z, subdivide k existing edges by new nodes, then identify the
k subdividing nodes with z.

The (ii) operation in this theorem is called pinching k edges (with z).
Similar constructive characterizations for directed edge-connectivity in di-
rected graphs exist due to Mader [9].

Theorem 3 (Mader). A directed graph G = (V, E) is k-edge-connected if and
only if G can be obtained from a single node by the following two operations:

(i) add a new edge,
(ii) pinch k existing directed edges.

Another example of this kind of theorems concerns spanning trees. We call
an undirected graph k-tree-connected if it contains k edge-disjoint spanning
trees. It was observed in [3] that a combination of Mader’s characterization and
Tutte’s disjoint tree theorem gives rise to the following.

Theorem 4. An undirected graph G = (V, E) is k-tree-connected if and only if
G can be built from a single node by the following two operations:

(i) add a new edge,
(ii) pinchi (0 < i< k—1) existing edges with a new node z, and add k —i new
edges connecting z with existing nodes.

For a direct proof see Tay [13].

An undirected graph G = (V, E) is said to be k-stiff if it is the union of k
edge-disjoint spanning trees after adding any new edge, that is, G+e is the union
of k edge-disjoint spanning trees for every possible new edge e = uv (u,v € V)
(multiple edges are permitted).

2-stiff or, as often called, minimal generically rigid graphs are important in
statics. A framework in the plane is statically rigid if and only if its graph has a
minimal generically rigid subgraph. This was proved by Laman [7]. A framework
consists of rigid rods and rotatable joints. Its underlying graph is the natural
one: the node set is the set of the joints and there is an edge between two nodes
if there is a rod between the corresponding two joints. A consequence of the
theorem of Laman is that the notion of rigidity is a property of the graph and
not only its embedding into the plane with real rods and joints.

According to a theorem of Nash-Williams [12], a graph G = (V, E) is k-stiff
if and only if |E| = k(]V|—1) — 1 and yq(X) < k(| X]| — 1) — 1 for every subset
X CV with | X| > 2 (where y¢(X) denotes the number of the edges of G whose
two end-nodes are in X). By combining theorems of Henneberg [5] and of Laman
[7], one obtains the following constructive characterization of 2-stiff graphs.

Theorem 5 (Henneberg and Laman). A graph G is 2-stiff if and only if G
can be constructed from one (non-loop) edge by the following two operations:
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(i) add a new node z and connect z to two distinct existing nodes,
(ii) subdivide an existing edge uv by a node z and connect z to an existing node
distinct from u and v.

In this paper we give the generalization of this theorem for arbitrary k. The
difficulties which come to the picture for k greater than 2 will be presented in
the next section. We note however that 3-stiff graphs have no direct meaning in
3-dimensional rigidity.

In Sect. 3 we will give a corresponding constructive characterization of graphs
which have k edge-disjoint spanning trees after deleting any edge of them.

For the sake of completeness we give the original theorem of Henneberg [5]
and Laman [7].

Theorem 6 (Henneberg). A framework in the plane is minimally rigid if and
only if it can be constructed from one rod by the following two operations:

(i) add a new joint z and connect z to two distinct existing joints by rods,
(ii) subdivide an existing rod uv by a node z and connect z to an existing joint
distinct from uw and v.

Theorem 7 (Laman). A framework is minimally rigid if and only if its un-

derlying graph G = (V. E) has the following property: |E| = k|V| — (k + 1),
76(X) < X| — (k+1) for all X CV,|X| > 2.

2 Construction of k-Stiff Graphs

Let k be an integer not less than 2. Let KX~ denote the graph on two nodes
with k — 1 parallel edges.

Theorem 8. G = (V, E) is a graph. The following are equivalent:

(1) G k-stiff.
(2) |E| =klV|—(kE+1) and v¢(X) <k|X|—(k+1) for all subsets X CV,
| X[ > 2.

(3) G can be built from K§_1 by applying the following operation:
Choose a subset F' of i existing edges (0 < i < k — 1), pinch the elements of
F with a new node z, and add k —i new edges connecting z with other nodes
so that there are no k parallel edges in the resulting graph.

The equivalence of (1) and (2) is straightforward by a theorem of Nash-Williams
[12]. The fact that (3) implies (2) is an easy exercise.

(2) implies (3). This is the main point of this section.

After some definitions and lemmas, we give a necessary and sufficient condi-
tion when the inverse of operation (3) is applicable at node s, which is important
for an inductive proof.

A graph which satisfies the conditions in (2) is called a Laman-graph.
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A graph D on node-set U is called an admissible graph if it satisfies the
following property:

(4) o (X) < Ek|X|— (k+1) for all subsets X C U, |X| > 2.

In the graph G = (V, E) splitting off a pair of edges at node s means the
operation of replacing su and sv by a new edge connecting v and v.

At node s with degree k +1i (0 < ¢ < k — 1) admissible splitting off
j (1 <37 < k—1) pairs of edges means j number of splitting off a pair of
edges such that the resulting induced subgraph on V' — s is an admissible graph
(we often leave out the word admissible). If j = ¢, then it is called a complete
splitting off.

Our goal is to find a node s with degree k+4 (0 <4 <k — 1) in the Laman-
graph G, such that ¢ pairs of edges can be split off, that is, the inverse operation
of (3) can be applied at the node s in such a way that the resulting graph is also
a Laman-graph. This will give our inductive proof.

G’, will denote the graph that we obtained by splitting off some pairs of edges
incident to s. We will use the term split edge in G/, for an edge uv which comes
from splitting off edges su and sv.

Definition 1. Let bg denote the following function on the subsets of V' with
cardinality at least 2:

bo(X) = kI X| = (k+ 1) — 76(X).

By this definition we have the following: for a graph G, property (2) holds
if and only if bg(V) = 0 and bg(X) > 0 for all subsets X C V,|X| > 2. The
graph G = (U, F) is an admissible graph if and only if bg(X) > 0 for all subsets
X CU|X|>2

If bg(V) = 0, then X is said to be a G-tight set. From now on we leave G
out if it is unambiguous.

All the lemmas below are about admissible graphs.

Lemma 1. Let X andY CV and | X NY| > 2. Then
WX)+b(Y)=bXNY)+bXUY)+dX,Y).
Proof. b(X)+b(Y) =k|X|—(k+1)—va(X)+k|]Y|—(k+1)—vc(Y) = k(| X|+
Y])=2(k+1)—(1e(XNY)+7a(XUY)+d(X,Y)) = k|XNY| = (k+1) =y (XN
Y)+EXUY|—(k4+1)—7a(XUY)+da(X,Y) =b(XNY)+b(XUY)+d(X,Y).
O

Lemma 2. If X;,X9, X3 C V and |X; N X)| = 1 for all possible pairs and
|X1 N Xs ﬂX3| =0, then

3
Z —k+2.

Cw

<.
Il
—
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Proof. b(Uj_, X;) = KUjZy X5 = (k + 1) = va(Ui2, X;5) < k(Z_, 1X] -
3) = (k+1) = i 76(X5) = Yo (KX — (k+1) —qa(X;) —k+2 =
S b(X;) — k42 O

j=1

Lemma 3. X, Y CV, | XNY|=1. Then
H(X)+b(Y)=bXUY)—-1+d(X,Y).

Proof. b(X) +b(Y) = k|X| - (k+1) —ye(X)+ kY| - (k+1) —v(Y) =
RIXI+Y[=1) = (k+1) =1 = (7a(X) +7¢(Y)) = kX UY| = (k+1) -1 -
(ve(XUY) —de(X,Y))=b(XUY)—-1+d(X,Y). O

From now on G is a graph which satisfies (2) in our theorem, that is, G is
a Laman-graph, and not Kgil. It is easy to see that there exists a node s with
degree d(s) such that k& < d(s) < 2k — 1. Tt is also clear that the multiplicity of
edge uv is at most k — 1 (by (2): va({u,v}) < k{u,v}| — (E+1) =k —1).

Observation 1. The edges su and sv cannot be split off (that is, adding the
edge uv to the induced subgraph of G on V — s does not result in an admissible
graph) if and only if there exists a tight set in G which does not contain s but u
and v.

Observation 2. By Lemma 2 a splitting off at node s cannot be kept on if and
only if the remaining neighbours of s are in a tight set which does not contain s
or there is only one remaining neighbour of s.

Theorem 9. Let G be a Laman-graph. If s € V' has degree k or k + 1, then a
complete splitting off is applicable at it.

Proof. If s has degree k, then a complete splitting off means deleting it with all
its adjacent edges. This results obviously in a Laman-graph.

If s has degree k + 1, then we should find a pair of edges su and sv with
u # v such that G — s + uv is an admissible graph.

There is no tight set X not containing s which contains all the neighbours
of s because, if there was one, then bg(X + s) < 0 which contradicts to (2).
Because of the fact that there are no edges with multiplicity greater than k — 1,
the neighbour-set of s in G has at least two elements, so by Lemma 2 and
Observation 1 there is an admissible splitting off. O

If £ = 2, then there is no other case, so we proved the theorem of Henneberg
and Laman: every node with degree 2 or 3 admits a complete splitting off. If
k > 3, then life is much more complicated, as was observed by Z. Kiraly [6]. He
found a graph for k = 3 in which there is no splitting off 2 pairs of edges (that
we would need) at a node with degree 5.

Here we give a necessary and sufficient condition for a node with degree
k+i(2<i<k—1) (let us call a node like this a small node) which admits
a complete splitting off. Let I'¢(v) denote the number of the nodes in graph G
that are connected to node v by an edge.
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Theorem 10. At node s with dg(s) = k+ i (2 < i < k — 1) there exists
a complete splitting off if and only if there do not exist the following subsets
X1, Xo,..., X, CV — s such that the following holds:

a) X; NX; = {t} with a fir nodet € V —s for all possible pairs X;, Xy,
b) ba(X) < dg(s,X; —t) for all possible j,
c) da(s,t) > (k—i) +da(s,V — s — UL X;) + 3770 ba(X;).

Proof. Let us consider a small node s. The necessity of the condition is obvious,
because the sets X; give that the maximum number of edges between s and
t which can be split off with other edges is at most dg(s,V — s — U}"ZlXj) +
ZTZI be(X;), but by c), for a complete splitting off, we would need more (7).

Sufficiency. Let us consider a maximal splitting off with respect to the number
of split edges, moreover in the resulting graph G/, the number of neighbours of
s is maximal, that is, [I'g, (s)| is maximal, moreover, if [I'g: (s)| > 2, then the
tight set containing |I'g/ (s)| is maximal. By Observation 1 this tight set gives
the fact that there is no more splitting off at s.

If we managed to split off 7 pairs of edges at s, then it is the inverse operation
of (3), so there exists a complete splitting off. If not, then we will find the sets
X;.
Lemma 4. G, is obtained by a mazimal but not complete splitting off at s. If
s has only one neighbour t in G, then there exists a split edge which is disjoint
from t.

Proof. Let us suppose that we split maximum number [ pairs of edges and one
endnode of every split edge is t. Since this splitting off is not complete, [ < i.
Then in the original graph G:

da(s,t) =dg(s) —l=k+i—-1>k,
which contradicts the condition in (2) for the set {s,t}. O

Lemma 5. G is obtained by a mazimal but not complete splitting off at s. If
s has at least 2 neighbours in G, then let Py, denote the mazimal tight set
which covers all the neighbours of s in GY,.

Then there exists a split edge which is disjoint from the nodes of Ppay.-

Proof. Let us consider a maximal splitting off at node s, and let j denote the
number of split edges in P,,,, and let [ denote the number of edges with exactly
one endnode in P,,,,. Let us suppose that there are no other split edges. Then:

Y6 (Prmaz+8) = e (Praz) +i+1+(k+i—2(j+1)) = Y, (Praz) +k+(i—(5+1))

>k‘Pmaz|*(k+1)+k:k|Pmax+S|f(k+1)
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Lemma 6. Let G be an admissible graph and X is a maximal tight set in it
which contains the distinct nodes c1,co. Let d be a node in V. — X. Then there
18 mo tight set which contains ¢; and d for i =1 or 2.

Proof. We may suppose that there is a tight set P containing ¢; and d. According
to Lemma 1 PN X = {¢1} because X is maximal. By Lemmas 1 and 2 we can
see that there is no tight set containing co and d. a

Lemma 7. Let G, denote the graph obtained by splitting off some edges at s.
Let as,bs € E(G%) (a # b) and wv be a split edge in G, such that the mazimal
tight set P does mot contain s,u,v but a,b.

If sa and sb are both multiple edges, then instead of spliting off su, sv we can
split off (sa,su and sa, sv) or (sb,su and sb, sv).

If there is a third distinct node ¢ in P with edge sc in G such that su, sc
is not splittable, then instead of spliting off su,sv we can split off (sa,su and
sb, sv) or (sb,su and sa, sv).

Proof. According to Lemma 6, we can see that there are no tight sets which
would be obstacles to the ’splitting off’s in every case, it is remained to see, that
we can apply the corresponding two ’splitting off’s at the same time. If not, then
there is a set with too many induced edges, which contains the two new split
edges. But it means, that, before this, there is a tight set containing a, b, u, v but
not s, which contradicts the maximality of P according to Lemma 1. a

Case 1. Let us suppose that [I'c/(s)| > 3, let a1, as,a3 denote three of these
nodes.

According to Observation 2, there exists a maximal tight set P containing
I'c: (s). By Lemma 5, there is a split edge uv disjoint from P. By Lemma 7, it
follows that the splitting off we consider is not maximal, a contradiction.

Case 2. Let us suppose that [I'g:(s)] = [{t,z}| = 2. If dg/(s,t) > 2 and
dg: (s,%) > 2, then, as above:

LAccording to Observation 2 there exists a maximal tight set P containing
I'c: (s). By Lemma 5 there is a split edge uv disjoint from P. By Lemma 7, it
follows that the splitting off we consider is not maximal, a contradiction.

We may suppose, that the multiplicity of edge sz is in G, exactly one, that is,
it is not a multiple edge. We have: dg/ (s,t) > k+i—2(i—1)—1=k—i+1>2.

Let w € V be an arbitrary node which is incident to some split edge which
is disjoint from t. Let P, be the maximal tight set which does not contain s but
u and ¢ and contains the minimal number of split edges that are disjoint from
t. Let P, be the maximal tight set which does not contain s but z and t and
contains the minimal number of split edges that are disjoint from ¢. We will see
that these sets give the setsystem in Theorem 10.

Case 3. Let us suppose that [I'g: (s)| = [{t}| = 1. We have: dg/ (s,t) > k +1i —
20i—1)=k—i+2>3. ‘

Here, let us define the sets P, as in the above case.

In the above two cases the setsystem of sets P, is called the flower of node
s. A set P, is called a petal of the flower or node s.
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Proposition 1. There is no split edge in an arbitrary petal which is disjoint
from t.

Proof. Let us suppose on the contrary that there is a split edge ab.

Let us consider P,. First let us suppose that a, b, z are three distinct nodes.
Since splitting off st, sz intead of sa, sb would result in a maximal splitting off
with three neighbours of s, there is a tight set X which is an obstacle to it, that
is, it contains ¢, z and exactly one of a and b. X N P, contains a smaller number
of split edges, which gives a contradiction. Now let us suppose that a = z. The
justification is just the same as above.

Let us consider P,. Now we have a split edge uv such that v ¢ P, (if not,
then split off st, su instead of su, sv results in a maximal splitting off with one
more remaining neighbour of s). P,N P, = {t} because of Lemma 1. Splitting off
su, st and sv, sa instead of sa, sb and su, sv would result in a maximal splitting
off with one more neighbour of s, so there exists an obstacle to it, that is, the
set X containing a, u,v,t, not s which is tight in G%. But then X N P, contains
a smaller number of split edges, which gives a contradiction. O

Proposition 2. Let us suppose we defined P, and P, for nodes u,v. Then P, =
P,, or P, NP, = {t}.

Proof. By Lemma 1 P, C P, can not be. If P, # P, and |P, N P,| > 2, then
by Lemma 1 dg: (Py, P,) = 0 and P, U P, is tight. Since it does not contain any
split edge disjoint from ¢, it contradicts the choice of P, by maximality. a

We state that the sets P, satisfy the condition of the theorem. Now a) and b)
follows. c) is implied by the fact that the maximal splitting off that we consider is
not complete and the number of the neighbours of s after the maximal splitting
off is I'g: (s) < 2. This is the end of the proof of Theorem 10. O

From now on, if s is a small node which does not admit a complete splitting
off, then we have a flower with it, and it can be the type of Case 2 (that is, which
comes from a maximal splitting off with two remaining neighbours of s) then we
will refer to it as a first type flower, or it can be the type of Case 3 (that is, s
has one remaining neighbour), then we refer to it as a second type flower.

Let us fix the set-system P that we defined to every small node without a
complete splitting off. (That is, we consider a special flower whose number of its
petals is minimal, moreover the petals are maximal sets.) Let T'(s) denote the
node t for every s, and it is called the blocking node of s, that is, it is the
center node of the flower of s.

It follows from Theorem 10 that every small node which does not admit a
complete splitting off has a unique blocking node. But this is not important for
our proof, let us fix one flower, and it has a unique centre.

We have the following.

Lemma 8 (number of petals). For any small node s which does not admit a
complete splitting off: |Ps| > 3.
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Proof. If the flower of s is of first type, then there exists a maximal tight set P4,
in graph G/, which was obtained after a maximal splitting off which contains P,
as a subset. By Proposition 1, there exists a split edge ab disjoint from P, ;.
P, together with P, and P, are three different petals.

If the flower of s is of second type, then it is enough to see, that there are
at least two split edges not incident to ¢ (the centre of the flower). By Lemma
4, there exists one split edge like this. Let us suppose that there is no other
split edge disjoint from ¢. Then: let m be the number of split edges incident
to t in set P, U P,, moreover let | be the number of split edges incident to
t with the other endnode not in P, U P,. Since P, U P, is a tight set in G,
bg(P, U P,) = m+ 1. As we have a maximal but not complete splitting off,
m+1+1 < i So, bg(P,UP,+s) = bg(P, UPR,) +k—dg(s,P, UP,) =
m+1+k—(k+i—1)=m+1+1—14<0, which is a contradiction. O

Lemma 9 (flower-lemma). If petal P of s contains the small node s’ such
that T'(s) = T(s") and P’ is a petal of s and P' — P # (), then s € P’.

Proof. Let us suppose that s ¢ P’.
First case. |[PNP'| > 2.

Let n be the number of split edges in PN P’ in graph G’, (since this set is a
subset of a petal, there cannot be split edges not incident to t), moreover let m
be the number of split edges in P’ — P in the same graph. By a), bg(P’') = n+m
and bg(PNP') > n, dg(P,P") > m.

Now we have bg(P) < bg(PUP’) = bg(P)+bg(P')—bs(PNP')—de(P, P') <
ba(P)+n+m—n—m = bg(P). Which means that P U P’ contradicts to the
maximality of petal P of s.

Second case. |[PN P'| = 1.

Let m be the number of split edges in P’ in graph G, (these are all incident
to t since P’ is a petal). This gives bg(P’') =m, dg(P,P’) > m+1 (+1 follows
from the fact that every petal Py of s’ contains a node which is incident to a
split edge disjoint from ¢ in graph G’, which is obtained by a maximal splitting
off. That is, there is at least one more edge between s’ and Py — t in G.)

So, bg(P) < bg(PUP') =bg(P)+bs(P')+1—dg(P,P) <bg(P)+m+
1—(m+1) = bg(P). Which means that P U P’ contradicts to the maximality
of petal P of s. O

Let us consider a petal P of the flower of a small node s. If there is a small
node s’ € P whose blocking node is also T'(s) = ¢, then let us define the following
(the flower of s" is denoted by X7, Xa,... X.):

7(s") = _min {s" € (UJL1 X; — X)) NP :T(s") = t}].
According to the Flower lemma, there is a small node sg in P such that
7(s0) = 0. This means that so has at least two petals that are entirely in P and
do not contain any small node with blocking node T'(s) = ¢.
It is clear that a tight set X either has two nodes with & — 1 parallel edges,
or d(v, X —v) > k for an arbitrary v € X.
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Proposition 3. Let X1 and Xso be two petals of sg that do not contain any
small node with blocking node t. Then dg(t,X; —t) +da(t,Xo —t) > k

PT’OOf. dG(t,Xl - t) +dG(t,X2 - t) 2 dG/S (t,Xl - t) +dG;(t,X2 - t) - (Z — ].) Z
dg (t, X1 —t) +dg (t, X2 —t) = (k—2)>2(k—-1) - (k—2) = k. O

Let us give a lower bound on the edges that are incident to some blocking
node T'(s) =t for some s and whose other endnode is not a small node (that is,
has degree at least 2k) or a small node whose blocking node is also t. Let A(t)
denote this number for blocking node t.

Let us consider an arbitrary blocking node ¢ that is a blocking node of some
small nodes. Let s be a small node like that. Let us consider three petals of
s P1, Po, Py (they exist by lemma 'number of petals’). We may exchange some
indices to get one of the following four cases.

Case A. There are no small nodes in the above petals blocking by t.

Then A(t) > Y0 da(t, Pj—t) > 320_ da (6, Py —1) — (i—1) > 3(k—1) —
(k—2)=2k—1.

Case B. Py contains at least one small node blocking by ¢, P, P3 do not.

By Proposition 3: A(t) > k +dg(t,Po —t) +dg(t, Ps —t) > k +dg: (t, P> —
t)+dg (t,Ps—t)—(i—1)>k+(k—=1)+(k—1) - (k—2) =2k
Case C. Py, P, contains at least one small node blocking by ¢, P3 does not.

By Proposition 3: A(t) > 2k +dg(t, P3s —t) > 2k +dg: (t, Ps—t) — (k—2) >
2k+(k—1)—(k—2)=2k+ 1.

Case D. Py, Py, P3 contains at least one small node blocking by .

Then: A(t) > 3k.

We have in every case: A(t) > 2k — 1.

We saw that, for a small node s, if d(s) = k+i and T'(s) = ¢, then dg(s,t) >
k—i+1. Let ng4; denote the number of nodes with degree (k+1i),2 <i < k—1.

If there is a node with degree less than k + 2, than a complete splitting off is
applicable at it by Theorem 9. To prove Theorem 8, let us suppose that every
node has degree at least k + 2. Let 7' C V be the set of the blocking nodes for
every small node. Let us suppose that every small node has a blocking node,
that is, it does not admit a complete splitting off.

Now we have:

90B| = 2(k|V| — (k + 1)) = 2k|V| — 2k — 2 = 2|E| >

k—1 k—1
> da(t) + > (k+ i) + 2k((V] = [T =D nggs) >
teT =2 1=2
k—1 k—1 k—1
> (2k = VIT|+ D (k =i+ Dngpi+ > (k+i)nppi +26(V| =T =D ngrs) =
1=2 =2 =2

k—1
=2k[V| = [T| + Y npyi > 2k|V.
=2
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Zf:_; ng+; > |T| holds because we fixed one blocking node to every small
node. So we arrive at a contradiction which means there exists a small node at
which a complete splitting off is applicable. a

The following theorem can be proved by a slight modification of the above
computation.

Theorem 11. If G is k-stiff and is not Ky~ ', then there are at least three nodes
such that a complete splitting off is applicable at them.

An open question is how we can quickly give the k edge-disjoint spanning
trees after adding an arbitrary new edge if we know how the graph is built up
by the operations.

The following theorem characterizes the connected graphs that are the union
of k forests after adding an arbitrary edge.

Theorem 12. Graph G is the union of k spanning trees after adding an arbi-
trary edge if and only if it is a connected subgraph of a k-stiff graph.

Proof. 1t is straightforward that any connected subgraph of a k-stiff graph has
this property.

By the theorem of Nash-Williams [12], G = (V, E) is the union of k (not
necessarily edge-disjoint) spanning trees after adding an arbitrary edge if and
only if it is connected and v (X) < k|X|— (k+1) for all X C V. We claim that
if |E| < k|V] — (k+ 1), then we can add an edge e such that G + e is also the
union of k forests after adding an arbitrary edge. This will prove the theorem.

Let us consider a maximal tight set X and node u € X, other node v ¢ X.
If we cannot add edge wwv, then there exists a tight set Y containing v and v.
According to Lemma 2, there is a node a in X —Y and a node b in Y — X such
that we may add edge ab to G. O

We remark about constructive characterizations in general that the fact that
one obtains the required type of graphs by the operations is always much easier
to prove than the other direction: in a graph which has the required property
we can always find a node where we can perform an inverse operation such that
after it we get a smaller graph which also has the required properity.

In the proof of the theorem of Lovasz or that of Mader one finds the following:
an inverse operation can always be performed at a node with suitable degree such
that it gives a smaller graph of the same kind.

This was also the case for k£ = 2 with k-stiff graphs, but not if k£ is greater
than 2. Here we can easily find a node with the degree we are looking for (this
is not the case in the theorems of Lovdsz and Mader) but in general there is no
way to perform the inverse operation at that node.

(We remark that there are other constructive characterizations where the
inverse operation is not only considering one single node and performing some
operation with the edges but something different as in the case of Theorem 1.)

We finish this section by putting the question if there is a similar constructive
characterization of graphs that are the union of k£ edge-disjoint spanning trees
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after adding arbitrary { number of edges. We mention that the basic lemmas we
used in our proof are valid if and only if 2] < k, furthermore there is no graph
on three nodes that are the union of k edge-disjoint spanning trees after adding
[ number of arbitrary edges if 21 > k.

3 Construction of (k,1)-Edge-Connected Digraphs and
(k,1)-Partition-Connected Graphs

In a directed graph by splitting off a pair of edges e = uz, f = zv we mean
the operation of replacing e and f by a new directed edge from u to v. Suppose
that the in-degree and the out-degree of z is the same, that is, o(z) = d(z).
By a complete splitting at z we mean the following operation: pair the edges
entering and leaving z and split off all these pairs.

For non-negative integers I < k, we call a digraph D (k,[)-edge-connected
(in short, (k,l)-ec) if D has a node s so that there are k (resp., !) edge-disjoint
paths from s to every other node (there are [ edge-disjoint paths from every node
to s). If there is an exceptional node z for which the existence of these edge-
disjoint paths is not required, we say that D is (k,[)-edge-connected apart
from z. When the role of s is emphasized, we say that D is (k, )-ec with respect
to root-node s. (k, k)-edge-connectivity is abbreviated by k-edge-connectivity
and (k, 0)-edge-connectivity is sometimes called rooted k-edge-connectivity. Note
that by Menger’s theorem a digraph is (k,1)-ec if and only if

o(X) > k for every subset ) C X CV — s (1)

and
§(X) > 1 for every subset 0 C X CV — s (2)

where o(X) := op(X) and §(X) := dp(X) denote the number of edges entering
and leaving the subset X, respectively.

We say an undirected graph G = (V, E) is (k,[)-partition-connected if
there are at least k(t — 1) + 1 edges connecting distinct classes of every partition
of V into ¢ (¢ > 2) non-empty subsets.

The following result exhibits a link between the two concepts. It is a special
case of a general orientation theorem appeared in [1].

Theorem 13. Let 0 <1 < k be integers. An undirected graph G = (V, E) has a
(k,1)-edge-connected orientation if and only if G is (k,l)-partition-connected.

Mader’s directed splitting off theorem [10] is as follows.

Theorem 14. Let D = (U + z, E) be a digraph which is k-edge-connected apart
from z. If o(z) = 0(2), then there is a complete splitting at z resulting in a k-ec
digraph on node-set U .

This result has been extended in [2] as follows.
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Theorem 15. Let D = (U + z,E) be a digraph which is (k,l)-edge-connected
apart from z. If o(z) = §(z), then there is a complete splitting at z resulting in
a (k,1)-ec digraph on node-set U.

We need the following corollary of Theorem 14.
Theorem 16. Let D = (U + z, E) be a digraph which is
(k,0) -ec apart from z (k > 1) with respect to a root node s € V. (3)

If o(z) > (%), then there are p(z)—3(z) edges entering z so that (3) continues
to hold after discarding these edges. If o(z) = §(z), then there is a complete
splitting at z preserving (3).

Proof. For every node v € U + z for which p(v) > d(v), add p(v) — d(v) parallel
edges from v to s. In the resulting digraph D’ clearly o' (v) < ¢'(v) holds for
every node v € U — s. Hence ¢§'(X) > ¢/(X) = o(X) > k holds for every subset
X CV —s,X # {2z}, that is, D' is k-ec apart from z.

By Theorem 14 there is a complete splitting at z resulting in a k-ec digraph.
It follows that in case o(z) = 0(z) this complete splitting, when applied to D,
preserves (3). If o(z) > d(z), then there are o(z) — J(z) edges entering z such
that their pairs at the complete splitting are necessarily newly added edges from
z to s. Therefore these edges can be deleted from D without destroying (3). O

W. Mader used Theorem 14 to derive Theorem 3 on the constructive char-
acterization of k-ec digraphs. Analogously, Theorem 16 may be used to derive
the following.

Theorem 17. A directed graph D = (V, E) is (k,0)-edge-connected if and only
if D can be obtained from a single node by the following two operations: (i) Add
a new edge, (1) pinch j (0 < j <k —1) existing edges with a new node z, and
add k — j new edges entering z.

Given these constructive characterizations of (k, k)-ec and (k, 0)-ec digraphs,
one may formulate the following general conjecture.

Conjecture 1. A directed graph D is (k,[)-edge-connected (0 <! < k—1) if and
only if it can be built up from a node by the following two operations: (j) add
a new edge, (jj) pinch i (I <i <k — 1) existing edges with a new node z, and
add k — i new edges entering z and leaving existing nodes.

Conjecture 2. An undirected graph G is (k,1)-partition-connected if and only if
it can be built up from a node by the following two operations: () add a new
edge, (j7) pinch ¢ (I < i < k — 1) existing edges with a new node z, and add
k — i new edges connecting z with existing nodes.

By Theorem 13 the second conjecture follows from the first one. Theorem
17 asserts the truth of this conjecture for [ = 0. The conjecture was proved for
Il =k —11n [4]. Here we verify the conjecture for [ = 1. The proof relies on the
following lemma.
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Lemma 10. Let D = (V, E) be a (k, 1)-edge-connected digraph which is minimal
in the sense that the deletion of any edge destroys (k, 1)-edge-connectivity (k >
2,|V| > 2). Then D has a node z with k = o(z) > §(z) for which there is a set
F of o(z) — §(z) edges entering z so that D — F is (k,1)-edge-connected apart
from z.

Proof. By (2), there is an edge e entering s. Since (1) cannot break down by
deleting e, it follows from the minimality of D that e leaves a subset X C V — s
for which 6(X) = 1. Since o(X) > k > 2, there must be a node z in X for which
0(z) > §(z). Let us choose such a node z so that the distance of s from z is as
large as possible.

Proposition 4. Let F be a subset of at most k — 1 edges entering z. Then
D’ := D — F satisfies (2).

Proof. Assume indirectly that there is a subset X C V —s for which ép/ (X) = 0.
As §(X) > 1, the elements of set of edges of D leaving X are all in F. Therefore
0(X) < |F| < k and, by o(X) > k, X must contain a node 2’ for which o(z’) >
d(2"). Since the head of each edge leaving X is z, we obtain that each path from
2’ to s must go through z contradicting the maximal-distance choice of 2. a

Proposition 5. o(z) = k.

Proof. By Proposition 4 property (2) cannot break down when an edge entering
z is left out. Hence the minimality of D implies that every edge entering z enters a
subset X C V —s for which o(X) = k. If X and Y are two subsets of V' containing
z for which k = o(X) = o(Y), then o(X)+0o(Y) > o(XNY)+0o(XUY) > k+k
from which o(X NY') = k follows. This implies that there is a unique smallest
subset Z containing z for which o(Z) = k such that every edge entering z enters
Z as well. But then the in-degree of z cannot exceed k and hence o(z) = k as D
is (k, 1)-ec. O

By Theorem 16 there is a subset F' of edges of D entering z for which |F| =
0(z) — 0(2) < k and the digraph D — F is (k,0)-ec. Now Proposition 4 implies
that D — F is actually (k, 1)-ec, completing the proof of the lemma. O

Theorem 18. A digraph Dg = (V, E) is (k, 1)-edge-connected if and only if Dy
can be built up from a node by the following two operations: (j) add a new edge,
(jj) pinch i (1 < i <k —1) existing edges with a new node z, and add k — 1
new edges entering z and leaving existing nodes.

Proof. Tt is straightforward to see that the two operations preserve (k,1)-edge-
connectivity. To prove the reverse direction we use induction on the number
of edges. If there is an edge e whose deletion preserves (k, 1)-edge-connectivity,
then Dy — e has a required construction by the inductive hypothesis from which
the construction of Dy can be obtained by giving back e (operation (j)).
Therefore we may assume that Dy is minimally (., 1)-edge-connected with
respect to edge deletion. We are done if |[V| =1 so assume that |V] > 2.
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By Lemma 10 there is a node z with k = p(z) > §(z) for which there is a
subset F' of o(z) — d(z) edges entering z so that the digraph Dy — F' is (k, 1)-
ec apart from z By Theorem 15 there is a complete splitting at z so that the
resulting digraph Dy = (V — z, Ey) is (k, 1)-ec. By the inductive hypothesis D
can be constructed from a node by the two given operations. But then Dy is also
constructible this way as Dy arises from D by operation (ii). O

By combining this result with Theorem 13 we obtain the the following special
case of Conjecture 2.

Theorem 19. An undirected graph G is (k,1)-partition-connected if and only
if it can be built up from a node by the following two operations: (j) add a new
edge, (jj) pinch i (1 <1i <k — 1) existing edges with a new node z, and add
k — i new edges connecting z with existing nodes.
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Abstract. This paper presents the first combinatorial, polynomial-time
algorithm for minimizing bisubmodular functions, extending the scaling
algorithm for submodular function minimization due to Iwata, Fleischer,
and Fujishige. A bisubmodular function arises as a rank function of a
delta-matroid. The scaling algorithm naturally leads to the first com-
binatorial polynomial-time algorithm for testing membership in delta-
matroid polyhedra. Unlike the case of matroid polyhedra, it remains
open to develop a combinatorial strongly polynomial algorithm for this
problem.

1 Introduction

Let V be a finite nonempty set of cardinality n and 3" denote the set of ordered
pairs of disjoint subsets of V. Two binary operations LI and M on 3V are defined
by
(X1, Y1) U (X2, Y2) = (X1 UX2)\ (Y1 UY2), (Y1 UY2)\(X1 U X>))
(X1,Y1) M (X2, Y2) = (X1 N Xo, Y1 NY?).

A function f: 3V — R is called bisubmodular if it satisfies
F(X1, Y1) + f(X2,Y2) = f((X1, Y1) U (X2, Y2)) + (X1, Y1) 11(X2, Y2))

for any (X1,Y7) and (Xs,Y>) in 3V. This paper presents the first combinatorial
polynomial-time algorithm for minimizing bisubmodular functions.

A bisubmodular function generalizes a submodular function as follows. Let
2V denote the family of all the subsets of V. A function g : 2¥ — R is called
submodular if it satisfies

9(Z1) + 9(Za2) > g(Z1 U Z2) + g(Z1 N Z2)

for any Z1,Z5 C V. For a submodular function g, we define a bisubmodular
function f:3" — R by

fXY) =g(X)+9(V-Y) —g(V).

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 160-[I69 2001.
© Springer-Verlag Berlin Heidelberg 2001
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If (X,Y) is a minimizer of f, then both X and V —Y are minimizers of ¢g. Thus,
bisubmodular function minimization is a generalization of submodular function
minimization.

The first polynomial-time algorithm for submodular function minimization is
due to Grotschel-Lovasz—Schrijver [16]. They also give the first strongly polyno-
mial algorithms in [I7]. Their algorithms rely on the ellipsoid method, which
is not efficient in practice. Recently, two combinatorial strongly polynomial
algorithms are devised independently by Schrijver [22] and Iwata—Fleischer—
Fujishige [18]. Both of these new algorithms are based on a combinatorial
pseudopolynomial time algorithm of Cunningham [§]. The algorithm of Schri-
jver [22] directly achieves the strong polynomiality, whereas Iwata—Fleischer—
Fujishige [I8] develop a scaling algorithm with weakly polynomial time com-
plexity and then convert it to a strongly polynomial one.

In the present paper, we extend the scaling algorithm of Iwata—Fleischer—
Fujishige [18] to solve the minimization problem for integer-valued bisubmodular
functions. The resulting algorithm runs in O(n®° log M) time, where M designates
the maximum value of f. This bound is weakly polynomial, and it remains open
to develop a combinatorial strongly polynomial algorithm.

2 Delta-Matroids

A bisubmodular function arises as a rank function of a delta-matroid introduced
independently by Bouchet [3] and Chandrasekaran-Kabadi [6]. A delta-matroid
is a set system (V,F) with F being a nonempty family of subsets of V that
satisfies the following exchange property:

vFl,FQ S f,er € F1AF2,E|U S F1AF2 : FlA{u,v} € f,

where A denotes the symmetric difference. A slightly restricted set system with
an additional condition () € F had been introduced by Dress—Havel [1I]. A
member of F is called a feasible set of the delta-matroid. Note that the base and
the independent-set families of a matroid saitisfy this exchange property. Thus,
a delta-matroid is a generalization of a matroid.

Chandrasekaran—Kabadi [6] showed that the rank function o : 3V — Z de-
fined by

o X,Y)=max{|XNF|—|YNF||FeF}

is bisubmodular. The convex hull of the characteristic vectors of the feasible sets
is described by

P(o) = {z |z € RV, o(X) —2(Y) < o(X,Y)},

which is called the delta-matroid polyhedron. This fact follows from the greedy
algorithm [3J6] for optimizing a linear function over the feasible sets.

Given a vector z € RY, one can test if x belongs to P(g) by minimizing
a bisubmodular function f(X,Y) = o(X,Y) — 2(X) 4+ 2(Y). Even for such a
special case of bisubmodular function minimization, no combinatorial algorithm
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was known to run in polynomial time. This is in contrast with the matroid poly-
hedron, for which Cunningham [7] devised a combinatorial strongly polynomial
algorithm for testing membership.

A simple example of a delta-matroid is a matching delta-matroid [4], whose
feasible sets are the perfectly matchable vertex subsets of an undirected graph.
The delta-matroid polyhedron is the matchable set polytope [2]. For this special
case, Cunningham—Green-Krétki [I0] developed an augmenting path algorithm
for solving the separation problem in polynomial time with the aid of the scaling
technique.

3 Bisubmodular Polyhedra

As a generalization of the delta-matroid polyhedron, a bisubmodular polyhedron
P(f)={z|zeRY,V(X,Y) 3" :2(X) —z(Y) < f(X,Y)}

is associated with a general bisubmodular function f : 3" — R, where we assume
f(0,0) = 0. For a vector € RY, we denote ||z| = Y,y |2(v)|. The following
min-max relation characterizes the minimum value of f.

Theorem 1 ([15]). For any bisubmodular function f,
min{f(X,Y) | (X,Y) € 3V} = max{—|z|| | = € P(f)}.
O

The linear optimization problem over the bisubmodular polyhedron can be
solved by the following greedy algorithm, which was first introduced by Dunstan—
Welsh [12].

Let 0 : V — {4, —} be a sign function. For any subset U C V', we denote by
Ulo the pair (X,Y) € 3V with X = {u |u € U,o(u) =+}and Y = {u | u €
U,o(u) = —}. We also write f(Ulo) = f(X,Y) for any function f : 3V — R,
and z(U|o) = z(X) — 2(Y) for any vector x € RV.

Let L = (v1,---,vy) be a linear ordering of V. For each j = 1,---,n, let
L(v;) = {v1,---,v;}. The greedy algorithm with respect to L and a sign function
o assigns y(v;) := o(v;){f(L(v;)|o) — f(L(vj_1)|o)} for each j = 1,---,n. Then
the resulting vector y € RV is an extreme point of the bisubmodular polyhedron
P(f).

Given a linear ordering L = (vy,---,v,) and a sign function o, for a weight
function w : V' — R that satisfies |w(v1)| > -+ > |w(vy,)| and w(v) = o(v)|w(v)|
for each v € V', the vector y generated by the greedy algorithm with respect to
L and ¢ maximizes the linear function ) . w(v)y(v) over the bisubmodular
polyhedron P(f). See [I4] §3.5 (b)] for a survey on bisubmodular polyhedron
including the validity of the greedy algorithm (also see [II).

Based on the validity of this greedy algorithm, Qi [21] established a con-
nection between bisubmodular functions and their convex extensions. This is a
generalization of a result of Lovasz [I9] on submodular functions, and it leads to
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a polynomial-time algorithm for bisubmodular function minimization using the
ellipsoid method.

The concept of bisubmodular polyhedron is extended to that of jump system
by Bouchet—Cunningham [5]. A jump system is a set of lattice points satisfy-
ing a certain axiom. Examples include the set of degree sequences of a graph
[9]. The lattice points contained in an integral bisubmodular polyhedron form
a jump system, called a convex jump system, and conversely the convex hull of
a jump system is an integral bisubmodular polyhedron. Recently, Lovédsz [20]
investigated the membership problem in jump systems and proved a min-max
theorem for a fairly wide class of jump systems. This result contains many inter-
esting combinatorial theorems including Theorem [Tl The present paper provides
an algorithmic approach to this membership problem in convex jump systems.

4 Scaling Algorithm

This section presents a scaling algorithm for minimizaing an integer-valued
bisubmodular function f : 3V — Z, provided that an oracle for evaluating the
function value is available.

The scaling algorithm works with a positive parameter d. The algorithm keeps
a vector € P(f) as a convex combination of extreme points of P(f). Namely,
r =) ,c; Ay with \; >0 for each i € I and ), _; \; = 1. Each extreme point
y; is generated by the greedy algorithm with respect to L; and o;. It also keeps
a pair of functions ¢ : V xV — R and ¥ : V x V — R. The function ¢ is skew-
symmetric, i.e., ¢(u,v) +@(v,u) = 0 for any u,v € V, while 1 is symmetric, i.e.,
Y(u,v) = (v, u) for any u,v € V. These functions are called J-feasible if they
satisfy —0 < ¢(u,v) < § and —0 < ¢p(u,v) < ¢ for any u,v € V. The boundaries
Oy and 0¢ are defined by Op(u) = > oy ©(u,v) and OY(u) = Y, oy ¥ (u,v).

The algorithm starts with an extreme point = € P(f) generated by the greedy
algorithm with respect to a linear ordering L and a sign function o. The initial
value of § is given by § := ||z||/n?.

Each scaling phase starts by cutting the value of § in half. Then it modifies
© and ¢ to make them d-feasible. This can be done by setting each ¢(u,v) and
¥ (u,v) to the closest values in the interval [—6, d]. The rest of the scaling phase
aims at decreasing ||z|| for z = x + d¢ + 9.

Given d-feasible ¢ and 1, the algorithm constructs an auxiliary directed
graph G(p,1) as follows. Let V* and V'~ be the copies of V. For each v € V,
we denote its copies by vt € VT and v~ € V. The vertex set of G(p,) is
VT U V™. The arc set A(p,¢) = A(p) U A(¢)) of G(p,) is defined by

Ap) = {(u™v") Ju# v, p(u,v) <OYU{(u™,07) [u#v, p(u,v) >0},
A@W) = {(u*,07) [ ¥(u,v) <O}U{(u™,v") | ¢(u,v) > 0}.
For any subset U C V, we also denote its copies by UT C VT and U~ C V.

Let S ={v|veV,z(v) < =6} and T = {v | v € V,2z(v) > 6}. A simple
directed path in G(p,) from ST UT™ to S~ UTT is called a §-augmenting
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path. If there exists a d-augmenting path P, the algorithm applies the following
d-augmentation to ¢ and 1.

Augment(d, P, o, ¥):

— For each (u™,vT) in P, p(u,v) := o(u,v)+46/2 and p(v,u) = o(v,u) —3§/2.
— For each (u ,v_) in P, o(u,v) := p(u,v) —46/2 and (v, u) := @(v,u)+46/2.
— For each (u™,v7) in P, ¥(u,v) := ¥(u,v)+3/2 and ¥ (v, u) = (v, u)+5/2.
— For each (u™,v") in P, ¥(u,v) := ¢ (u,v) — /2 and ¥ (v, u) := (v, u) — /2.

As a result of a J-augmentation, ||z|| decreases by 4.

After each d-augmentation, the algorithm computes an expression of x as
a convex combination of affinely independent extreme points of P(f) chosen
from among {y; | ¢ € I'}. This can be done by a standard linear programming
technique using Gaussian elimination.

If there is no d-augmenting path, let X* C VT and Y~ C V~ be the sets
of vertices reachable by directed paths from S* UT~. Then we have S C X,
T CY,and XNY = . For each i € I, consider a pair of disjoint subsets
W, = {u|u™ e XTUuY~}and R; = {u | v € X~ UYT}. We now
introduce two procedures Double-Exchange and Tail-Exchange.

Procedure Double-Exchange(i, u, v) is applicable if « immediately succeeds v
in L; and either w € W; and v ¢ W; or u ¢ R; and v € R; hold. Such a triple
(i, u,v) is called active. The first step of the procedure is to compute

8= f(Li(w)\{v}loi) — f(Li(u)loi) + oi(v)yi(v).

Then it interchanges v and v in L; and updates y; as y; := y; + 8(0;(uw)xu —
0;(v)xv)- The resulting y; is an extreme point generated by the new linear or-
dering L; and sign function o;.

If \;8 < 4, Double-Exchange(i, u, v) is called saturating. Otherwise, it is called
nonsaturating. In the nonsaturating case, the procedure adds to I a new index k
with yx, ox and Ly being the previous y;, o; and L;, and assigns A\ := \; — /0
and \; := §/6. In both cases, x moves to = := = + a(o;(u)xu — 0;(v)X,) with
a = min{d, \;4}. In order to keep z invariant, the procedure finally modifies
@ or ¢ appropriately. If o;(u) = 0;(v), it updates p(u,v) := p(u,v) — o;(u)x
and ¢(v,u) = @(v,u) + o;(u)a. On the other hand, if o;(u) # o;(v), then
Y(u,v) :=Y(u,v) —o;(u)a and P (v, u) := (v, u) —o;(u)a. A formal description
of Double-Exchange is given in Figure [T

Procedure Tail-Exchange(i, v) is applicable if v is the last element in L; and
v € R;. Such a pair (i,v) is also called active. The first step of the procedure is
to reverse the sign o;(v). It then computes

B = f(Vl]e:) = f(V\{v}|oi) — oi(v)yi(v)

and updates y; := y; + 0;(v)Bx». The resulting y; is an extreme point generated
by L; and the new o;.

If \;8 < ¢, Tail-Exchange(i,v) is called saturating. Otherwise, it is called
nonsaturating. In the nonsaturating case, the procedure adds to I a new index
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Double-Exchange(z, u, v);
B = f(Li(u)\{v}o:) — f(Li(u)|oi) + oi(v)yi(v);
a := min{d, \;G3};
If o < \;3 then
k < a new index;

I:=T1U{k};
Ak =N —afB;
Ai 1= a/pB;

Yk = Yis

Ly := Ly;

Update L; by interchanging u and v;
Yi :=Yi + Bloi(u)Xu — 0i(V)X0);
z =z + a(oi(u)Xu — 0i(V)X0);
If 0;(u) = 0;(v) then
o(u,v) = p(u,v) — oi(u)o;
(v u) == (v, u) + oi(u)e;
Else
w(uv U) = ¢(U7 U) — 0 (u)a§
Y(v,u) = P(v,u) — oi(u)a.

Fig. 1. Algorithmic description of Procedure Double-Exchange(i, u, v).

k with yx, o and Lj being the previous y;, o; and L;, and assigns A\ :=
Ai —d/8 and \; := §/3. In both cases, x moves to z := z + 0;(v)ay, with
a = min{d, \;8}. In order to keep z invariant, the procedure finally modifies v
as Y(v,v) := (v,v) — o;(v)a. A formal description of Tail-Exchange is given in
Figure 2l

If there is no J-augmenting path in G(¢,®) and neither Double-Exchange
nor Tail-Exchange is applicable, the algorithm terminates the §-scaling phase by
cutting the value of § in half.

A formal description of our scaling algorithm BFM is now given in Figure [3]

5 Validity and Complexity

This section is devoted to the analysis of our scaling algorithm. We first discuss
the validity.

Lemma 1. At the end of the §-scaling phase, the current (X,Y) € 3V and
z=x+ 0p+ 0y satisfy ||z|| < 2nd — f(X,Y).

Proof. At the end of the d-scaling phase, we have y;(X) — y;(Y) = f(X,Y) for
each i € I. Hence, z satisfies 2(X)—z(Y) = f(X,Y). By the definition of (X,Y),
we immediately have dp(X) > 0, 9p(Y) < 0, 99(X) > 0, and 9(Y) < 0,
where note that 9p(X) = > {p(u,v) | uv € X,v € V\X} with ¢(u,v) > 0
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Tail-Exchange(i, v);
0i(v) == —oi(v);
B = f(V]oi) = f(V\{v}lo:) — oi(v)yi(v);
a := min{d, \;5};
If a < \;8 then
k < a new index;

I:=T1U{k};
Ak = A — a/ﬂ;
Ai =/

Yk = Yi;

Ly, := Ls;

Yi := Yi + 0i(v) Bxo;
z =1z + 05 (v)axe;

P(v,v) := Y(v,v) — o;(v)a.

Fig. 2. Algorithmic description of Procedure Tail-Exchange(i,v).

(u € X,v € V\ X) and similarly the other inequalities. Since S C X, T C Y,
and X NY # 0, we have z(v) < § for v € X and z(v) > —§ for v € Y. Therefore,
we have ||z]] < —z(X)+ 2(Y) +2nd < —z(X) +2(Y) +2nd = —f(X,Y) + 2nd.

Theorem 2. The algorithm obtains a minimizer of f at the end of the §-scaling
phase with § < 1/(3n?).

Proof. Since [0p(v)| < (n—1)6 and |0 (v)| < nd for each v € V, it follows from
Lemma [Mthat ||z| < (2n?+n)d—f(X,Y) < 1— f(X,Y). For any (X', Y’) € 3V,
we have f(X',Y') > —|lz| > f(X,Y) — 1. Hence (X,Y) is a minimizer of the
integer-valued function f.

We now give a running time bound of our algorithm.
Lemma 2. Each scaling phase performs O(n?) augmentations.

Proof. At the beginning of the §-scaling phase, the algorithm modifies ¢ and
1 to make them J-feasible. This changes ||z|| by at most 2n2§. Therefore, by
Lemmal[T], the pair (X,Y) must satisfy ||z|| < 2n26+4nd— f(X,Y) after updating
@ and v at the beginning of the J-scaling phase. On the other hand, we have
Izl > —2(X) + 2(Y) > —2(X) + 2(Y) — 2n%6 = —f(X,Y) — 2n25. Thus ||z||
decreases by at most 4nd + 4n2§ until the end of the J-scaling phase. Since
each d-augmentation decreases ||z|| by d, the number of §-augmentations in the
§-scaling phase is at most 4n? + 4n, which is O(n?).

Lemma 3. The algorithm performs Procedure Double-Exchange O(n?) times
and Tail-Exchange O(n?) times between §-augmentations. Moreover, the running
time between §-augmentations is O(n?).
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BFM(f):
Initialization:
L + a linear ordering on V;
o < a sign function on V;
Z < an extreme vector in P(f) generated by L and o;
I={i}, yi:=xz, \i :=1, L; :=L;
p:=0,v9:=0;
5« llall/n;
While § > 1/(3n?) do
0 :=10/2;
For (u,v) € V xV do
Change ¢(u,v) and ¥ (u,v) to the closest values in the interval [—4, d];
S:={v]|z()+ 0p(v) < -}
T = {v | o(v) + dp(v) > 8);
X7 « the set of vertices in V1 reachable from ST UT™ in G(yp,);
Y™ ¢ the set of vertices in V'~ reachable from ST UT™ in G(p,);
Q + the set of active triples and active pairs;
While 3§-augmenting path or Q # () do
If 3P: d-augmenting path then
Augment (9, P, p,1);
Update S, T, X+, Y™, Q;
Express x as ¢ = Zl 1 Aiyi by possibly smaller affinely independent
subset I and positive coefficients \; > 0 for i € [;
Else
While Aj-augmenting path and Q # 0 do
Find an active (¢,u,v) € Q or active (i,v) € Q;
Apply Double-Exchange(i, u, v) or Tail-Exchange(i,v);
Update XT, Y™, Q;
Return (X,Y);
End.

Fig. 3. A scaling algorithm for bisubmodular function minimization.

Proof. Procedure Double-Exchange moves a vertex of W, towards the head of L;
and/or a vertex in R; towards the tail of L;. Procedure Tail-Exchange changes a
vertex of R; to W;. No vertex goes out of W;. A vertex of R; can be switched to
W; by Tail-Exchange. However, it does not go out of R;UW,. Thus, for each i € I,
after at most O(n?) applications of Double-Exchange and O(n) applications of
Tail-Exchange to i € I, the subset R; is empty and W; = L;(w) holds for some
w € V. At this point, neither Double-Exchange nor Tail-Exchange is applicable
toiel.

After each §-augmentation, the algorithm updates the convex combination
= ) ;A so that [I| < n+ 1. A new index is added to I as a result of
nonsaturating Double-Exchange(i, u,v) and Tail-Exchange(,v). In both cases, v
joins W;. This can happen at most n — 1 times before the algorithm finds a 6-
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augmenting path or finishes the d-scaling phase. Hence, |I| is always O(n), and
the algorithm performs Double-Exchange O(n?) times and Tail-Exchange O(n?)
times between d-augmentations.

It should be noted that each nonsaturating Double-Exchange or Tail-Exchange
requires O(n) time and each saturating one requires O(1) time. Moreover, there
are O(n?) saturating and O(n) nonsaturating Double-Exchange or Tail-Exchange
between d-augmentations, as shown above. Also note that updating the convex
combination z = Y, _; \iy; is performed in O(n?) time by Gaussian elimination.
Hence, the running time between d-augmentations is O(n?).

Let M be the maximum value of f. Since f(f),0) = 0, the maximum value
M is nonnegative.

Theorem 3. The scaling algorithm finds a minimizer of f in O(n5log M) time.

Proof. For the initial 2 € P(f), let B ={v | 2(v) > 0} and C = {v | z(v) < 0}.
Then we have ||z|| = 2(B)—z(C) < f(B,C) < M. Hence the algorithm performs
O(log M) scaling phases. It follows from Lemmas Pland Blthat each scaling phase
performs O(n®) function evaluations and arithmetic operations. Therefore the
total running time is O(n®log M).

6 Conclusion

We have described a polynomial-time algorithm for minimizing integer-valued
bisubmodular functions. If we are given a positive lower bound ¢ for the differ-
ence between the minimum and the second minimum value of f, a variant of the
present algorithm works for any real-valued bisubmodular function f. The only
required modification is to change the stopping rule § < 1/(3n?) to § < ¢/(3n?).
The running time is O(n®log(M/¢)). Thus we obtain a polynomial-time algo-
rithm for testing membership in delta-matroid polyhedra. One can make this
algorithm strongly polynomial with the aid of a generic preprocessing technique
of Frank—Tardos [13] using simultaneous Diophantine approximation. However,
a more natural strongly polynomial algorithm is desirable.
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Abstract. We study two versions of the single sink buy-at-bulk network
design problem. We are given a network and a single sink, and several
sources which demand a certain amount of flow to be routed to the sink.
We are also given a finite set of cable types which have different cost
characteristics and obey the principle of economies of scale. We wish to
construct a minimum cost network to support the demands, using our
given cable types. We study a natural integer program formulation of the
problem, and show that its integrality gap is O(k), where k is the number
of cable types. As a consequence, we also provide an O(k)-approximation
algorithm.

1 Introduction

1.1 Motivation

We study two network design problems which often arise in practice. Consider
a network consisting of a single server and several clients. Each client wishes to
route a certain amount of flow to the server. The cost per unit flow along an
edge is proportional to the edge length. However, we can reduce the cost per unit
flow of routing by paying a certain fixed cost (again proportional to the length
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of the edge). We call the problem of finding a minimum cost network supporting
the required flow the deep-discount problem.

Alternatively, at each edge we might be able to pay for and install a certain
capacity selected from a set of allowable discrete capacity units, and then route
flow (up to the installed capacity) for free. The problem of finding a minimum
cost network in this scenario is called the buy-at-bulk network design problem
[14].

Both the above problems reflect economies of scale, in the cost of routing
unit flow as the installation cost increases (the deep-discount problem), and in
the cost per unit capacity as the capacity increases (the buy-at-bulk problem).

1.2 Owur Results

The two problems are in fact equivalent up to a small loss in the value of the
solution. In this paper, we focus on the deep-discount problem. We study the
structure of the optimum solution, and show that an optimal solution exists
which is a tree. We provide a natural IP formulation of the problem, and show
that it has an integrality gap of the order of the number of cables. We also provide
a polynomial time approximation algorithm by rounding the LP relaxation.

1.3 Previous Work

Mansour and Peleg [I1] gave an O(logn)-approximation for the single sink buy-
at-bulk problem with a single cable type (only one discrete unit of capacity
allowable) for a graph on n nodes. They achieved this result by using a low-
weight, low-stretch spanner construction [2].

Designing networks using facilities that provide economies of scale has at-
tracted interest in recent years. Salman et al [14] gave an O(log D) approxi-
mation algorithm for the single sink buy-at-bulk problem in Euclidean metric
spaces, where D is the total demand. Awerbuch and Azar [4] gave a random-
ized O(log2 n) approximation algorithm for the buy-at-bulk problem with many
cable types and many sources and sinks, where n is the number of nodes in the
input graph. This improves to O(lognloglogn) using the improved tree metric
construction of Bartal [5]. For the single sink case with many cable types, an
O(logn) approximation was obtained by Meyerson, Munagala and Plotkin [12]
based on their work on the Cost-Distance two metric network design problem.
Salman et al also gave a constant approximation in [I4] for the single cable
type case using a LAST construction [I0] in place of the spanner construction
used in [IT]. The approximation ratio was further improved by Hassin, Ravi and
Salman [9].

Andrews and Zhang [3] studied a special case of the single-sink buy-at-bulk
problem which they call the access network design problem and gave an O(k?)
approximation, where k is the number of cable types. As in the deep-discount
problem, they use a cost structure where each cable type has a buying and a
routing cost, but they assume that if a cable type is used, the routing cost is at
least a constant times the buying cost.
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An improved approximation to the problem we study was obtained simulta-
neously but independently by Guha, Meyerson and Munagala [7], who designed a
constant-factor approximation algorithm. Their algorithm is combinatorial and
is based on their prior work on the access network design problem [8], as opposed
to our focus on the LP relaxation and its integrality gap.

1.4 Outline of the Paper

In the next section, we define the deep-discount problem formally and show
its relation to the k-cable buy-at-bulk problem. In Sections [ through B we
introduce and study our integer program formulation and show that it has low
integrality gap. We conclude with time complexity issues and open questions in
Section [7]

2 Problem Definition and Inter-reductions

2.1 The Deep-Discount Problem

Let G = (V,E) be a graph with edge-lengths [ : E — IRT. Let d(u,v) denote
the length of the shortest path between vertices u and v. We are given sources
{v1,...,vm} = S which want to transport {demy,...,dem,,} units of flow re-
spectively to a common sink ¢ € V. We also have a set of k discount types
{ko,K1,...,kE—1} available for us to purchase and install. Each cable x; has an
associated fixed cost p; and a variable cost r;. If we install cable k; at edge e and
route f, flow through it, the contribution to our cost is l.(p; + feri). We may
therefore view the installation of cable k; at an edge as paying a fixed cost p;l.
in order to obtain a discounted rate r; of routing along this edge. The problem of
finding an assignment of discount types to the edges and routing all the source
demands to the sink at minimum total cost is the deep discount problem with
k discount types (DD for short).

Let us order the rates as rg > r; > ... > rx_1. The rate rg = 1 and the price
po = 0 correspond to not using any discount. (It is easy to see that we may scale
our cost functions so that this is true in general.) Observe that if p; > p; 41 for
some ¢ then k; will never be used. Therefore, without loss of generality, we can
assume pg < p1 < ... < Pp_1.

2.2 The Buy-at-Bulk Problem with k-Cable Types

In an edge-weighted undirected graph, suppose we are given a set of sources
{v1,...,vm} which want to transport {demy, ..., dem,, } units of flow respectively
to a common sink ¢. We have available to us k different cable types, each having
capacity u; and cost ¢;. We wish to buy cables such that we have enough capacity
to support the simultaneous flow requirements. We are allowed to buy multiple
copies of a cable type. There is no flow cost; our only cost incurred is the purchase
price of cables. The problem of finding a minimum cost feasible network is the
buy-at-bulk problem with & cable types (BB for short). It is NP-Hard even when
k=1 [14].
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2.3 Approximate Equivalence of BB and DD

Suppose we are given a BB instance BB = (G, ¢, u) on a graph G with k cable

types having costs and capacities (1,1), (c1,u1), ..., (ck—1,up—1). We transform

it into an instance of DD by setting edge costs (fixed and per-unit) (0, 1), (¢1, Z—ll),
oo (Ch1, = w—), and call this DD(BB).

Conversely, given a DD instance DD = (G,p,r) on a graph G with k dis-
count types having prices and variable costs (0, 1), (p1,71), .., (Dk—1,Tk—1), We
transform it into a BB instance BB(DD) with cable types having costs and
capacities (1,1), (p1, %), .., (Pr—1, 22=7).

It is easy to see that BB(DD(BB)) BB and DD(BB(DD)) = DD; i.e.,
the two transformations are inverses of each other. For a problem instance X,
we abuse notation to let X also denote the cost of a feasible solution to it. Let
X* denote the cost of an optimal (integer) solution to X.

Lemma 1. BB < DD*(BB)

Proof. Consider an edge e and let the flow on e in DD*(BB) be z.. If the
solution uses discount type 0 on e, then the BB solution does not pay any more
than the routing cost already paid. If it uses a discount type ¢ > 0, we install
("”e] copies of cable type i at this edge. Clearly this gives us a feasible solution
to BB. For this edge DD*(BB) has routing cost ‘eZ=¢= and building cost lec;,
hence a total cost of l.c;(1 + £=). The BB solution ‘has cable cost [ eCi[ 2] on
edge e, which is no more than the total cost incurred by edge e in DD*(BB)

Lemma 2. DD <2BB*(DD)

Proof. We will initially allow for multiple discount types on each edge and pay
for it all. A pruned solution will satisfy all the desired properties and cost only
less. Hence let ! be the number of copies of cable type i used at edge e. We
only consider edges with non-zero flow, that is, where 2! > 0. Note that the
flow on e is at most 2'p;/r;. We purchase a discount type i cable on edge e
and route the flow through it on this discounted cable. We pay no more than

pile + m:if rile < (2¢ + 1)p;le, which is no more than two times the cost z'p;l.
already paid by BB(DD), since z% > 1.

Together, the above two Lemmas imply that BB*(DD) < BB(DD) <
DD* < DD < 2BB*(DD), so that a p approximation algorithm for BB gives a
2p approximation algorithm for DD. Similarly, a p approximation to DD is a 2p
approximation to BB.

Given the above relations, we focus on the deep-discount formulation in this
paper. One reason for choosing to work with this version is presented in Section Bl
where we show there are always acyclic optimal solutions for the deep-discount
problem, while this is not always the case for the buy-at-bulk problem (see,
e.g., [14]). However, we continue to use the term “cable type” to refer to the
discount type used in an edge from time to time, even though a solution to the
deep-discount problem involves choices of discount types on edges rather than
installation of cables.
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3 Structure of an Optimum Solution to the
Deep-Discount Problem

Let us look at how an optimal solution allocates the discount types to edges and
routes the flow to the sink. Clearly an edge will use only one type of discount.
Suppose in an optimum, an edge e uses discount-i. Define a new length function
I := ryl. Clearly once the fixed cost for the discount is paid, the routing cost
is minimized if we route along a shortest path according to the length function
. Therefore, there is an optimum which routes along shortest paths according
to such a length function I’. As a result, we can also assume that the flow
never splits. That is, if two commodities share an edge then they share all the
subsequent edges on their paths to t. This is because we can choose a shortest
path tree in the support graph; flow along this tree to the root will never split.

The cost of routing f units of flow on an edge e using discount-i is l. (p; +7; f).
So the discount type corresponding to minimum cost depends only on f and is
given by type(f) := minarg,{p; + r; f|0 < i < k}.

Lemma 3. The function type(f) defined above is non-decreasing in f.

Proof. Consider any two discount types, say ¢ and j with ¢ < j. We know that
r; > r; and p; < pj. As the cost functions p + rf are linear, there is a critical
value f of flow such that, p; + r;f = p; + r;f. If the flow is smaller than f,
discount-7 is better than discount-j. And if the flow is more than f, discount-j
is better than discount-i. This proves the lemma.

Suppose the optimal flow is along a path P from v; to ¢. As the flow never
splits, the flow along P is non-decreasing as we go from v; to ¢. Hence from the
above lemma, the discount type never decreases as we go from v; to t. We call
this property path monotonicity.

Summarizing, we have the following.

Theorem 1. There exists an optimum solution to the deep-discount problem
which satisfies the following properties.

— The support graph of the solution is a tree.
— The discount types are non-decreasing along the path from a source to the
T00%.

Similar results were proved independently (but differently) in [3] and [7].
Figure M illustrates the structure of an optimum assuming 3 discount types.

4 Linear Program Formulation and Rounding

4.1 Overview of the Algorithm

First we formulate the deep-discount problem as an integer program. We then
take the linear relaxation of the IP, and solve it to optimality. Clearly an optimal
solution to the LP is a lower bound on the optimal solution to the IP.
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sink

discount 2

discount 1

Fig. 1. Structure of an optimum solution to the deep-discount problem with three
discount types.

We now use the LP solution to construct our solution. We have already seen
that there is an integer optimal solution which is a layered tree. We construct
such a tree in a top-down manner, starting from the sink. We iteratively augment
the tree by adding cables of the next available lower discount type. At each stage
we use an argument based on the values of the decision variables in an optimal
LP solution to charge the cost of our solution to the LP cost. We thus bound
the cost of building our tree. We next bound the routing costs by an argument
which essentially relies on the fact that the tree is layered and that distances
obey the triangle inequality.

4.2 Integer Program Formulation

We now present a natural IP formulation of the deep-discount problem. As is
usual for flow problems, we replace each undirected edge by a pair of anti-parallel
directed arcs, each having the same length as the original (undirected) edge. We
introduce a variable 2! for each e € E and for each 0 < i < k, such that, 2} =1
if we are using discount-i on edge e and 0 otherwise. The variable f7,; is the flow
of commodity j on edge e using discount-i. For a vertex set S (or a singleton
vertex v), we define 67 (S) to be the set of arcs leaving S. That is, 61(S) =
{(u,v) € E:u € S,v¢ S} Analogously, = (5) = {(u,v) € E:u ¢ S,v € S}.
The formulation is given in Figure 2

The first term in the objective function is the cost of purchasing the various
discount types at each edge; we call this the building cost. The second term is
the total cost (over all vertices v;) of sending dem; amount of flow from vertex v;
to the sink; we call this the routing cost of the solution. These two components
of the cost of an optimal solution are referred to as OPTyyiq and OPT,oute
respectively.
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k—1 k—1
min Z Zpizéle + Z Z Z demjfg;imle

ecE =0 v;ES e€E i=0

subject to:

k—1
(Z) Z ng,z >1 VU]' cS

eE(H’(vj) i=0

k-1 k—1
@) Y D M= D DI YoeV\{u,th1<j<m

e€d— (v) =0 e€dt (v) i=0
k—1 k—1
Gty > > f< YD F 0<q<kVoeV\{v,t}
ecs— (v) i=q ecét(v) i=q
1<j<m
(i) fls < ze Vee B,0<i<k
k-1
(v) Ze >1 Ve e E
1=0
(vi) 2, f non-negative integers

Fig. 2. Integer program formulation of the deep-discount problem.

The first set of constraints ensures that every source has an outflow of one
unit which is routed to the sink. The second is the standard flow conservation
constraints, treating each commodity separately. The third set of constraints en-
forces the path monotonicity discussed in the preceding Section, and is therefore
valid for the formulation. The fourth simply builds enough capacity, and the
fiftth ensures that we install at least one cable type on each arc. Note that this
is valid and does not add to our cost since we have the default cable available
for installation at zero fixed cost.

Relaxing the integrality constraints (vi) to allow the variables to take real
non-negative values, we obtain the LP relaxation. This LP has a polynomial
number of variables and constraints, and can be therefore solved in polynomial
time. The LP relaxation gives us a lower bound which we use in our approxima-
tion algorithm.

5 The Rounding Algorithm

5.1 Pruning the Set of Available Cables

We begin by pruning our set of available cables, and we show that this does not
increase the cost by more than a constant factor. This pruning is useful in the
analysis.
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The following lemma shows that the cost of solution does not increase by a
large factor if we restrict ourselves to rates that are sufficiently different, that is,
they decrease by a constant factor.

Let OPT be the optimum value with rates rg, 71, ...,7x—1 and corresponding
prices po,pi1,...,pr—1. Let € € (0,1) be a real number. Assume that ~! >
rr—1 > €. Now, let us create a new instance as follows. Let the new rates be
1,¢, ..., For each i, let the price corresponding to €’ be pj, where 7; is the
largest rate not bigger than €’. Let OPT’ be the optimum value of this new
problem.

Lemma 4. OPT, < LOPT oute

route —

Proof. Consider an edge e which uses discount-j in OPT'. In the solution of the
new problem, change its discount type to €’ such that € > r; > €1, Thus, for
this edge, the price does not increase and the routing cost increases by a factor
at most 1/e.

Since OPT}, ;14 < OPTyyirq, we have as a consequence that OPT" < %OPT.
Hereafter we assume that the rates rg,r1,...,rx—1 decrease by a factor at least
€ for some 0 < € < 1, thereby incurring an increase in cost by a factor of at most

1/e.

5.2 Building the Solution: Overview

Recall that G is our input graph, and k is the number of cable types. We also
have a set of parameters {a, 3,7, 0}, all of which are fixed constants and whose
effect will be studied in the analysis in Section [Gl

We build our tree in a top-down manner. We begin by defining T}, to be the
singleton vertex {t}, the sink. We then successively augment this tree by adding
cables of discount type ¢ to obtain T, for ¢ going down k—1,k—2,...,1,0. Our
final tree Tj is the solution we output. Routing is then trivial — simply route
along the unique path from each source to the sink in the tree.

Our basic strategy for constructing the tree T; from T;_; is to first identify a
subset of demand sources that are not yet included in 7;_; by using information
from their contributions to the routing cost portion of the LP relaxation. In
particular, we order these candidate nodes in non-decreasing order of the radius
of a ball that is defined based on the routing cost contribution of the center of
the ball. We then choose a maximal set of non-overlapping balls going forward
in this order. This intuitively ensures that any ball that was not chosen can be
charged for their routing via the smaller radius ball that overlapped with it that
is included in the current level of the tree. After choosing such a subset of as yet
unconnected nodes, we build an approximately minimum building cost Steiner
tree with these nodes as terminals and the (contracted) tree T;_; as the root.
The balls used to identify this subset now also serve a second purpose of relating
the building cost of the Steiner tree to the fractional optimum. Finally, in a third
step, we convert the approximate Steiner tree rooted at the contracted T;_; to
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a LAST (light approximate shortest-path tree [10]) which intuitively ensures
that all nodes in the tree are within a constant factor of their distance from
the root T;_1 in this LAST without increasing the total length (and hence the
building cost) of the tree by more than a constant factor. This step is essential
to guarantee that the routing cost via this level of the tree does not involve long
paths and thus can be charged to within a constant factor of the appropriate LP
routing cost bound.

Algorithm Deep-discount(G, K, a, 3,7, 0)
G: input graph
K: set of cables
a, 3,7, 0: parameters (fixed constants)
1. Prune the set of available cables as described in[5.1l
2. Solve the LP relaxation of the IP described in [4.2l

3. Tk = {t}
4. Fori=k—1,k—2,...,1:
Define S; :== 0
VU]' ¢ Ti+1l )
R O?+...+C’;’1 .
J Ti—1

If ;41 N B(vj,vR}) # 0, '
proxy,(v;):= any (arbitrary) vertex in Ti1 N B(vj, YR})
Si =S U{v;}.
Order the remaining vertices L; = V' \ (T341 U S;) in nondecreasing
order of their corresponding ball radii.
While L; # 0:
Let B(vj,yR’) be the smallest radius ball in L.
Vu € LN B(vj, YR}):
proxy, (u) = v;

L= L\ {u}
L:=L\{v,}
Si = S; U{v;}

Comment: S; is the set of sources chosen to be connected at this level.
Contract T;41 to a singleton node t;11.
Build a Steiner tree ST; with S; U {t;11} as terminals (Elaborated in
the text below — the parameter ¢ is used here).
Use discount type ¢ for these edges.
Convert ST; into an («, 3)-LAST rooted at t;+1, denoted LAST;.
Define T; := T;+1 U LAST;.
5. For every source vertex v; ¢ T1:
Compute a shortest path P from v; to any node in 77.
Augment T3 by including the edges in P.
Use cable type 0 on the edges in P.
TO = Tl.
6. Route along shortest paths in Tp. This is the solution we output.

Fig. 3. The algorithm



On the Integrality Gap of a Natural Formulation 179

5.3 Building the Solution: Details

The details of the algorithm are presented in FigureBl Let C} denote the fraction
of the routing cost for routing unit flow from v; to ¢ corresponding to discount-1,
that is, C; = 3, flrile. Hence Y7, O} is the total routing cost for vertex
v;. For a vertex v and a positive number R, let B(v,R) = {u € V : d(u,v) < R}
denote the ball of radius R centered at vertex v.

Selecting vertices for inclusion in the current level. The bulk of the work
is done in Step 4. We first choose a certain set of vertices (S; at level 7), and then
build a Steiner tree connecting the chosen vertices to the root component (T;41).
We note that this step is somewhat similar to the “tour ball” construction in
[3].

Building the Steiner tree. We build balls B(vj76R§) around each selected
vertex v;. We note that we will choose § < v, where v is the dilation parame-
ter for the radius of the balls used in the vertex selection step. We then build
an approximately minimum Steiner tree which connects these selected balls to
T;+1. More formally, we contract each ball and introduce a new node for it. We
also contract T;11 and introduce a node for it. Then we run an approximation
algorithm to find a Steiner tree connecting all the selected nodes that has cost at
most twice the value of a fractional Steiner tree, i.e., within twice the cost of an
LP relaxation for the Steiner tree problem on these nodes (See, e.g., [1]). Then
we un-contract the balls and extend the edges of the resulting forest incident on
the boundary of B(vj, 5R§-) with direct edges to the center v;. Thus we have a
tree connecting all the selected vertices v; to T;y;.

Converting the Steiner tree to a LAST. The Steiner tree constructed so
far may have a very large diameter, since we have not taken the routing into
consideration so far. Hence it may lead to very high routing costs in the solution.
To get around this, we use a construction due to Khuller, Raghavachari and
Young [10] which achieves short paths from a root node while being light.

Definition 1 (Light approximate shortest-path tree). Let G = (V, E) be
a graph with a length function | : E — IRT and let t € V be a root vertex. Let
a, 3 > 1 be real numbers. An (a, 3)-LAST rooted at t is a tree T in G such that
the total length of T is at most a times the length of an MST of G, and for any
vertexr v € V, the length of the (v,t) path along T is at most B times the length
of a shortest (v,t) path in G.

The Steiner tree constructed can now be transformed into an («, 3)-LAST
rooted at ¢;+1 (the contracted version of T; 1) for some constants a, 3 > 1 using
the algorithm of [I0]. The edges in the LAST will use discount-i. We then un-
contract the root component. This breaks up the LAST into a forest where each
subtree is rooted at some vertex in the un-contracted tree T;11. Define T; to be
the union of 7541 and this forest.
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In the last stage, we connect each source v; not in 77 to 73 by a shortest path,
using discount-0, thereby extending 7} to include all remaining source vertices
in T‘().

6 Analysis

We use the LP optimum OPT as a lower bound on the integer optimum. Let
OPTyuiia = Y., Y.; PizLle denote the total price paid for purchasing cables of all
discount types in an LP optimum and let O PT}.oyte = ZU Y2 ; dem; fe ;Tile be
the total routing cost paid in that optimum. Thus OPT = OPTyyi1q + OPTmute
is a lower bound on the total cost. In this section, we prove that, for our algo-
rithm, the total building cost is O(k - OPTyyi1q) and the total routing cost is
O(k - OPT,oute)- Thus we establish that the integrality gap of the formulation
is no more than O(k).

6.1 Building Cost

We analyze the total price paid for installing discount-i cables when we augment
the tree T;41 to T;.

Note that in building an («, 3)-LAST from the tree, we incur a factor of at
most « in the building cost. We argue that the cost of building the tree at the
current stage is O(OPTpyi14). Then, summing over all k stages, we get that the
total building cost is O(k - OPTyyi1a)-

For any source vertex v, the following Lemma proves that there is sufficient
fractional z-value crossing a ball around v to allow us to pay for an edge crossing
the ball. Since the LP optimum pays for this z, we can charge the cost of our
edge to this fractional z and hence obtain our approximation guarantee.

Lemma 5. Let S C V be a set of vertices such that t ¢ S and B(v;, 5R§») cS.
Then,

Z Z zq>1—f

q=t e€t(S)

Proof. Assume for the sake of contradiction that the sum is less than 1 —1/4. So
the total flow starting from the source v; which crosses S using discount types
smaller than 4 is more than 1/J. As it pays at least r;_1 per unit distance per
unit flow, the total routing cost is more than

% 0 i—1
(5Rj’f'i,1 . Oj ++CJ

) Ti—1

’I"i_l:C;)—l—...—I—C;_l

This is a contradiction, as the total cost spent in discount types smaller than
i is exactly C + ... + C’;_l.
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We built a LAST which used discount-i. So the building cost of the LAST
is p; times the length of the LAST. The following Lemma gives a bound on this
cost.

Lemma 6. The cost of the LAST built at any stage is O(OPTyyi14)-

Proof. If we scale up the z-values in the optimum by a factor /(6 — 1), Lemma
indicates that we have sufficient z-value of types i or higher to build a Steiner
tree connecting the balls B(v;, 5R§-) to Tj41. If we use the primal dual method [1],
we incur an additional factor of 2 in the cost of the Steiner tree as against the
LP solution z-values. Thus, its cost will be at most

k—1

1) 1)
26—71]% Z Z 23 < 2mOPTbuild~

qg=i €

After un-contracting the balls, we extended the forest to centers v; by direct
edges between the boundaries of forest edges in B(v;,dR}) and v;. We can ac-
count for this extension by using the following observation. For a center v;, the
cost of extension is at most %5 times the cost of the forest inside B(v;,yR}).
Furthermore, during the selection of the vertices, we ensured that for any two
selected vertices v and v, the balls B(v;, yR}) and B(vj, yR}) are disjoint. Thus
the total cost of the extended tree is at most 1—}—% times the cost of the previous

forest. Hence cost of the Steiner tree built is at most 2%%0PTMM. Subse-
quently, the cost of the LAST built from this tree is at most 204&%0]3%1”“
[10]. For fixed constants «,d,v with v > ¢, this is O(OPTpyi4) and completes

the proof.

The total building cost is the sum of building costs at each stage, and we
have k such stages. Thus, we have the following.

Lemma 7. The total building cost is O(k - OPTyyi14)-

6.2 Routing Cost

After constructing the tree, for each source vertex v;, we route the corresponding
commodity along the unique (v;,t) path on the tree. Let OPT; = )", C; denote
the routing cost per unit flow for v; in the optimum. We prove that the routing
cost for a source v; is O(k) times OPT). Thus the total routing cost is O(k -
OPTroute)-

Refer to Figure @l for the following analysis.

Lemma 8. For any source vertex vj, the cost of routing unit amount of its
corresponding commodity is O(k - OPT}).

Proof. Let the (v;,t) path along Ty be v; = ug,u1,...,ur = t such that the
sub-path (u;, u;1+1) uses discount-i for 0 < 4 < k. Note that if discount-i is not
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proxyS(\'/')N
proxy, (v) proxy, (v)

Fig. 4. Analysis for routing cost.

used, then u; = u;41. Let dp(u;, ui+1) be the distance between w; and w;41 in
the tree Tp. Then, for v;, the routing cost per unit flow is Zl ridyr (g, Wig1).
For 1 < i < k, let proxy,(v;) denote the proxy of v; in stage k —i. Moreover,

. v
Ci+..+C}
i

for all j, define proxy, (v;) = t. We have d(v;, proxy, ,(v;)) < 2y <

2’yof,Tj. We also know that r;dr(u;, uiy1) < B - 7id(u;, proxy,,,(v;)) because

when we constructed the LAST in stage k — 4, d(u;, u;+1) was at most 3 times
the shortest path connecting u; to T;y1. Also this shortest path is shorter than
d(ui, proxy;  ,(vj)), as proxy,,(v;) was in Tj; ;.

By induction on ¢ we prove that, r;dr(u;, u;+1) < M-OPT); for some constant
M.

For the base case when ¢ = 0, v; was connected by a shortest path to T;.
0
Hence rodp(ug,u1) < rod(v;, proxy,(v,)) < ro - 27% < 27yOPT; < M - OPT;
for sufficiently large M.

Now assume rdp(u;, wj41) < M-OPTj for all | < 4. Using triangle inequality
and the induction hypothesis, we get

i - dp(us, Uigr) < B -1 d(“i7Pr0XYi+1(Uj))
i—1

<Beri Y d(ug,ugsr) + 8- - d(ug, proxy,,(v)))
q=0

i—1
T
=Y g dlug,uger) + B 1 d(vj, proxy, 4 (v))
q=0 "1

i—1
<BY €77-M-OPT; + 3-270OPT;
q=0

B¢ vy 2sy0PT,
— €

< M - OPT;

<(1

for M > % This completes the induction. Summing over all edges in
the path from v; to ¢, we get the statement of the lemma.
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Summing the routing cost bound over all source vertices v;, we obtain that
the total routing cost is no more than O(k - OPT,oute)-

7 Conclusion

The exact approximation factor of our algorithm depends on the parameters. If
we set (a, 3,7, 0,€) to be (7, %, 3,2, %) respectively, we obtain an approximation
factor of 60k for both components of the cost function. The running time of our
algorithm is dominated by the time to solve an LP with O(mnk) constraints and

variables.

7.1 Recent Work

The work of Guha et al [7] is combinatorial, and they build their tree in a bottom
up manner. Their approach is to gather demand from nodes by means of Steiner
trees until it is more profitable to use the next higher type of cable available.
They then connect such trees using shortest path trees that gather sufficient
demand to use the next cable type. They iteratively do this until all nodes are
connected to the sink. Their algorithm being purely combinatorial has a much
better running time. However, their approximation ratio is a large constant,
roughly 2000. We can contrast this with our approximation factor, which is 60k
with k& being the number of cables after pruning.

After learning about their work, we have been able to tighten the ratio of the
building cost component of our solution to the analogous component in the LP
relaxation (OPTpyi14) to a constant. We show how to do this in the extended
version of our paper [6]. Essentially, we prune the set of available cables so as
to get a sufficient (geometric) increase in the fixed cost of higher index cables.
Subsequently, if our LP has purchased a certain amount of a certain cable, we
allow ourselves to purchase the same amount of all cables of lower index. Given
the geometric costs, this only results in a constant factor dilation of the LP lower
bound. We show that this solution is near-optimal, and we compare ourselves
against it. Our algorithm can then charge the building cost of cable type ¢ to
what the augmented LP paid for cable type ¢ only, instead of the entire building
cost of the LP. This enables us to prove that the integrality gap of the building
cost component is low. However, we do not see yet how to improve the routing
cost component of our solution.

7.2 Open Questions

The main open question from our work is the exact integrality gap of this prob-
lem, whether it is a constant, O(k), or something in between. The question of
getting even better approximation ratios for this problem remains open. The
problem can be generalized to allow different source-sink pairs; for this problem
the current state of the art is a polylogarithmic approximation [4].
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Circuit Mengerian Directed Graphs

Bertrand Guenin

Department of Combinatorics and Optimization, University of Waterloo

Abstract. A feedback set of a digraph D = (V, E) is a set of vertices and
edges such that its removal makes the digraph acyclic. Let w: VUE —
Z+ be a non-negative cost function. We say that D is Circuit Mengerian
if, for every non-negative cost function w, the minimum weight feedback
set is equal to the cardinality of the largest collection of circuits F with
the property that, for every element ¢ € VUE, no more than w(t) circuits
of F use t. This property is closed under digraph minors, thus Circuit
Mengerian digraphs can be characterized by a list of minor minimal non
Circuit Mengerian digraphs. In this paper we give such an excluded minor
characterization.

1 Introduction

We use the convention that paths and circuits have no repeated vertices, and
that in digraphs they are directed. We say that ¢ is an element of a digraph if ¢
is either a vertex or an edge. Given a digraph D and a set of elements S we write
D\ S for the digraph obtained by deleting elements of S. A set S of elements of
D is a feedback set if D\ S is acyclic, i.e. it does not have (directed) circuits. Let
us assign to every element ¢ of D a non-negative value w(t). The weight w(S)
of a set of elements S is the value ), g w(t). We write 7,,(D) for the minimum
weight of a feedback set. A family F of circuits form a w-matching if for every
element ¢ of D there are at most w(t) circuits of F using ¢t. The cardinality of the
largest w-matching of circuits is denoted v, (D). Observe that 7,,(D) > v, (D).
We say that a digraph D is Circuit Mengerian (CM) if for every cost function
w: V(D)U E(D) — Z,, we have 7,(D) = v (D). In this paper we give an
excluded minor characterization of CM digraphs.

We say that an edge e of a digraph D with head v and tail u is special if
either e is the only edge of D with head v, or it is the only edge of D with
tail u, or both. We say that a digraph D is a minor of a digraph D’ if D can
be obtained from a subdigraph of D’ by repeatedly contracting special edges.
Suppose that D is CM. Note that deleting an element ¢ of D is equivalent to
choosing w(t) = 0. Observe that contracting a special edge uv (where say uv is
the only edge leaving u) is equivalent to choosing w(u) = 400 and w(uv) = +00.
These observations imply that,

Remark 1. The class of CM digraphs is closed under digraph minors.

By an odd double circuit we mean the digraph obtained from an undirected circuit
of odd length at least three, by replacing each edge by a pair of directed edges,

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 185-[I95] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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one in each direction. A chain is the digraph obtained from an undirected path,
with at least one edge, by replacing every edge by a pair of directed edges, one
in each direction. The endpoints of the chain are the vertices which correspond
to the endpoints of the path. A chain is odd (resp. even) if it has an odd (resp.
even) number of vertices. Given an integer n we write [n] for the set {1,... ,n}.
Consider the digraph D with vertices w,v1,...,vg, where k& > 3, and edges:
v;U;41 for all i € [k — 1] when ¢ is odd; v;1v; for all ¢ € [k — 1] when ¢ is even;
wv; for all ¢ € [k] when ¢ is odd; v;u for all ¢ € [k] when 4 is even. A digraph
isomorphic to D or to the reverse of D is a A-digraph. Vertex u is called the
center of D and vy, vy, are the endpoints of D. The parity of a A-digraph is the
parity of k. A A;-chain is the digraph obtained by identifying the endpoints of
an even A-digraph to the endpoints of an odd chain. Consider an even A-digraph
D with endpoints v1, v and center u and an odd A-digraph D’ with endpoints
v}, v and center u'. A Ay-chain is the digraph obtained by identifying v and «/,
identifying vy, v} to the endpoints of an odd chain, and identifying v], vs to the
endpoints of another odd chain.

Fig.1. A A;-chain (left). A As-chain (right)

Next we present the main result of this paper.

Theorem 1. D is CM if and only if it has no odd double circuit, no Ay-chain,
and no As-chain minor.

1.1 Related Results

Suppose we assign to each vertex v a non-negative value w(v). Clearly, the weight
of the minimum weight vertex feedback set is at least as large as the cardinality
of the largest collection of circuits with the property that for every vertex v
no more than w(v) circuits of the collection use v. A natural problem is to
try to characterize which digraphs have the property that equality holds in the
aforementioned relation for every non-negative assignments of weights. Digraphs
with this property are closed under induced subdigraphs but not under digraph
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minors and there is a long list of obstructions to this property. However the
problem has been solved for the special case when D is a tournament [9] or a
bipartite tournament [10]. When w(t) = 1 for every element ¢ of D, we write
7(D) for 1, (D) and v(D) for v, (D). Digraph D for which 7(D’) = v(D’) for
every subdigraph D’ of D are said to pack. The digraph F; consists of vertices
{0,...,6} and edges i(i + 1),4(i + 5) for all ¢ € {0,...6} (where additions are
taken modulo 7).

Theorem 2 (Guenin and Thomas [5]). D packs if and only if D has no odd
double circuit and no F; minor.

It follows from Remark [I] that CM digraphs pack. However, not every digraph
that packs is CM as the A;-chain of Figure [[] illustrates.

1.2 Clutters

A clutter H is a finite family of sets, over some finite ground set E(H), with
the property that no set of A contains, or is equal to, another set of H.
A 0,1 matrix, whose columns are indexed by E(H) and whose rows are the
characteristic vectors of the sets in H, is denoted by M[H]. A clutter H is
ideal if {x > 0 : M[H]z > 1} is an integral polyhedron, that is its extreme
points have 0,1 coordinates. The blocker b(H) of H is the clutter defined as
follows: E(b(H)) := E(H) and b(H) is the set of inclusion-wise minimal mem-
bers of {U : UNC # O,VC € H}. A clutter H is Mengerian if the system
M[H]z > 1,z > 0 is totally dual integral. Let w be a vector with |E(H)|
non-negative components. We define 7,(H) = min{wz : M[H]z > 1,z > 0},
vw(H) = max{ly : yM[H] < w,y € ZL_Hl}, and v} (H) = max{ly : yM[H] <
w,y > 0}. If all entries of w are 1 we write 7(H) for 7,(H), v(H) for vy, (H),
and v*(H) for v} (H). Note that a clutter H is Mengerian if and only for all
we ZIPON 7, (1) = v,y (H). Similarly, H is ideal if and only for all w € 2P,
Tw(H) = v} (H). Thus Mengerian clutters are ideal but the converse is not true
in general. Let D = (V, E) be a digraph. The clutter of circuits of D, denoted
C(D), is the clutter with ground set V' U E and where T' € C(D) if and only if T
is the set of vertices and edges of some circuit of D. Observe that a digraph D
is CM if and only if the clutter C(D) is Mengerian. We say that a digraph D is
Circuit Ideal (CI) if the clutter C(D) is ideal. Similarly, as for CM digraphs we
have,

Remark 2. The class of CI digraphs is closed under digraph minors.

Let H be a clutter and i € E(H). The contraction H/i and deletion H \
are clutters with ground set E(H) — {i} where: H/i is the set of inclusion-wise
minimal members of {S — {i} : S € H} and; H\i :={S :¢ ¢ S € H}.
Contractions and deletions can be performed sequentially, and the result does
not depend on the order. A clutter obtained from H by a sequence of deletions
I; and a sequence of contractions I. (I. N I; = 0) is called a minor of H and
is denoted H \ I4/I.. It is well known that Mengerian and ideal clutters are
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closed under minor. To distinguish between minor operations for digraphs and
clutters we will sometimes talk of digraph-minors or of clutter-minors. There is
a one-to-one correspondence between deletions on the digraph and deletions on
the associated clutter.

Remark 3. Let D be a digraph and ¢ an element of D. Then C(D \t) = C(D)\t.

An odd hole is a clutter, denoted C7, such that k is odd where and M[C?] is a
k x k non-singular matrix, with exactly 2 non-zero entries in every row and every
column. Since 7(C3) = [k/2] > |k/2] = v(C?), odd holes are not Mengerian.
Note that if D is an odd double circuit then C(D)/E(D) is an odd hole. Sup-
pose D is a Ay, or As-chain. Let u denote the center of the A-digraphs. Then
C(D)/(E(D) U {u}) is an odd hole. Hence,

Remark 4. If D is an odd double circuit, a A;-chain, or a Ag-chain then C(D)
has an odd hole minor.

Combining the previous observation with theorem [I] implies,

Theorem 3. Let D be a digraph. Then C(D) is Mengerian if and only if it has
no odd hole minor.

1.3 Outline of the Paper
Let D be a digraph. Theorem [ follows from the following two results.

Lemma 1. D is CI if and only if it has no odd double circuit, no A;-chain,
and no Ay-chain minor.

Lemma 2. D is CM if and only if it is CL.

A sketch of the proof of Lemma [l is given in Section Pl In Section [ we show
properties of CI digraphs which are not CM. Finally, Section[4] outlines the proof
of Lemma

2 Circuit Ideal Digraphs

2.1 Lehman’s Theorem

A clutter is said to be minimally non-ideal (mni) if it is not ideal but all its
proper minors are ideal. The clutter [J;, for ¢ > 1, is defined as follows: E(J;) :=
{0,... .t} and J; := {{1,... ,t}} U {{0,i} : i=1,... ,t}. By abuse of notation
we shall identify a clutter H with its matrix representation M [H].

Theorem 4 (Lehman [6]). Let A be a minimally non-ideal matriz with n
columns and let B its blocker. Then B is minimally non-ideal. If A is distinct
from J; then A (resp. B) has a square, non-singular row submatriz A (resp. B)
with v (resp. T) non-zero entries in every row and column. In addition r7 > n
and rows of A (resp. B) not in A (resp. B) have at least r + 1 (resp. 7 + 1)
non-zero entries. Moreover, ABT = J + (rf —n)I, where J denotes an n x n
matrix filled with ones.
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Given a clutter H, we write H for the clutter which contains only the sets of
minimum cardinality of H. Let # be mni and K = b(H). Define A := M[H], B :=
MIK)] and A := M[H], B := MI|K]. Consider the element L € H (resp. U € K)
that corresponds to the i** row of A (resp. B). We call U the mate of L. If
H # J; then ABT = J + (r7 — n)I. Hence U intersects every element of H
exactly once; except for L which is intersected ¢ = 77 —n + 1 > 2 times. If
H = J; then b(H) = J;, and U intersects every element of H exactly once;
except for L which is intersected ¢ = 2 times or ¢ =t > 2 times.

2.2 Chains

Given a digraph D we write ¢ € D to mean ¢ is an element of D (a vertex or an
edge). Given two subdigraphs D1, Dy we denote the intersection of the elements
of Dy and Do by D1 N Da. A collection of circuits F = {Cy,Cs,... ,C,} is a
closed chain if n > 3 is odd and the following properties are satisfied: (1) for
all 4,7 € [n] with @ # j either C; N C; = 0 or C; and C; intersect in a unique
path (which may consists of a single vertex); (2) for all ¢ € [n], there is an
element in C; N C;y1 (where n+ 1 = 1) which is not an element of any circuit in
F—{C;,Ci1+1}. A closed chain is minimal if the digraph induced by the elements
of the chain does not contain a closed chain with fewer circuits. Observe that
the “only-if” direction of Lemma [I] follows immediately from Remark @ Let D
be any digraph. The other direction follows from the next two propositions.

Proposition 1. If M (D) is not ideal then D has a closed chain.

Proposition 2. A minimal closed chain is either an odd double circuit, a A;-
chain, or a As-chain.

The proof of Proposition[2is a lengthy case analysis and hence it is not included
in this paper.

Proof. (Sketch for proposition [I]) Suppose C(D) is not ideal and let A be a mni
minor of C(D). Because of Remark [J we may assume A = C(D)/I. Let r be the
cardinality of the elements of A.

Claim. Some submatrix of M[A] is an odd hole.

Proof. (of Claim) If A = J; then the first three rows and columns of M|J]

contain an odd hole. Otherwise we know from Theorem [ that M[A] is a square
non-singular matrix with exactly  ones on every row. It follows that %1 is an

extreme point of the polyhedron {x > 0 : M[A]z > 1}. Hence M[A] is not ideal.
But matrices which are not ideal contain an odd hole as a submatrix (see Berge
[1], Fulkerson et al. [4]). <&

We may assume that the odd hole of Claim 1 is contained in rows and columns
1 to k of M[A]. Let Ly,..., Ly be the sets of A corresponding to rows 1 to

k of M[A]. We denote by F a collection of circuits Cy,...,Cy where L; =
(E(C;) UV(C;)) — I for all i € [k]. There are exactly two circuits of F which
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contain any element of D corresponding to a column i € [k] of M|[A]. This
implies that property (2) of chains is satisfied. Consider any collection F and
a pair of circuits C,C’" € F where C,C’ both contain a same pair of distinct
vertices v and w. Let P be the vw-path of C, let @ be the wv-path of C, let P’
be the vw-path of C’, and let @’ be the wv-path of C’. We need to show that
F can be chosen so that in addition property (1) also holds, i.e. that P = P’
or that Q = @’. Here we only indicate how to show the weaker property that
P—I=P —TorQ—1=@Q —1I. Given a subdigraph D" we write [(D’) for
|(V(D') U E(D')) — I|. Let C denote the circuit included in P + Q" and let C
denote the circuit included in Q + P’. By definition of N, [(C) = I(C') = r
and 1(C) > r,1(C) > r. It follows that {(P) = I[(P’) and I(Q) = I(Q’). Hence,
C € A and C e A. Moreover, every element of (PUQ') — I (resp. (P'UQ) —1I)
is an element of C (resp. C). Suppose for a contradiction P — I # P’ — I and
Q—1+#Q —1I. Then C,C",C,C are all distinct elements of A. Let U be the
mate of C. Then |U N (P U Q)| > 2. Since C' € B we have |[UNC| =1 and in
particular |[UN P| < 1. Similarly, C implies |[UNQ| < 1. It follows that there are
element p,q € U where p € P and ¢q € Q. Since [UNC’| = 1 there is an element
f € C'NU. By symmetry we may assume f € Q' but then UNC 2 {p, f} a
contradiction since |U N C| = 1. O

3 Properties of CI But Non CM Digraphs

A clutter (or matrix) is minimally non-Mengerian if it is not Mengerian but
all its proper clutter-minors are Mengerian. A digraph is minimally non CM,
is it is not CM but all its digraph-minors are CM. We shall need the following
observations.

Proposition 3 (Cornuéjols et al. [3]). Let M be an ideal, minimally non-
Mengerian 0,1 matriz.

(i) for every column i of M, T(M \ i) =7(M)—1,
(ii) for every column i of M, T(M/i) = 7(M),

(iii) every row of M has at least two non-zero entries.

The following weak form of the complementary slackness theorem [12] will also
be required.

Remark 5. Let z* be an optimal solution to the linear program min{cz : Mz >
1,z > 0} and let y* be an optimal solution to max{yl : yM < ¢,y > 0}. If
M; x> 1 then y; =0 and if M ;y < ¢; then z7 = 0.

Proposition 4. Let D be a minimally non CM digraph which is CI. Then there
is a subset I of elements of D such that M(D)/I is minimally non-Mengerian.
Moreover, V(D) C I.
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Proof. (Sketch) Let M := M(D) and let N be a minimally non-Mengerian
matrix. Because of Remark Blwe may assume that N = M/I. We only present the
proof for the case where 7(NN) > v(N) (this is equivalent to assuming correctness
of the replication conjecture [2]). Let ¢ denote a column of N, we will show that
1 corresponds to an edge of D. Note,

min{lz : Mz > 1,z € {0,1}"} = (1)
min{lz : Mz > 1,2 > 0} = (2)
max{yl : yM <1,y > 0}. (3)

The first equality holds because M is ideal. The second equality follows from
linear programming duality. It follows from Proposition Bl(i) that there is an
optimal solution to (1) with ¥ = 1. Let y* be an optimal solution to (3).
Remark [ implies that (y*M); = 1. Hence in particular there is a row m of
M with m; = 1 and gy}, > 0. Proposition B((iii) implies that for some column
Jj # i we have m; = 1. Suppose that 7(N \ {¢,j}) = 7(N) — 2. Then there is an
optimal solution to (1) with z7 = 27 = 1. But then Remark [H would imply that
y*, =0, a contradiction. Hence 7(N\ {4, j}) = 7(N) —1. Because N is minimally
non-Mengerian, v(M \ {i,j}) = 7(IN) — 1. Thus there exists a collection R of
T(N) — 1 circuits of D which do not use elements ¢ or j and which pairwise
intersect in at most I. Proposition [B(ii) states that 7(N/j) = 7(N). Because N
is minimally non-Mengerian, v(N/j) = 7(NN). Thus there exists a collection B of
7(N) circuits of D which pairwise intersect in at most I U {j}.

Claim: Every column of N is an element of a circuit of R U B.

Proof. (of Claim) Suppose for a contradiction there is a column k of N which is
not in any circuit of R U B. Let T be a minimal set of columns which intersect
all rows of N \ k. Suppose T contains j. Then the collection R imply that
|T—{j} > |R|=7(N)—1. Suppose T does not contain j. Then the collection B
imply that |T'| > |B| = 7(N). Hence, 7(N \ k) = 7(N). Because N is minimally
non-Mengerian 7(N \ k) = v(N \ k), i.e. there exists 7(N \ k) = 7(N) rows of N
which are pairwise disjoint. This implies v(N) = 7(N) a contradiction. O

Suppose for a contradiction that i corresponds to a vertex of D. Then i is in a
unique circuit of B and in no circuit of R. It follows from the Claim that 7 must
have in- and out-degree one. Then it is routine to check that we may replace the
two series edges incident to i by a single edge with weight one. The resulting
digraph D’ is a digraph minor of D and 7(D’) > v(D’). Hence D’ is not CM, a
contradiction. O

Suppose a minimally non CM digraph D is strongly connected, but not strongly
2-connected, Thus there is a vertex v such that D\v is not strongly connected.
Then there is a partition of V(D) — {v} into non-empty sets X1, Xs such that
all edges with endpoints in both X; and X5 have tail in X; and head in X5s.
Let F be the set of all these edges. For i = 1,2 let D; be the digraph obtained
from D by deleting all edges with both endpoints in X3_; U {v} and identifying
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all vertices of X3_; U {v}. Thus edges of F belong to both D; and Dy; in D,
they have head v and in D5 they have tail v. We say that D is a 1-sum of D,
and Ds. Let w : E(D) — Z4 and let w’' : V(D) U E(D) — Z4 be defined as
follows: w'(t) = 400 if t € V and w'(t) = w(t) otherwise. We write 7, (D) for
Tw' (D), Uy(D) for vy (D), v} (D) for v, (D). When w(e) =1 for all e € E then

w

T(D) = T (D), v(D) = (D), v*(D) = v} (D).

Proposition 5. Let D be a minimally non CM digraph which is CI. Then D is
strongly 2-connected.

Proof. 1t is not hard to show that D must be strongly connected. Because D is CI
and minimally non CM, it follows from Proposition[4 that for some w : E(D) —
Zy, Tw(D) > 1, (D). Because we allow parallel edges we may assume w(e) = 1
for all e € E(D). Suppose for a contradiction D is not strongly 2-connected. We
will show 7(D) = v(D) contradicting the fact that D is not CM. Let M = M (D).
Since D is CI, M is ideal. It follows from linear programming duality that there
is a edge feedback set T of D and a vector y* such that |T'| = y*1 where y*M < 1
and y* > 0. It follows from Proposition Bl(i) and Remark [ that y*M = 1. Since
D is not strongly 2-connected it is the 1-sum of some digraphs D; and D,. Let
F' be the set of edges which belong to both D; and Dy. Throughout this proof
i shall denote an arbitrary element of [2]. Let £; be the family consisting of
circuits C' of D which are circuits of D; \ F' and for which yo > 0. Let F be
the family consisting of circuits C' of D which use some edge of F' and for which
yc > 0. Let l; = > cp, ye- Since for all f € F, (y*M)y =1, Y crye = |F].

Observe that y* and the families £; and F imply that 7*(D;) = I; +|F|. Because
D is strongly connected, each D; is a digraph-minor of D. Since D is minimally
non CM it follows that each D; is CM. Hence #(D;) > [1;] + |F|. Let £; be the
corresponding family of circuits. Construct a family of circuits £ as follows: (i)
include each circuit of £; and £, which does not use edges of F (ii) for every
edge f € F for which there exist circuits Cy € [:1,02 € f,g and f € Cy N Cy,
include the circuit C1 U Cy — {f} in L. Let ¢; be the number edges of F' which
are not in circuits of £;. Since £; > [I;] + |F|, there are [I;] + ¢; circuits of £;

not using any edge of F'. Hence, there are [I1]+¢1 + [l2] + g2 circuits included in
(i) and at least |F'| — g1 — ¢o circuits included in (ii). Thus |£]| > [I1] + [l2] + | F]|
and 7(D) > 7(D), a contradiction. O

4 Circuit Mengerian Digraphs

4.1 Pfaffian Orientations

Let G be a bipartite graph with bipartition (A, B), and let M be a perfect
matching in G. We denote by D(G, M) the digraph obtained from G by directing
every edge of G from A to B, and contracting every edge of M. It is clear that
every digraph is isomorphic to D(G, M) for some bipartite graph G and some
perfect matching M. A graph G is k-extendable, where k is an integer, if every
matching in G of size at most k can be extended to a perfect matching. A
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2-extendable bipartite graph is called a brace. The following straightforward
relation between k-extendability and strong k-connectivity will be required [14].

Proposition 6. Let G be a bipartite graph, let M be a perfect matching in G,
and let k > 1 be an integer. Then G is k-extendable if and only if D(G, M) is
strongly k-connected.

A circuit C of G is central if G\V(C) has a perfect matching. Let D be an
orientation of G. A circuit C of G is oddly oriented if an odd number of its edges
are directed in the direction of each orientation of C'. A bipartite graph G is
Pfaffian is there exists an orientation of G such that every central circuit is oddly
oriented. Let G be a bipartite graph and M a perfect matching in G such that
D(G, M) is isomorphic to F7. This defines G uniquely up to isomorphism, and
the graph so defined is called the Heawood graph. Let Gy be a bipartite graph, let
C be a central circuit of G of length 4, and let G, G2 be subgraphs of Gy such
that GlUGQ = Go, Gl mGg = C, and V(Gl) —V(Gg) 75 @ 75 V(Gg)—V(Gl) Let
G be obtained from G by deleting all the edges of C. In this case we say that G
is the 4-sum of Gy or G along C'. This is a slight departure from the definition
n [I4], but the class of simple graphs obtainable according to our definition is
the same, because we allow parallel edges.

Proposition 7 (Robertson et al. [14]). Let G be a 4-sum of G1 and Gs.
Then G is a Pfaffian brace if and only if both G1 and Gy are Pfaffian braces.

Theorem 5. Let G be a brace, and let M be a perfect matching in G. Then the
following conditions are equivalent.

(i) G is Pfaffian,

(ii) D(G, M) has no minor isomorphic to an odd double circuit.

(iii) either G is isomorphic to the Heawood graph, or G can be obtained from
planar braces by repeatedly applying the 4-sum operation,

Proof. The equivalence of (i) and (iii) is the main result of [I1] and [14]. Con-
dition (ii) is equivalent to the other results of Little [7] and Seymour and
Thomassen [I3]. See also [11]. O

Using this structural decomposition we will deduce.

Proposition 8. Let G be a Pfaffian brace which is not isomorphic to the Hea-
wood graph, let M be a perfect matching, and let D = D(G,M). For every
w: E(D)— Zy, Tw(D) = (D).

This last proposition will be sufficient to show that every CI digraph is CM.

Proof. (of Lemma B Let D be a CI digraph which is minimally non CM. It
follows from Proposition @ that 7,(D) > ,(D) for some w : E(D) — Z,.
Proposition Bl implies that D is strongly 2-connected. Recall D = D(G, M) for
some bipartite graph G with perfect matching M. Note that G is not isomorphic
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to the Heawood graph; for otherwise D is isomorphic to F; which is not CI (it
contains a Aj-chain as a minor). It follows from Proposition @ that G is 2-
extendable. Since D is CI it has no odd double circuit minors. It follows from
Theorem [{] that G is Pfaffian. Hence Proposition[§ implies that 7, (D) = i, (D),
a contradiction. |

Proof. (Sketch for Proposition B) Suppose for a contradiction the result does
not hold and let us assume that G is a counterexample with fewest number of
vertices. Lucchesi and Younger [8](Theorem B) proved that for planar digraph,
Tw(D) = Uy (D) for any w : E(D) — Z,. Hence, we may assume D is not planar
and thus that G is not planar either. It follows from Theorem [5l that G is the
4-sum along a central circuit C' of length four of some bipartite graphs G; and
Go. For i = 1,2, let M; = M N E(G;) and D; = D(G;, M;). We know from
Proposition [1 that G; and G5 are Pfaffian braces. Moreover, GG1 is contained in
G. Robertson et al. [T4][Theorem 6.7] showed that if a Pfaffian brace G contains
the Heawood graph then G is isomorphic to the Heawood graph. It follows that
G'1, and similarly G2, are not isomorphic to the Heawood graph. Moreover, G
and G5 have fewer vertices than G so it follows that for D; and all its minors
D}, 7,(D}) = 0, (D)) for all weights w : E(D}) — Z.

There are several cases depending on how many edges of M have both end-
points in V(C). We shall outline how to dispose of the case where two edges
of M have both endpoints in C, the other cases can be dealt with using sim-
ilar, but more involved, arguments. In this case |V(Dy) N V(D2)| = 2 and
let V(D1) N V(D2) = {uy,uz}. Moreover, E(Dy) N E(D3) = {ujug,uguy}.
Define D] = D;\{ujug,ugu1}. Let w’ : E(D) U {ujug,ugu1} — Z4 where
w' (uug) = w'(uguy) = 400 and w'(e) = w(e) for all e € E(D). Let 4,4,k € [2]
where j # k. Define r/* = 7,/ (D} + ujug) — 7o (D))

Claim: For i = 1,2, 712 =0 or r?! = 0.

Proof. (of Claim) Let j, k denote distinct elements of [2]. If /¥ > 0 there is no
set of edges T C E(D)) with w(T) = 7, (D}) which intersects all circuits of D]
and all paths from uy to u;. Hence, if 7/2 > 0 and r?! > 0 then there is no set
of edges T' C E(D}) with w(T') = 7, (D}) which intersects all circuits of D}, a
contradiction. &

Because of the Claim we may assume (after possibly relabeling D;, Do and
u1,ug) that 21 = 0 and r? > r31. Fori € [2], let w; : E(D)U{ujug, usuy } — Z4
where w; (u1us) = r2, w;(uguy) = r?1, and w;(e) = w(e) for e € D(D). Note for
i,J, k € [2] where j # k, T4, (D} + ujug) = T (D} + ujug). Since D] + ujug is a
minor of Dy it follows that T, (D] +uiuz) = g, (D] +uiuz). Hence there is a col-
lection of 7,/ (D}) circuits C; and r}? uoui-paths P; which form a w;-matching.
Similarly, there is a collection of 7, (D}) circuits Co and 73! ujus-paths P, which
form a wy-matching. Combining C; UCs with the circuits obtained by pairing as
many paths of P; and P as possible, we get a collection of 7, (D}) 47y (D) +r3t
circuits which form a w-matching. Since ri? = 0 there exists a set Ty C E(D})
with w'(T1) = 7o (D)) which intersects all circuits of Dy and all ujug-paths.
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There exists a set Ty C E(D}) with w/(Ty) = T (D4) + r3* which intersects all
circuits of Dy and all ujus-paths. Then T7 U T5 intersect all circuits of D and
Tw(D) = 1, (D), a contradiction. O
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Integral Polyhedra Related to Even Cycle and
Even Cut Matroids*

Bertrand Guenin

Department of Combinatorics and Optimization, University of Waterloo

Abstract. A family of sets H is ideal if the polyhedron {z > 0 :
Yics®i > 1,¥S € H} is integral. Consider a graph G with vertices
s,t. An odd st-walk is either: an odd st-path; or the union of an even
st-path and an odd circuit which share at most one vertex. Let T be a
subset of vertices of even cardinality. An st-T-cut is a cut of the form
0(U) where |UNT|is odd and U contains exactly one of s or t. We give
excluded minor characterizations for when the families of odd st-walks
and st-T-cuts (represented as sets of edges) are ideal. As a corollary we
characterize which extensions and coextensions of graphic and cographic
matroids are 1-flowing.

1 Introduction

A clutter H is a finite family of sets, over some finite ground set E(H), with
the property that no set of H contains, or is equal to, another set of H. A 0,1
matrix, whose columns are indexed by E(#) and whose rows are the charac-
teristic vectors of the sets in H, is denoted by M[H]. A clutter H is ideal if
{zx > 0 : M[H]z > 1} is an integral polyhedron, that is its extreme points
have 0,1 coordinates. The blocker b(H) of H is the clutter defined as follows:
E(b(H)) := E(H) and b(H) is the set of inclusion-wise minimal members of
{U:UNC # 0,vC € H}. Tt is well known that b(b(H)) = H. Hence we
say that H,b(H) form a blocking pair of clutters. Lehman [I1] showed that if a
clutter is ideal, then so is its blocker. A clutter is said to be binary if, for any
S1,55, 53 € H, their symmetric difference S; A So A S3 contains, or is equal to,
a set of H. Equivalently, H is binary if, for every S € H and S’ € b(H), |SN S|
is odd. Let H be a clutter and ¢ € E(H). The contraction H/i and deletion H\ i
are clutters with ground set E(H) — {i} where: H/i is the set of inclusion-wise
minimal members of {S — {i} : S € H} and; H\i:={S:9 ¢S € H}. Observe
that b(H \4) = b(H)/i and b(H /i) = b(H) \ i. Contractions and deletions can be
performed sequentially, and the result does not depend on the order. A clutter
obtained from H by a sequence of deletions I; and a sequence of contractions I,
(I.N1I; = 0) is called a minor of H and is denoted H \ I;/1.. It is a proper
minor if I, U Iy # 0. A clutter is said to be minimally non-ideal (mni) if it is not
ideal but all its proper minors are ideal. The clutter Ok, is defined as follows:
E(Ok,) is the set of 10 edges of K5 and Ok, is the set of odd circuits of K5 (the

* This work supported by the Fields Institute and the University of Waterloo.

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 196-209] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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triangles and the circuits of length 5). The 10 constraints corresponding to the
triangles define a fractional extreme point (%, %, ceey %) of the associated poly-
hedron. Consequently, Ok, is not ideal and neither is its blocker. The ground
set of L, are the elements {1,2,3,4,5,6,7} of the Fano matroid and the sets in

L, are the circuits of length three (the lines) of the Fano matroid, i.e.,

Lp, = {{1’37 5},{1,4,6},{2,3,6},{2,4,5},{1,2,7},{3,4,7},{5,6, 7}}

The fractional point (3, %,...,%) is an extreme point of the associated poly-

hedron, hence L, is not ideal. The blocker of Lp, is Lp, itself. The following
excluded minor characterization is predicted,

Seymour’s Conjecture [Seymour [I4] p. 200, [15] (9.2), (11.2)]
A binary clutter is ideal if and only if it has no Lpg,, no Ok,, and no b(Ok;,)
minor.

1.1 Clutters of Odd st-Walks

Consider a graph G and a subset of its edges Y. The pair (G,X) is called a
signed graph. We say that a subset of edges L is odd (resp. even) if |[L N X| is
odd (resp. even). Let s,t be vertices of G. We call a subset of edges of (G, X)
an odd st-walk if it is an odd st-path; or it is the union of an even st-path P
and an odd circuit C, where P and C' share at most one vertex. We will see in
Section[2 that the family of odd st-walks form a binary clutter. Figure[dl gives a
representations of the clutter L, as a clutter of odd st-walks. The dashed lines
correspond to edges in X.

4
/ Y
! \
|2 6 'S5
' 1
\ .
\ ’
\ ’
N 7 P
S t

Fig. 1. The clutter L, represented as an st-walk.

Theorem 1. A clutter of odd st-walks is ideal if and only if it has no Lp, and
no Ok, minor.

A signed graph is said to be weakly bipartite if its odd circuits form an ideal
clutter (where the ground set is the edge set). If s = ¢ there exist no odd st-
paths in (G, X). Hence, in that case, the clutter of odd st-walks is the clutter
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of odd circuits. It is easy to verify that £Lp is not a clutter of odd circuits.
Moreover, the family of clutters of odd circuits is closed under taking minors.
Consequently the following theorem is a corollary of Theorem [I]

Theorem 2 (Guenin [7]). A signed graph is weakly bipartite if and only if the
clutter of its odd circuits has no Ok, minor.

1.2 Clutters of st-T-Cuts

Consider a graph G and a subset T of its vertices with |T'| even. A T-join is an
inclusion-wise minimal set of edges J such that T is the set of vertices of odd
degree of the edge-induced subgraph G[J]|. A T-cut is an inclusion-wise minimal
set of edges 6(U) := {(u,v) : w € U,v ¢ U}, where U is a set of vertices of G
that satisfies |[UNT| odd. T-joins and T-cuts generalize many interesting special
cases. If T' = {s,t}, then the T-joins (resp. T-cuts) are the st-paths (resp. st-
cuts) of G. If T'=V, then the T-joins of size |V'|/2 are the perfect matchings of
G. The case where T is identical to the set of odd-degree vertices of G is known
as the Chinese postman problem [9/4]. The families of T-joins and T-cuts form a
blocking pair of clutters. Let s, ¢ be vertices of G. An st-T'-cut [6] is a T-cut §(U),
where U contains exactly one of s or t. We will see in Section [J that the family
of st-T-cuts form a binary clutter. In Figure B] we represent Lp, as an st-T-cut.
In Figure B we represent b(Ok,) as an st-T-cut. The solid vertices correspond
to the vertices in 7.

Theorem 3. A clutter of st-T-cuts is ideal if and only if it has no Lp, and no
b(Ok,) minor.

Suppose t is an isolated vertex. Then the st-T-cuts of G are the T-cuts of G.
Since L, and b(Ok,) are not clutters of T-cuts, and since this class of clutters
is closed under taking minors, the following theorem is a corollary of Theorem [3]

Theorem 4 (Edmonds [4]). Clutters of T-cuts and T-joins are ideal.

If T consists of two vertices s’,¢' then the st-T-cuts are known as 2-commodity
cuts [§]. The blocker of the clutter of 2-commodity cuts is the set of all st-paths
and s't’-paths. Tt is referred to as a clutter of 2-commodity flow. Since L, and
b(Ok,) are not clutters of 2-commodity flows, and since this class of clutters is
closed under taking minors, the following theorem is a corollary of Theorem Bl

Theorem 5 (Hu [8]). Clutters of 2-commodity flows and 2-commodity cuts are
ideal.

Recall that Lp,, O, are clutters of odd st-walks and L, , b(Ok, ) are clutters
of st-T-cuts. Together with theorems[Il and [3] this implies the following corollary
which suggests a new way of attacking Seymour’s conjecture,

Corollary 1. The following statements are equivalent:

(i) Seymour’s conjecture holds;
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Fig. 3. The clutter b(Ox;) represented as an st-T-cut.

(i) Let H be a mni binary clutter, then H or b(H) is a clutter of odd st-walks;

(i1i) Let H be a mni binary clutter, then H or b(H) is a clutter of st-T-cuts;

(iv) A mni binary clutter is either a clutter of odd st-walks or a clutter of st-
T-cuts.

1.3 1-Flowing Matroids

Let M be a matroid. The set of its elements is denoted F(M) and the set of its
circuits by 2(M). A matroid M is said to be e-flowing [15] if for every weights

w e ZLFE(M)‘_l the following equality holds:

min{ Z W;T; Z z; > 1,

i€E(M)—{e} i€eC—{e}
VC withee C e Q(M),x € {071}|E(M)\—1}

= ma:c{ Z Yo Z yo < wy,

Cie€CeN(C) C:{e,j}CCER(C)
for all j € B(M) — {e},y > 0}.

The matroid M is said to be 1-flowing if it is e-flowing for all its elements e.
Consider the special case where M is a graphic matroid, and let s,t be the
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endpoints of edge e of the underlying graph. Then C' — {e} is an st-path. The
solution to the minimization problem becomes a minimum weight st-cut, while
the solution to the maximization problem becomes a maximum fractional st-
flow. We know from the max-flow min-cut theorem [5] that equality holds in
this case. Hence graphic matroids are 1-flowing. Next we define the matroids
AG(3,2) and Ty1 by giving their partial representations,

0111 119051
4¢3,2) (1951 T 011101}, (1)
1110 1 111

Observe that AG(3,2) is a one element extension of the Fano matroid and 71, is
a one element extension of Ryig. We write 17 for the dual of 77;. The following
is a special case of Seymour’s conjecture.

Conjecture 1 (Seymour[1d] (11.2)). A binary matroid is 1-flowing if and only if
it has no AG(3,2), no Ti;, and no 77}, minor.

The rank 2 uniform matroid on 4 elements is written Us 4. The next result implies
Conjecture [Il for extensions and coextensions of graphic and cographic matroids.

Theorem 6. (i) Suppose M is a coextension of a graphic matroid. Then M
is 1-flowing if and only if it has no AG(3,2), no Ty, and no U 4 minor.

(ii) Suppose M is a coextension of a cographic matroid. Then M is 1-flowing
if and only if it has no AG(3,2), no T11, and no Uy 4 minor.

(i4i) Suppose M is an extension of a cographic matroid. Then M is 1-flowing if
and only if it has no AG(3,2), no T11, and no Us 4 minor.

(iv) Suppose M is an extension of a graphic matroid. Then M is 1-flowing if
and only if it has no AG(3,2), no T}, and no Uz 4 minor.

1.4 Outline of the Paper

The paper is organized as follows. Section [2 constructs binary clutters from
binary matroids. Special cases of this construction include odd st-walks and st-
T-cuts. Section Blreviews properties of minimally non-ideal binary clutters. The
proof of Theorem [Mis found in Section Bl The proof of Theorem [B]1),(iii) is in
Section Bl We have omitted the proof of theorem [4l

2 From Binary Matroids to Binary Clutters

Throughout this section, M will denote a binary matroid and X C E(M) a
subset of its element. The pair (M, Y) is called a signed matroid. Recall that a
set L C E(M) is odd (resp. even) if |[L N X is odd (resp. even). The dual of
M is written M*. Let B be the |2(M*)| + 1 x |E(M)| matrix, where the first
[£2(M™*)| rows are the incidence vectors of the cocircuits of M, and the last row is
the incidence vector of 2. The binary matroid with representation B is denoted
Even(M, X).
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Proposition 1. Let N := Even(M, ).

(i) A circuit of N is either: an even circuit of M ; or the disjoint union of two
odd circuits of M.

(i) A cocircuit of N is either: a cocircuits of M; or of the form C A X, where
C' is a cocycle of M.

Proof. Let L be a circuit of Even(M, ). By definition L intersects every cocir-
cuit of M with even parity. Hence L is a cycle of M and it can be expressed as
the disjoint union of a collection S of circuits of M. As L is even there is an even
number of odd circuits in S. Since L is a circuit either S consists of a single even
circuit or S consists of the union of two odd circuits. Finally, (ii) follows from
the fact that the cocycle space of Even(M, X)) is spanned by the rows of B. O

Let e be an element of M. The family of sets {S — {e} : e € S € 2(M)}
is denoted Port(M,e). Note that Port(M,e) has ground set E(M) — {e}. The
following results have appeared explicitly or implicitly in the literature, see for
instance [2].

Proposition 2. Port(M,e) is a binary clutter.

Proposition 3. Port(M,e) and Port(M*,e) form a blocking pair.

The next proposition is an immediate corollary of propositions [[] and [3
Proposition 4. Let e € E(M)N X and let H := Port(Even(M, X),e).

(i) An element of H is either: (1) an odd set C — {e}, where C is a circuit
of M using e; or (2) the union of an even set C' — {e} and an odd set C’,
where C,C" are disjoint circuits of M and e € C.

(i) An element of b(H) is either of the form: (1) C' —{e} where C is a cocircuit
of M wusing e; or (2) of the form (C A X)) —{e}, where C is a cocycle of M
avoiding e.

2.1 Even Cycle Matroids

Here we consider the case where M is the graphic matroid of a graph G. In that
case Even(M, X)) is called an even cycle matroid. Let e = (s,t) € X be an edge
of G. Let X' := X — {e} and let G’ be the graph obtained by deleting edge e of
G. Consider H from Proposition [4. In the subsequent discussion odd and even
are meant with respect to X’. From (i) we know that an element of # is either:
(1) an odd st-path, or (2) the edge-disjoint union of an even st-path P and an
odd circuit ¢’ of G'. Moreover, if P and C’ share more than one vertex then
P UC contains, as a proper subset, an odd st-path; a contradiction since H is a
clutter. Hence the elements of A are the odd st-walks of (G', X’). Note that if
C is a cut of G avoiding edge (s,t) then it is a cut of G’ where s and ¢ are on
the same shore. Statement (ii) thus implies,

Corollary 2. An element in the blocker of the clutter of odd st-walks of (G, %)
is either: an st-cut; or a set of the form C A\ X', where C is a cut with s and t
on the same shore.
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2.2 Even Cut Matroids

Here we consider the case where M is the cographic matroid of a graph G. In
that case Even(M, X)) is called an even cut matroid. Let e = (s,t) € X be an
edge of G. Let X’ := X — {e} and let G’ be the graph obtained by deleting
edge e of G. Define T to be the set of vertices of odd degree in the edge-induced
subgraph G'[Y"]. Consider H from Proposition[d. If C (resp. C UC") is a cut of
G using e then C' —{e} (resp. (CUC") —{e}) is a cut of G’ where s and ¢ are on
distinct shores. Since the odd cuts of (G’,X’) are the T-cuts of G’, (i) implies
that H is the clutter of st-T-cuts of (G', X"). From (ii) we know that an element
of b(H) is either: (1) an st-path; or (2) is of the form C' A X’ (where C is a cycle
of G') i.e., a T-join. Consequently,

Corollary 3. An element in the blocker of the clutter of st-T'-cuts of G' is either
an st-path or a T-join.

3 Properties of Minimally Non-ideal Clutters

In this section we review properties of mni clutters. The clutter J;, for ¢ > 1,
is defined as follows: E(7;) := {0,...,t} and J, := {{1,... ,t}} U{{0,i} : i =
1,... ,t}. By abuse of notation we shall identify a clutter H with its matrix
representation M [H].

Theorem 7 (Lehman [12]). Let A be a minimally non-ideal matriz with n
columns and let B its blocker. Then B is minimally non-ideal. If A is distinct
from J; then A (resp. B) has a square, non-singular row submatriz A (resp. B)
with r (resp. T) non-zero entries in every row and column. In addition r7 > n
and rows of A (resp. B) not in A (resp. B) have at least r + 1 (resp. 7+ 1)
non-zero entries. Moreover, ABT = J + (r7 —n)I, where J denotes an n x n
matriz filled with ones.

Note that J; is not binary. Bridges [I] proved that matrices A, B such that,
ABT = J + (rf — n)I, commute. So ABT = ATB and in particular for each
column j of B we have ATcol(B,j) = 1+ (r7 — n)e;j, where e; is the 7 unit
vector. Combinatorially this can be expressed as follows,

Remark 1. Let j be the index of a column of B. Let Ly, ... , Ly (resp. Uy, ... ,U,)
be the characteristic sets of the rows of A (resp. B) whose indices are given by the
characteristic set of column j of B (resp. A). Then Ly, ..., Ly (vesp. Uy, ... ,U,)
pairwise intersect in at most j and exactly ¢ := r7 — n + 1 of these sets contain

j-
Which implies,

Remark 2. Let H be a mni clutter distinct from J; and consider L, Ly € H
with e € L1 N Ly. The mates Uy, Us of Ly, Lo satisfy Uy N Uy C {e}.
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Given a clutter H, we write H for the clutter which contains only the sets of
minimum cardinality of H. Let H, XC be a blocking pair of mni clutters. Define

A = M[H],B := MIK] and A := M[H],B := M[K]. Consider the element
C € H (resp. U € K) that corresponds to the i*" row of A (resp. B). Because,
ABT = J + (r7 — n)I, C intersects every element of K exactly once; except for
U which is intersected ¢ = r7# —n+ 1 > 2 times. We call U the mate of C. Thus
every element of # is paired with an element of K. In binary clutters mates
intersect with odd parity. Hence,

Remark 3. Let H be a mni binary clutter, then ¢ > 3. In particular » > 3,7 > 3.
We shall also need the following results.

Proposition 5 (Guenin [7]). Let H be a mni binary clutter and K its blocker.
For any e € E(H) there exist L1, Lo, Ly € H and Uy,Us,Us € K such that

(Z) LlﬂLQZLlﬂLg,:LQng:{e}.

(ZZ) UlﬂUQZUlﬂUgiUQOUgi{G}.

(iii) For alli,j € {1,2,3} we have: Ly NU; = {e} if i # j and |L; NU;| =q >3
ifi=j.

Moreover, let L € H and let U be its mate; if e € LN U then we may assume

L=1L;.

Proposition 6 (Cornuéjols et al. [3], Theorem 6.1, Claim 2). Let H be
a mni clutter. There exist no set T such that [T NL|=1,VL € H.

Proposition 7 (Guenin [7]). Let H be a mni binary clutter and L1, Ly € H.
If LC L1 ULs and L € H then either L =Ly or L = Lo.

4 Clutters of Odd st-Walks

Proof. (of Theorem [I]) Clearly, if a clutter of odd st-walks has an Ok, or Lg,
minor then it cannot be ideal. It remains to show the converse. Throughout this
proof, H will denote a mni clutter of odd st-walks. The underlying signed graph
is (G, Y). The blocker of H is written K. The cardinality of the elements of H
(resp. K) is 7 (resp. 7). Suppose s = t. Then H is a clutter of odd circuits (see
Section [[T)). It then follows from Theorem [ that H = Of.. Consequently, we
can assume that s and ¢ are distinct vertices. An odd st-walk is minimum if it
is in H. We will say that an odd circuit C' is minimum if there exists an edge
disjoint even st-path P such that CUP € H. Similarly, we define minimum even
st-paths. The set of edges incident to a vertex v is denoted (v).

Claim. There is a minimum odd circuit Cs containing vertex s but avoiding
vertex t. Similarly, there is a minimum odd circuit C; containing vertex ¢ but
avoiding vertex s.
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Proof. (of Claim) We know from Corollary [2 that 6(s) € K. Hence in particular
§(s) intersects every element of H at least once. It follows from Proposition[6]that
§(s) intersects some element of H more than once. Thus there exists a minimum
odd circuit C using vertex s. Suppose for a contradiction that Cy uses vertex ¢
as well. Then C, can be partitioned into st-paths P and P’. As C, is odd, one
of these paths (say P) is odd. Hence P € H, a contradiction as H is a clutter.
The same argument applies to vertex t. &

Claim. There exists a unique minimum even st-path.

Proof. (of Claim) Let Py (resp. P;) be a minimum even st-path such that P, UC;
(resp. Py UC}) is in H. The set P, U Cy contains an odd st-walk. It follows from
Proposition [@ that P, = P,. Consider L € H of the form P U C, where P is
a minimum even st-path and C' a minimum odd circuit. We may assume C
is distinct from C,. The set P U C, contains an odd st-walk. It follows from
Proposition [0 that P = P,. &

The unique minimum even st-path of Claim 2 is denoted P.yep,.

Claim. Let W be a minimum odd st-walk which shares a vertex v # s with Cj.
Then either W is an odd st-path and it uses an edge of C incident to s; or W is
of the form P.,., UC where C is a minimum odd circuit. Moreover, if C shares
another vertex v’ with Cs as well, then C' and C’ are not edge disjoint.

Proof. (of Claim) Consider first the case where W is an odd st-path P. We can
partition Cy into paths @1 and Q)2 with endpoints s, v. Since Cs is odd we may
assume that @7 is odd and @) is even. We can partition P into paths P; and
P,, where P; has endpoints s,v and P, endpoints t,v. We may assume P; is
distinct from @1 and ()2 since otherwise we are done for this case. If P; is odd
then let L := Q1 U P. If P, is even then let L := Q2 U P». In either cases
L contains an odd st-path distinct from W and P.,., U Cs; a contradiction to
Proposition [[l Consider now the case where the minimum odd st-walk W is of
the form Pe.ye, U C, where C' is a minimum odd circuit using distinct vertices
v,v" of Cy. We can partition Cy into paths @ and @2 with endpoints v,v’.
We can partition C' into paths P; and P, with endpoints v,v’. We may assume
that C and Cy are edge disjoint since otherwise we are done. Since C; (resp. C)
is odd exactly one of Q1,Q2 (resp. Pi, P) is odd. If P, and Q2 have distinct
parity, then let L := Py U Qg U P.yepn. If P; and @2 have the same parity, then
let L := PLUQ1 U P,.yen. In either cases L contains an odd st-walk distinct from
W and P..e, U Cy; a contradiction to Proposition [7. O

The mate of P,y U Cy is denoted Us.

Claim. The intersection of Py, UCs and Uy consists of three edges; namely the
two edges of Cy incident to s and one edge of P.yen,.

Proof. (of Claim) Suppose for a contradiction there exists an edge e € (Cy N
Us) —6(s). Let Ly := Peyen, UCs. Since e € L1 NUy, it follows from Proposition Bl
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that there exists Lo € H such that Ly N Ly = {e}. Because of Claim 2, Ly
must be an st-path; a contradiction to Claim 3. Let 7" be the set of edges in
Us N (Peyen U Cs). We proved that T C §(s) U Peyen- As [Us N (Peyen U CH)| = 1,
we have |T N Peyen| = 1. Remark B states g := |T| > 3. Thus |T| = 3 and the
result follows. <&

By Claim 4 there is an edge e, in Uz N Peyern. Remark [[lstates that there exists a
collection of minimum odd st-walks, £ := {Ly,..., Lz} which pairwise intersect
at most in e;. Moreover, because e; € U, we may assume that L1 = P.yen, UCs.
Because of Claim 4, Cy is not a loop, hence it has a vertex v which is distinct
from s.

Claim. Let v # s be a vertex of C. There exists a set L € £ — {L1} of the form
P. e UC, where C is a minimum odd circuit which uses v.

Proof. (of Claim) The minimum odd st-paths in £ are edge disjoint from Cy. By
Claim 3, none of these st-paths use edges incident to v. Suppose the claim does
not hold. Then none of the elements in £ — {L;} contain any edge incident to v.
We know from Remark [[lthat every edge of G is contained in some set of £. Thus
vertex v of G has degree two. Consider the two edges e, €’ that are incident to v.
Every odd st-walk uses either both, or none of ¢, ¢’. Equivalently, the columns of

MH] indexed by e, ¢’ are identical. But this contradicts Theorem [1 since M [H]
should be non-singular. &

If |Poyen| > 2 then sets of £ — {L1} are odd st-paths; a contradiction to the
previous claim. Thus

Claim. The path P.,, consists of a single edge.

The edge of Claim 6 is denoted e,. Recall (Remark [T) that sets of H are in £
if and only if their mates contain e,. Suppose there exist 4 sets in £ which are
not odd st-paths. Then each of these sets, and their mates, contain e,. Thus
q := col(M[H],e,)col(M[K],e,) > 4. Since ATB = ABT = J + (¢ — 1)1, it
follows that mates intersect in at least four element; a contradiction to Claim 4.
Thus there exist at most three sets in £ of the form Py, U C. We know that
L1 = P.yen U Cy. By symmetry we can assume that Lo = Peyepn U Cy. We know
from Claim 3 that there exists a set Ly € £ — {Ly, Lo} of the form Py, UC.
Hence L1, Lo, L3 are the only odd st-walks of £ which are not odd st-paths. Let
vs be any vertex of Cy distinct from s and vy be any vertex of C; distinct from
t. It follows from Claim 5, that the odd circuit C uses vertex vs. By symmetry
C' uses vertex v; as well. Since vy and v; were chosen arbitrarily, and since C' is
edge disjoint from Cj, it follows from Claim 3 that v, is the unique vertex of C;
distinct from s. Hence, r = 3 and let Iy = E(H) — {Peyen U Cs U Cy U C}. Then
H\ 14 is LF, (see Figure[ll). Moreover, since H is mni, Iy = §. O

5 1-Flowing Matroids

Throughout this section M will denote a binary matroid. The next proposition
shows that there exists a one to one correspondence between ideal binary clutters
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and e-flowing matroid. The result is easy and is part of the folklore so we have
omitted the proof.

Proposition 8. Let e € E(M). Then Port(M,e) is ideal if and only if M is
e-flowing. In particular, M is 1-flowing if and only if Port(M,e) is ideal for all
e€ E(M).

We omit the proof of the next result as well,
Remark 4. Let e € E(M) and 1,14 C E(M) — {e} with I. N [; = 0. Then
Port(M,e)\ I4/I. = Port(M \ 14/1.).

Let C be a cycle of M. Then e € C' if and only if |C'N{e}| is odd. Let D be any
cocircuit of M using e and let X' := D — {e}. Then |C N {e}| is odd if and only
if |[CN(DA{e})] =|CnNZX|is odd. Thus the odd (resp. even) cycles of M are
the cycles using (avoiding) e. This proves (i) of the next remark. Suppose C is
a cycle of M \ e, then equivalently C' is a cycle of M with e ¢ C. Hence |C' N X|
is even. As e ¢ C, C is a cycle of M/e i.e., C is a cycle of Even(M/e,X). This
shows (ii) of the next remark.

Remark 5. Let e € E(M),let D be a cocircuit of M using e, and let X := D—{e}.

(i) Port(M,e) is the set of odd circuits of (M/e, X).
(ii) Even(M/e,X) = M \ e.
Consider a connected binary matroid M and e € E(M). Then for all circuits

C € (M) either e € C or C = Cy A Cy where C1,Co € 2(M) and e € C; N Cy
[10]. So in particular,

Remark 6. Let e € E(M). The connected component of M using e is uniquely
determined by Port(M,e).

Remark 7.

(i) For all elements e of AG(3,2) we have Port(AG(3,2),¢) = L.
(ii) There is a unique element e of T1; such that Port(T11,e) = b(Ok,).
(iii) There is a unique element e of T} such that Port(T11,e) = Ok, .

For (ii),(iii) the element corresponds to the last column of the representation of
Ty; given in (). A clutter H is said to have the Maz Flow-Min Cut property
(MFMO) if the system M[H] > 1,z > 0 is Totally Dual Integral (see [13]). The
clutter Qg is the clutter of odd circuits of the complete graph Kjy.

Theorem 8 (Seymour [14]). A binary clutter has the MEMC property if and
only it has no Qg minor.

We shall also need the following result,

Theorem 9 (Cornuéjols et al. [3], Theorem 1.8). Let H be a mni clutter,
let L € H, and let U be the mate of L. Suppose g = |LNU| > 3. Then H \ e does
not have the MEMC property for any e € E(H).
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Consider a mni binary clutter H. Then (Remark)) ¢ > 3. Let e be any element of
E(H). Tt follows from Theorem [ that the minor H \ e does not have the MFMC
property. Theorem [§ implies that H \ e has a Qg minor. Since the blocker of a
mni clutter is mni, we get the following corollary,

Corollary 4. Let H be a mni binary clutter and e € E(H). Then H/e has a
b(Qg) minor.

Consider a graph G with a pair of distinct vertices s and ¢. The clutter H where
E(H) is the edge set of G and H is the set of all st-paths (resp. st-bonds) is
called a clutter of st-path (resp. st-bonds). The following is well known and easy
to check,

Remark 8. The clutters of st-paths and st-bonds have no b(Qg) minors.

The fractional Max-Flow Min-Cut theorem [5] can be stated by saying that
the clutter of st-paths is ideal. Since clutters of st-paths and st-bonds form a
blocking pairs this implies the next remark. Observe that this also follows from
Remark [§ and Theorem [Bl

Remark 9. Clutters of st-paths and st-bonds are ideal.

Proposition [ and Remark [[l imply that none of AG(3,2),T11, and T}, are 1-
flowing. It is easy to check that the matroid Us 4 is not 1-flowing either. Sey-
mour [I5] showed that the class of 1-flowing matroids is closed under minors.
Thus it suffices to show the “if” direction in Theorem [6. Since non-binary ma-
troids have a Us 4 minor (see [16]) it suffices to prove Theorem [6] for binary
matroids. It follows from Proposition [8, Proposition [3, and the fact that the
blocker of an ideal clutter is ideal, that the 1-flowing property is closed under
duality (see also [15]). Hence, to prove Theorem [Blis suffices to show (i) and (ii).
The next result proves (i). The proof of (ii) is similar to that of (i) but uses
Theorem B instead of Theorem [I}

Proposition 9. Let M be a binary coextension of a graphic matroid. Then M
is 1-flowing if it has no AG(3,2) and no T}, minor.

Proof. Suppose M is not 1-flowing. We will show that M has an AG(3,2) or
T}, minor. It is trivial to check that a matroid M is 1-flowing if and only if
all its components are 1-flowing so we will assume that M is connected. Since
M is a coextension of a graphic matroid, there is an element e of M such that
M e is the graphic matroid of a graph G. Proposition [§ implies that for some
element f of M, Port(M, f) is non-ideal. Consider first the case where e = f.
Because M is connected f is not a loop and there exists a cocircuit D of M
which contains f. It follows from Remark Bli) that Port(M, f) is the clutter of
odd circuits of (G, D — {f}). Theorem [2 implies Port(M, )\ I4/I. = Ok, for
some I, I; C E(M) —{f}. By Remark @ Ok, = Port(M \ I;/I., f). It follows
from remarks [l and [ that the connected component of M \ I5/I. using f is
T7,. Hence 17 is a minor of M. Thus we may assume that e and f are distinct
elements. Let s,¢ be the endpoints of edge f of G. Let K := Port(M, f)\ I4/I.
be a mni minor. As Iy N I, = () it suffices to consider the following cases,
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Case 1 e¢ I . Uly.

Because of Remark 4, K/e = Port(M/e, f) \ Ia/I.. Since M/e is the graphic
matroid of graph G, it follows that Port(M/e, f) is the clutter of st-paths of G.
Hence K/e is a clutter of st-paths. It follows from Remark [§ that /e has no
b(Qg) minor, a contradiction to Corollary [4.

Case 2 e [..

Because of Remark @ K = Port(M/e, f) \ Ia/(I. — {e}). Since Port(M/e, f) is
the clutter of st-paths of G, it follows that K is a clutter of st-paths as well.
Remark [9 implies K is ideal, a contradiction.

Case 3 e € 1.

Since M is connected, so is M* and thus there is a cocircuit D of M using both
e and f. Remark Blii) states that M \ e = Even(M/e, D —{e}). As f € D —{e}
it follows (see Section [ZI) that Port(M \ e, f) = Port(Even(M/e, D — {e})) is
the clutter of odd st-walks of (G, D — {e}). Because of Remarkd K = Port(M \
e, f)\ (Is — {e})/I.. So in particular, K is a clutter of odd st-walks. It follows
from Theorem [] that K is equal to Lg. or to Ok, . By Remark[, Ok, or Lp. is
equal to Port(M \ I4/I., f). It follows from remarks [6l and [@ that the connected
component of M \ I/, using f is AG(3,2) or T},. Hence AG(3,2) or T}, is a
minor of M. ad
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Abstract. We obtain improved semidefinite programming based ap-
proximation algorithms for all the natural maximum bisection problems
of graphs. Among the problems considered are: MAX Z-BISECTION —
partition the vertices of a graph into two sets of equal size such that
the total weight of edges connecting vertices from different sides is maxi-
mized; MAX 2-VERTEX-COVER - find a set containing half of the ver-
tices such that the total weight of edges touching this set is maximized;
MAX 3-DENSE-SUBGRAPH - find a set containing half of the vertices
such that the total weight of edges connecting two vertices from this set
is maximized; and MAX 3-UNCUT - partition the vertices into two sets
of equal size such that the total weight of edges that do not cross the cut
is maximized. We also consider the directed versions of these problems,
MAX Z-DIRECTED-BISECTION and MAX Z-DIRECTED-UNCUT.
These results can be used to obtain improved approximation algorithms
for the unbalanced versions of the partition problems mentioned above,
where we want to partition the graph into two sets of size k and n — k,
where k is not necessarily 5. Our results improve, extend and unify re-
sults of Frieze and Jerrum, Feige and Langberg, Ye, and others.

1 Introduction

Goemans and Williamson [GW95] use semidefinite programming to obtain a
0.878-approximation algorithm for the MAX CUT problem: Given an undirected
graph G = (V, E) with nonnegative edge weights, partition the vertex set V
into two sets S and T = V — S such that the total weight of edges in the cut
(S,T) is maximized. The MAX Z-BISECTION problem is a variant of the MAX
CUT problem in which the sets S and T' are required to be of size 7, where
n = |V| is assumed to be even. In other words, we are required to partition
the vertices of the graph into two blocks of equal cardinality, such that the
total weight of edges connecting vertices from different blocks is maximized.
Frieze and Jerrum [FJ97] use extensions of the ideas set forth by Goemans and
Williamson [GW95] to obtain a 0.651-approximation algorithm for the MAX
5-BISECTION problem. Ye [Ye99] recently improved this result and obtained
a 0.699-approximation algorithm for the problem. As one of our results here, we

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 210-B25] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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obtain another small improvement to the performance ratio that can be obtained
for MAX -BISECTION.

An 1mpr0ved approximation algorithm for the MAX Z-BISECTION problem
for regular graphs was recently obtained by Feige et al. [FKLOObJ.

Several graph bisection problems that are similar to MAX §-BISECTION
problem were also considered in the literature. In Sect. [2, we consider all pos-
sible bisection problems for both undirected and directed graphs. For undi-
rected graphs, there are three other natural bisection problems, which are the
MAX 5-VERTEX-COVER, the MAX 5-DENSE-SUBGRAPH, and the MAX
f—UNCUT problems. (These problems were defined in the abstract and will be
deﬁned again in Sect. 2). Approximation algorithms for these problems were
obtained by Feige and Langberg [FL99|, Ye and Zhang [YZ99] and Han et al.
[HYZ00|, [HYZZ00]. We obtain improved performance ratios for all three prob-
lems. We also consider maximum bisection problems of directed graphs, namely,
the MAX 3-DIRECTED BISECTION, which was considered by Ageev, Hassin
and Sviridenko [AHS00], and the MAX Z-DIRECTED-UNCUT, which to the
best of our knowledge was not considered before. We obtain improved approxi-
mation algorithms also for these problems. A table comparing our results to the
previously known results is given in Sect.

Our results and techniques may be used to obtain improved approximation
algorithms for the unbalanced version of all these problems. See Feige and Lang-
berg [FLI9] and Han, Ye and Zhang [HYZ00)] for details.

To obtain our results we use a collection of old and new techniques. We
show, for the first time, that adding the ‘triangle inequalities’ to the semidefinite
relaxations of maximum bisection problems provably helps. To demonstrate this,
we use a global argument, as opposed to local arguments used in previous results.
We also introduce the somewhat counterintuitive idea of ‘flipping’ the bisection
obtained by rounding the solution of the semidefinite programming relaxation.

2 Graph Bisection Problems

Let G = (V, E) be a directed graph. Let n = |V| Whenever needed, we assume
that n is even. Let S C V be such that |S| = § and let ' = V' —S. The partition
of the vertices of G into S and T partitions the edges of GG into the four classes:

A={@j)eE]ijeS},
={(i,j)eFE|ie S jeT},
={(G,j)eFE|ieT,jeT},
={(G,j)eFE|ijeT}.

(See the right-hand size of Fig. [[l). If we ignore the direction of the edges (or if
the graph is initially undirected), then the edges fall into the classes A, BUC
and D, as shown on the left-hand size of Fig. [l

We let w;; > 0 denote the weight of the edge (4,7). (If (¢,7) ¢ E, then
wi; = 0.) For a subset of edges I C E, we let w(F) =} ; ;ep wij. The MAX
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Fig. 1. Types of edges obtained by partitioning the vertices of a graph into two sets in
the undirected case (on left-hand side) and the directed case (on right-hand side).

(a,b, ¢, d)-BISECTION problem calls for maximizing a w(A)+bw(B)+cw(C)+
dw(D). When a,b, c,d range over 0 and 1 we obtain all the natural bisection
problems. When b = ¢, the direction of the edges makes no difference and the
resulting problem is a bisection problem of undirected graphs. If, for example,
a=d=0and b= c =1, then the resulting problem is the well studied MAX 3-
BISECTION. (It is possible to consider more general bisection problems in which
a, b, c and d assume arbitrary nonnegative values, but the problems obtained are
less natural. Our techniques could be used to devise approximation algorithms
also for such problems.)

All the interesting bisection problems that can be obtained in this way are
listed in Table 1 MAX (a,b, ¢, d)-BISECTION problems, with a, b, ¢,d € {0,1}
that are not listed in Table [l are either equivalent to one of the problems listed
there, or can be trivially solved in polynomial time. (For example, the optimal
solution of the MAX 4-DIRECTED-VERTEX-COVER, corresponding to a =
b=1and ¢ = d = 0, is obtained by letting S be the set the § vertices with
the largest outdegree.) For each of the bisection problems listed in Table [l we
obtain an improved performance ratio. For some problems the improvement is
quite substantial. For others, such as MAX 3-BISECTION, the improvement
is quite small. Even this improvement is important, however, as it is obtained
by adding the ‘triangle inequalities’ to the semidefinite programming relaxation
of the problem, and using a global argument to show their contribution to the
relaxation. The question of whether these inequalities can be used to obtain an
improved performance ratio for the related MAX CUT problem is still open (see
[GW95),[FG95],|Zwi99], [FKTL00al, [FS01] ).

3 Techniques Used by Our Approximation Algorithms

Our algorithms are based first and foremost on the ideas of Frieze and Jerrum
[FJ97]. To these we add some ideas used by Feige and Langberg [F1.99] and by Ye
[Ye99|, and some ideas that were not used before. Each one of these ingredients
is briefly discussed below.
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Table 1. Maximum bisection problems of undirected and directed graphs and the
performance ratios obtained for them here and in previous works.

ABCD problem our result | previous result ‘
0110 MAX Z-BISECTION 0.7016 0.6993  [Ye99)
1000 | MAX 3-DENSE-SUBGRAPH 0.6221 0.5866 [YZ99)
1001 MAX Z-UNCUT 0.6436 0.6024 [YZ99]
1110 MAX Z-VERTEX-COVER 0.8452 | 0.8113 [HYZZO00]

Undirected bisection problems

ABCD problem our result ‘ previous result ‘

0100 [MAX Z-DIRECTED-BISECTION| 0.6440 0.5000 [AHS00]
1011 MAX Z-DIRECTED-UNCUT 0.8118 0.7500

Directed bisection problems

3.1 Using the ‘Triangle Inequalities’

All our algorithms start by solving a semidefinite programming relaxation of the
problem at hand. To obtain our improved results, we strengthen the semidefinite
programming relaxations by adding the so called ‘triangle inequalities’, i.e., the
inequalities v; - v; + v; - v + v5 - vk > —1, for 0 < 4,7,k < n. These inequalities
were used already in some algorithms for maximum bisection problems (e.g.,
[FL99]), but were previously analyzed using local arguments. Here we show for
the first time that a global argument that considers all triples (i, j, k) together
can be used to improve the analysis of the algorithm.

3.2 Using Outward Rotations

By solving the semidefinite programming relaxation of the problem considered,
we obtain an (almost) optimal solution wvg,v1,...,v,. We then have to round
these vectors to obtain a partition of the graph. The rounding procedure picks a
random hyperplane, which partitions the vectors into two parts (as in [GW95]).
Before rounding the vectors vg,v1,...,v,, we subject them to a rotation pro-
cess. Rotations were used before by Feige and Langberg [FL99| and by Ye [Ye99).
Feige and Langberg [FL99] use Feige-Goemans [FG95] rotations. Ye [Ye99] uses
a different type of rotations that is also used by Nesterov [Nes98] and by Zwick
[Zwi99]. Following [Zwi99|, we call these outward rotations. Outward rotations
are also used by us here as they seem to be better suited for maximum bisec-
tion problems than Feige-Goemans rotations. Although such rotations were used
before, they were not used yet in conjunction with the other ingredients.
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3.3 Adding Linear Randomized Rounding

For asymmetric problems we obtain better performance ratios by combining
the random hyperplane rounding method with a rounding procedure similar to
the one used when rounding solutions of linear programming relaxations. The
relaxations of asymmetric problems contain a vector vy whose role is to break
the symmetry. In the linear rounding technique, vertex ¢ is placed in S with
probability (1 — vg - v;)/2, and in T with probability (1 + vg - v;)/2. The choices
made for the different vertices are independent.

3.4 ‘Flipping’ the Bisection

The rounding procedure returns a cut (S, T"). Usually, this cut is not a bisection,
ie., |S| # . A bisection (S’,T") is then obtained by ‘mending’ the cut (S, T).
Some of the maximum bisection problems are symmetric, i.e., the value of a cut
(8',T") is equal to the value of a cut (7”,5’). Some, like MAX %-VERTEX-
COVER and 5-DENSE-SUBGRAPH are not. For such asymmetric problems,
our algorithms compare the values of (S’,7”) and of (T”,5") and return the
bisection with the larger value. Interestingly, this improves the performance ratio
achieved. This is somewhat counterintuitive, at least at first, as all previous steps

of the algorithm attempt to make (S’,T"), and not (77,5’), a ‘heavy’ bisection.

4 A Generic Approximation Algorithm

We now describe a generic approximation algorithm that can be turned into
an approximation algorithm for any problem from the family MAX (a,b, ¢, d)-
BISECTION. Our algorithms for the different bisection problems are obtained
by setting various parameters used by these generic algorithm.

{ (a+b+c+d)—(a+b—c—d)(vo-vi) }
Maxzwij —(a—=b+c—d)(vo-vj)+ (a—b—c+d)(vi - v;)

4
4,5 >1
s.t. Z'U»L‘"Uj =0

i,j>1

ViV v v +vico > -1, 0<4,5,k<n
ViU — VU0 — v > —1 , 0<14,5,k<n
—v v — v v+ e > —1 , 0<Z14,5,k<n
—vi v +vicvk—vcu > -1, 0<Z4,5,k<n
vicv,=1 , 0<1<n

Fig. 2. A generic semidefinite programming relaxation of a weighted instance of the
MAX (a,b,c,d)-BISECTION problem.



vj = p (vi - vy), for every 0 <14 < j <.
4. (Find initial partition) Repeat

T=V-5.

otherwise.

22Y,.
Until Z > (1 —€)p.
Z,andlet ' =V - T".

put (S’,T"). Otherwise, output (7", 5").

a) Choose a random vector 7 and let S = {i | sgn(v] - ) # sgn(vy - r) } and

b) With probability v override the choice of S made above, and for each
i € V, put i in S, independently, with probability (1 —wvo-v;)/2, and in T,

¢) Let X = valueapea(S,T), Y1 = |T|, Yo = |S||T| and Z = L X + 2Ly +
5. (Constructing a bisection) If |S| > Z, let S’ be a random subset of S of
size 2 and let 7" =V — S’ If |S| < %, let T” be a random subset of T' of size

6. (Flipping the bisection) If valuespca(S’, T") > valueapea(T’,S") then out-
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ALGORITHM LARGE-(a,b,¢,d)-BISECTION:
Input: A weighted (directed) graph G = (V, E).
Output: A large (a, b, ¢, d)-bisection.

1. (Initialization) Choose parameters 0 < 71,72, a rotation coefficient 0 < p <
1, a probability 0 < v < 1, and a tolerance ¢ > 0. Let p = abea(p,v) +
Tlﬁ(ﬂ: V) + TQ’Y([), V)'

2. (Solving the relaxation) Solve the semidefinite programming relaxation
of the instance given in Fig. [2] and obtain an (almost) optimal solution
V0, V1, ..,Un. Let 2¥ be the value of this solution.

3. (Rotating the vectors) Construct unit vectors vg,v1,. .., v, such that v; -

Fig. 3. A generic approximation algorithm for MAX (a, b, ¢)-BISECTION.

The generic algorithm is given in Fig. Bl It starts by setting some param-
eters. (The meaning of these parameters is explained later.) It then solves the
semidefinite programming relaxation of the problem described in Fig. [ The
relaxation used is the standard relaxation of these problems, augmented by
the ‘triangle inequalities’. Recall that w;; > 0 is the weight of the edge (3, 7).
Each vertex ¢ € V has a unit vector associated with it. There is also a unit
vector vy that plays an important role for asymmetric problems. To see that
this is indeed a relaxation, note that if (5,7 is a bisection of the graph then
by letting v; = —wvg, if i € S, and v; = vy, if i € T, where vy is an arbi-
trary unit vector, we obtain a feasible solution of the relaxation whose value is
valuegped (S, T) = aw(A) +bw(B) + cw(C) 4+ dw(D). This follows from the fact
that each term of the objective function can be written in the following way:

l—Uo'UZ‘—UO"Uj—F’Ui'Uj I—UO'UZ‘—FUO"U]‘—W'U]‘
+b
4 4
1+U0'U1‘—1}0'1}j—1}i~1}j
d
4 * 4

+c

)
1+U0'Ui+UO'Uj+Ui'Uj
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and the term multiplied by a, for example, assumes the value 1 only if v; =
v; = —vo, le., if (¢,j) € A. Note that if we set the vectors in this way then
>z vi = 0, as [S| = [T, and thus Zi,jzl v v = (300 vi) - (Z?:l v;) = 0.
Also note that the constraint 3=, ;- v; - v; = 0 implies that >2i_; v; = 0.

The relaxation given in Fig. Blis equivalent to a semidefinite program. An
(almost) optimal solution vg, v1,ve, ..., v, of it can therefore be found in polyno-
mial time using either the Ellipsoid algorithm [GLS&I], or using a more efficient
interior-point method algorithm (see [WSV00]). We let z* denote the value of
this (almost) optimal solution.

The algorithm then subjects the vectors vg, vy, va, . .., v, to outward-rotation,
and obtains new vectors vy, vy, vs, ..., v, such that v - v; = p(v; - v;), where
0 < p < 1 is a rotation parameter. (See [Zwid9] for how this can be done.) A
different value of p is used for each bisection problem, but this value is used for
all the instances of that problem. We may assume, without loss of generality,
that v), v}, v}, ..., v, € R"

Following Frieze and Jerrum [FJ97], who follow Goemans and Williamson
[GW95], the algorithm then chooses a random vector r according to the (n+1)-
dimensional normal distribution. This vector r defines a hyperplane that parti-
tions the vertices of the graph into the sets S = {i € V' | sgn(v}-r) # sgn(v}-r) }
and T'=1V — S. Then, with probability v, this choice of S is ignored and a new
set S is constructed as follows: each vertex ¢ € V is placed in S, independently,
with probability (1 — vg - v;)/2, and in T, otherwise. (This is what we referred
to in Sect. B3l as linear rounding.)

The partition (S, T) determines the quantities X = valueqpeq(S,T), Y1 = |T],
Yy =1|S||T|and Z = L X + 20Y; + %YQ. Here, X is the value of this partition
(which is not necessarily a bisection yet), while Y7 and Y5 measure, in some way,
how close this partition is to a bisection. Finally, Z is a weighted combination
of X, Y7 and Y5, where 7, and 75 are problem specific parameters, and z* is the
value of the optimal solution of the semidefinite program.

The functions agped(p, V), B(p,v) and v(p,v), to be defined later, are such
that E[X] > aapea(p,v)z*, E[Y1] > B(p,v)%, and E[Ys] > ~(p, V)%z. (The

2
quantities X, Y7 and Y5 are random variables as they are determined the
partition (S,T), which is determined in turn by the random vector r.) Thus,
= Qapea(p,v) + 118(p, V) + 727(p, V), computed at the initialization phase of

the algorithm, is a lower bound on E[Z].

If Z > (1 — €)u, then the partition (5,7 obtained using the random vec-
tor 7, or using the linear rounding, is accepted. Otherwise, a new partition is
generated. Here, € > 0 is a tolerance parameter set at the initialization phase of
the algorithm. As E[Z] > u, Z <1+ 7 + 72, and € > 0, it is easy to see, using
Markov’s inequality, that the expected number of random vectors that have to
be chosen until Z > (1 — €)p is only O(1).

The partition (S,T) obtained in this way is usually not a bisection. It is
mended is the following way. If |S| > 7, we let S” be a random subset of S of

size § and then let 7" = V — §’. Otherwise, if [S| < &, we let T” be a random
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subset of T" of size %, and then let S’ = V' —T". The partition (S’,T") obtained
in this way is now a bisection.

Finally, the algorithm compares valuegpeq(S’, T') and valuegpeq(T',S’), the
values of the bisections (S’,7") and (T”,S’) and outputs the better bisection.

This step is helpful only for asymmetric problems.

5 The Functions agpeq(p,v), B(p,v) and vy(p,v)

The functions agped(p, v), B(p, v) and v(p, v) play a central role in our algorithms
and in their analysis. The function agpeq(p, V) is problem specific. The functions
B(p,v) and 7y(p,v) are the same for all the bisection problems. As mentioned
in the previous section, these functions should satisfy E[X]| > aaupea(p,V)z",
E[Y1] > B(p,v)5, and E[Y>2] > v(p, y)";. The larger we could make these func-
tions, while satisfying the required conditions, the larger the performance ratios
obtained by our algorithms would be.

The bounds on agpeq(p, v) and B(p, v) are obtained using standard local ratio
techniques (see [GW95], [FG95] and [Zwi99]). Thus, for example,

2 arccos(px
ao110(p,0) = _1Ir§11xn<1; —T—s 7(5 )
We specify the function ag110(p, V) only for v = 0, as v = 0 is the optimal choice
for symmetric problems, i.e., problems with abed = dcba. A full description of
how the functions aupeq(p, V) are computed is given in the full version.

Let 5” and 7" be the expectations of % and %, respectively, given that step
4(b) is executed, i.e., when vertex 7 is independently put in S, with probability
1_”2""“". Note that 8" = B(p,1), v = ~v(p,1), for any 0 < p < 1. Also let

B (p) = B(p,0) and ~'(p) = v(p,0). It is easy to see that we can let:

Blp,v) = (L=v)B'(p) +vB",
(p,v) = (L=v)y'(p) +v7".

We next show that we may assume that 57 =+” =1 — O(1/n). This follows as
B = YT PrlieT]= 2y, L 1,

(Recall that )=, ;v;-v; = 0 implies Y1) v; = 0, and therefore 331" | vo - v; = 0.)

Next, we have

V= &Y PrlieS, jeT] = Sy puy B > -2

as for any 4, we have >, ot = S TR0t Liveevs > n ] In the full

version of the paper we show that

. 2 arccos(px) — x arccos(p)
/ —_— J—
Flp) = _1gexon 11—z

)

is a valid choice for ' (p).



218 E. Halperin and U. Zwick

It is not difficult to verify that v'(p) = '(p) is a valid choice for v'(p). One
of the contributions of this paper is a demonstration that

3(x+1)
4

1-3
arccos(—g) + ’ arccos(p)>

1
Y(p) = min = (arccos(px)—l— 1

71§x§7% ™
is also a valid choice. This is a better choice as it is not difficult to check that
B'(p) < +'(p), for every 0 < p < 1. The proof that this choice is valid in given
in Appendix [Al We show there that obtaining good choices for v/(p) is closely
related to the behavior of the MAX CUT algorithms of Goemans and Williamson
[GW95] and of Zwick [Zwi99], strengthened by the ‘triangle inequalities’, on
complete graphs. To show that the above choice of v/(p) is valid, we rely on
Turan’s theorem that states that any undirected graph on n vertices with more

than %2 edges contains a triangle (Turdn [Turdd]). Thus, if v, v1,...,v, is a

feasible solution of the relaxation given in Fig. 2 then for at most "72 pairs (4, j),
where 1 <7 < j < n, we can have v; - v; < —%. We conjecture that the function

1
¥ (p) = o (3 arccos(—g) + arccos(p)> ,
which satisfies v/(p) < 7'(p), for any 0 < p < 1, is also a valid choice for v/(p).
If true, then further improvements to all the bounds given in Table [[] would be
obtained. Furthermore, 5'(p) would then be the optimal choice for v/ (p).

6 The Performance Ratio of the Generic Algorithm

We continue with the analysis of the generic approximation algorithm for bi-
section problems given in Fig. [ We have already reached a stage in which the
algorithm finds a partition (S,T) of the graph for which Z > (1 — €)u. Recall
that X = valueqpca(S,T), Y1 = |T|, Y2 = |S||T|, that Z = L X + 201y} + 12Y,,
and that = aapea(p,v) + 118(p,v) + 727(p,v). Let A= X and § = %, so that
X =X2*,|S| =dn, |T| = (1 —6)n, and thus Y; = (1 —6)n and Yz = 6(1 — §)n?.
To simplify the analysis, we assume that ¢ = 0. As € may be arbitrarily small,
we may get arbitrarily close to the ratio obtained by this analysis. Thus,

A+2(1 =81 +46(1 =612 > aaped(p, V) + 11B(p,v) + T2¥(p, V) .

The partition (S,T") is usually not a bisection. To covert it into a bisection, we
choose either a random subset of T" of size 5, if § < %, and call it T”, or a random
subset of S of size %, and call it S, if § > 1. We let (S’,T”) be the bisection
obtained in this way.

Suppose, at first, that § > % Each element of S has a probability of p = %
of being chosen to S’. However, as we are choosing a subset of size exactly %,
these events are not independent. But, as n may be assumed to be large, these
events are almost independent. To simplify the analysis, we assume that these
events are independent. This can be justified as follows. We first construct an
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almost-bisection (S’,7”), where S’ is obtained by choosing each element of S
independently with probability p. (We still assume that ¢ < %) With over-
whelming probability [S"| = § 4 O(y/n). We then convert (S’,7”) into an exact
bisection (S”,T") by choosing subsets of size exactly 3. It is easy to see that
the loss incurred by moving from (S’,7”) to (S”,T") is negligible. Similarly, if
0 < %, we assume that each element of T is chosen to be in T” independently
with probability ¢ = ﬁ.

We find it more convenient now to replace the names A, B, C, D and a, b, c,d
by indexable names. We let (Fy, Fs, F3, Fy) = (A, B,C, D) and (a1, as,as,a4) =
(a,b,c,d). With our new notation, we have valuegpeqa(S,T) = 2?21 a;w(F;). Tt
is easy to check that if Fy, Fy, F3, Fy is the partition of the edges induced by
(S,T), and FY, Fj, F}, Fy is the partition induced by (S’,T"), then

Elw(FY)] p? 0 0 0 w(Fy)
Elw(F)] | _ [p(l=p) p 0 0 fw(F) o> 1
Elw(Fs)] p(l—=p) 0 p 0] | w(k) ’ -2
Elw(Fy)] (1-p?1-pl—p1) \w(F)
Elw(FY)] 11-g1—q(1-9)?\ [w(F)
Blw(FB)] | _ 10 ¢ 0 g¢l—q) || w() if5< L
Elw(F3)] 00 q q1-q) w(F3) 7 -2
Elw(Fy)] 00 0 ¢ ) \wE
Denote the matrices appearing in these expressions by Mj(p) and Ma(q). Let
M () if 6> 1
M(S) = 26 : 3
(9) {M2(2(115)) ifo<t.

Recall, again, that X = Z?:l a;w(F;) = Az*. Let \;, for 1 <4 <4, be such that
w(F;) = A;z*. Then, we have Z?:l a;h; = A. Also, as Z?zl w(F;) =w(FE) > z*,
we also have Z?:l A; > 1. Define

Javea(6, A1, A2, A, Ag) = (a1 az az ag) M(8) (A1 A2 Az Ag)” .
We are finally able to state the performance ratio of our algorithm:

Theorem 1. The performance ratio of the approximation algorithm LARGE-
(a,b, ¢, d)-PARTITION, given in Fig.[3, when run with the parameters Ty, 75 and
p and with the functions agped(p,v), B(p,v) and v(p,v), is at least

gabcd('rla T2, P, V) =

min maX{ fabcd((Sa )‘17 A27 >\3a )‘4) ) fdcba(éa )\13 A27 >\37 )\4) }

st. A4+2(1 =0 +46(1 = 8)m2 > aapea(p,v) + 118(p,v) + 2v(p, V)
a1 A1 + agdg + asdz + aghys = A
A+l +A3+A>1
0<d6<1,0< A A, A2, 03,0
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Proof. Tt is not difficult to verify that the expected value of the bisection (S, T")
constructed by the algorithm is fupea(d, A1, A2, A3, A1) 2%, and that the expected
value of the flipped bisection (T7,5") 18 facba (0, A1, A2, Az, Ag) 2*. (Note that flip-
ping the bisection is equivalent to changing abed to deba.) As z* is the optimal
value of the relaxation, it is an upper bound on the value of the optimal bisection.
Thus, max{ fapea(d, A1, A2, A3, A0) » facva (9, A1, A2, Az, Ag) } is the performance
ratio achieved when |S| = dn and w(F;) = A\;z*, for 1 < 4 < 4. Finally, it was
argued above that §, A\, A\1, Ao, A3, \4 satisfy all the stated inequalities. The claim
of the theorem follows. O

Although the functions fupea(d, A1, A2, A3, A1) and gapea(71, 72, p, V) are fairly
complicated functions, it is possible to evaluate them numerically for any value
of their arguments. To see this, let us write the function gupeq(71, 72, p, ) in the
following form:

min z
s.t. A > h(ry, 72, p,v,0)
) a1 A1 + asho + agAs3 + aghg = A
gabcd(Tl-T%pv V) = mn )\1 -+ AQ + )\3 + )\4 > 1 )

0<6<1
2 2 fabed(0, A1, A2, Az, As)

2 > facba(0, A1, A2, Az, Ad)
0 < A AL A2, A3, Ay

where

h(T1, 72, p, ¥, 6) = Qabed(p, V) + T1B(p,v) + T2y(p,v) — (2(1 = 0)71 +40(1 — 0)72).

Thus, for every fixed 71,7, p,d, we get a linear program whose optimal value
is attained at one of its vertices. Thus, for any 71,72, and p, the performance
of the algorithm is easy to compute. ‘Flipping’ the bisection will improve the
performance of the algorithm if two of the inequalities defining the optimal value
of the linear program are z = f1110(d, A1, A2, A3), and z = fo111(0, A1, A2, Az).

To obtain our best approximation algorithms for the various problems
we choose the parameters 71, 7o,p and v that maximize the function
9abed(T1, T2, p, V). The computations here were done numerically. The perfor-
mance guarantees obtained in this way may be made rigorous with the help of
a rigorous global optimization system. See Zwick [Zwi00] for further details.

7 Parameter Setting

The setting of the parameters 71,75, p and v using which we obtain the results
stated in Table [l are given in Table 21 It is interesting to note that p < 1, i.e.,
outward rotations are used, for all the bisection problems. Also linear rounding
is used, i.e., v > 0, by the algorithms for all the asymmetric problems. Finally,
71 > 0 only for the asymmetric undirected problems.
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Table 2. The settings of the parameters 71, 72, p and v using which the results stated
in Table [l are obtained.

’ ABCD‘ problem ‘ ratio ‘ 1 ‘ To ‘ p ‘ v ‘
0110 MAX %-BISECTION 0.7016 0 1.83 | 0.89
1000 MAX 3-DENSE-SUBGRAPH 0.6221 | 0.69| 2.15| 0.87| 0.23
1001 MAX %-UNCUT 0.6436 0 3.86 | 0.81 0

1110 MAX Z-VERTEX-COVER 0.8452 | 0.5 | 0.37 | 0.88 | 0.06
0100| MAX 3-DIRECTED-BISECTION| 0.6440 0 1.61 | 0.93 | 0.16
1011 MAX Z-DIRECTED-UNCUT 0.8118 0 2.10 | 0.74 | 0.04

8 Concluding Remarks

We presented a unified approach for developing approximation algorithms for all
maximum bisection problems of directed and undirected graphs. Our approach
uses almost all previously used techniques together with some techniques that
are used here for the first time. Using this unified approach we obtained improved
approximation algorithms for all the maximum bisection problems.

It is possible to obtain some small improvements to the performance ra-
tios reported here. These improvements are obtained by adding some additional
features to the generic approximation algorithm presented in Fig. Bl Some im-
provements may be obtained, for some of the problems, by combining outward
rotations with Feige-Goemans rotations [FG95]. The improvements, however,
are quite small while the analysis becomes substantially more complicated.

Obtaining substantially improved ratios, especially for MAX Z-BISECTION,
which is perhaps the most natural bisection problem, remains a challenging open
problem. It would also be interesting to prove, or disprove, our conjecture, made
in Sect. B} regarding the function (p).

References

AHS00. A. Ageev, R. Hassin, and M. Sviridenko. An 0.5-approximation algorithm
for MAX DICUT with given sizes of parts. Manuscript, 2000.

FG95. U. Feige and M.X. Goemans. Approximating the value of two prover proof
systems, with applications to MAX-2SAT and MAX-DICUT. In Proceedings
of the 3nd Israel Symposium on Theory and Computing Systems, Tel Aviv,
Israel, pages 182—-189, 1995.

FJ97. A.M. Frieze and M. Jerrum. Improved approximation algorithms for MAX
k-CUT and MAX BISECTION. Algorithmica, 18:67-81, 1997.

FKLOOa. U. Feige, M. Karpinski, and M. Langberg. Improved approximation of Max-
Cut on graphs of bounded degree. Technical report, E-CCC Report number
TRO00-043, 2000.

FKLOOb. U. Feige, M. Karpinski, and M. Langberg. A note on approximating MAX-
BISECTION on regular graphs. Technical report, E-CCC Report number
TRO00-043, 2000.



222

FL99.

FS01.

GLS81.

GWO95.

HYZ00.

HYZZ00.

Nes98.

Tur4l.

WSV00.

Ye99.

YZ99.

Zwi99.

Zwi00.

E. Halperin and U. Zwick

U. Feige and M. Langberg. Approximation algorithms for maximization
problems arising in graph partitioning. Manuscript, 1999.

U. Feige and G. Schechtman. On the integrality ratio of semidefinite relax-
ations of MAX CUT. In Proceedings of the 33th Annual ACM Symposium
on Theory of Computing, Crete, Greece, 2001. To appear.

M. Grotschel, L. Lovasz, and A. Schrijver. The ellipsoid method and its con-
sequences in combinatorial optimization. Combinatorica, 1:169-197, 1981.
M.X. Goemans and D.P. Williamson. Improved approximation algorithms
for maximum cut and satisfiability problems using semidefinite program-
ming. Journal of the ACM, 42:1115-1145, 1995.

Q. Han, Y. Ye, and J. Zhang. An improved rounding method and semidefinite
programming relaxation for graph partition. Manuscript, 2000.

Q. Han, Y. Ye, H. Zhang, and J. Zhang. On approximation of Max-Vertex-
Cover. Manuscript, 2000.

Y. E. Nesterov. Semidefinite relaxation and nonconvex quadratic optimiza-
tion. Optimization Methods and Software, 9:141-160, 1998.

P. Turédn. On an extremal problem in graph theory. Mat. Fiz. Lapok, 48:436—
452, 1941.

H. Wolkowicz, R. Saigal, and L. Vandenberghe, editors. Handbook of semidef-
inite programming. Kluwer, 2000.

Y. Ye. A 0.699-approximation algorithm for Max-Bisection. Manuscript,
1999.

Y. Ye and J. Zhang. Approximation of dense-3-
ment of min-bisection. Manuscript, 1999.

U. Zwick. Outward rotations: a tool for rounding solutions of semidefinite
programming relaxations, with applications to max cut and other problems.
In Proceedings of the 31th Annual ACM Symposium on Theory of Comput-
ing, Atlanta, Georgia, pages 679-687, 1999.

U. Zwick. Analyzing the MAX 2-SAT and MAX DI-CUT approximation
algorithms of Feige and Goemans. Manuscript, 2000.

subgraph and the comple-

A The Function ~/(p)

We show that the choice of 7/(p) given in Sect. Blis valid, i.e., that E[|S||T|] >
'y’(p)%z, for any sequence of unit vectors vg,v1,...,v, that satisfies the con-
straints of the generic semidefinite programming relaxation given in Fig.[2. Note
that these constraints do not depend on the specific problem considered. By the
linearity of the expectation, we have E[|S||T] 1 > i<jarccos(p(v; - v;)). Let

4
3 Z arccos(pz;;)

min
i<j
. s.t. X0
7(p) = Ty =1 ,1<i<n )
2icjTij = %
Tij+xik + x> -1, 1<4,5,k<n
L —1<z; <1 ,1<qj<n |



A Unified Framework for Obtaining Improved Approximation Algorithms 223

where X = 0 indicates that the matrix X = (x;;) is a positive semidefinite

matrix. It is clear from the definition of v*(p) that E[|S||T|] > v*(p) % n” as for any
feasible solution vy, v1, . . ., v, of the semidefinite program, the matrlx X (xij),
where z;; = v; - v, is a feasible solution of the optimization problem appearing
in the definition of v*(p). It is enough to show, therefore, that v*(p) > +v'(p). If
X = (x;;) is a feasible point of the problem defining v*(p), we let

1
(4,7 )|$z3<_§71§i<j§n}a

A={
B={(, )|*é§$ij<0,1§i<j§n},
C=A{

(t,7) ] 0<uzy;, 1<i<j<mn}.

Consider the subgraph G’ = (V, A). As for every (i,j) € A we have z;; < —%,
and as for every 1 < 4,7,k < n we have x;; + 3 + . > —1, we get that the
graph G' = (V, A) is triangle-free. A theorem of Turdn [Turdl] states that a
triangle-free n-vertex graph can have at most 2- n’ T edges. It follows, therefore,

that |A] < " . We now define the following functlon

. 4
min - —s Zarccos(pmij)
1<J
" _
Y (p) - s.t. Zi<j Tij = —%

[{(i.4) | 2y < 3}\ < z

As all the feasible points of the minimization problem defining v*(p) are also
feasible points of the minimization problem defining 7" (p), we get that 7"/ (p) <
7*(p). We show next that 7" (p) = +/(p) + O(L), for every 0 < p < 1.

The proof relies on the convexity /concavity properties of the function f(x) =
arccos(pz) (see Fig. M. It is easy to see that f(x) is concave in [0, 1] and convex
n [—1,0]. As an immediate corollary, we get:

(i) 0 <z—e <z <y <yte<1, then f(x—e)+f(y+e) < f(z)+f(y).
i)If-1<z<z+e<y—e<y<O0 then f(x+e)+ fly—¢) <
f(@)+ f(y).

Thus, if X = (z;;) is an optimal solution of the minimization problem that
appears in the definition of v’ (p), and if (¢,j), (k,1) € A, or (4,7), (k,1) € B,
then x;; = =z, otherwise, we can decrease the objective function by moving z;;
and xy; closer together. Similarly, if (7, 5), (k,1) € C, and z;; < xy, then either
x5 = 0, or x; = 1, otherwise, we can decrease the objective function by moving
x;; and xy; further apart. There can therefore be only a Single point (i,5) € C
for which z;; # 0 and x;; # 1. As each point makes only an O( > ) difference, we
assume, for simplicity, that there is no such point. Next note that if (i,7) € B,
(k,1) € C, and x; = 0, then we can move x;; and zy; closer together. It follows,
therefore, that there exist # < —% and —% < y < 0 (see Fig. H) such that for
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Fig. 4. The function arccos(x), the sets A, B,C, and the points z*, z and y.

every (i,7) € A we have x;; = z, for every (i,j) € B we have z;; = y, and for
every (4,j) € C we have z;; = 1.

We next show that A is not empty. If A is empty and n is large enough, then B
must contain at least four points. It is easy to check that for every —% <y<0

we have 4f(y) > 3f(43’7_1) + f(1), thus we can decrease the objective function

by replacing the four points y,y,y,y by the pomts M, 47’71 43’—1 ,1. Using a

very similar argument we in fact get that |A4] = 2
As A is not empty, we must have y = —%, as otherwise we can decrease the
objective function by moving a point from B and a point from A closer together.

Let a = |A| = "72, b= |B| and ¢ = |C|. Then, we must have

a-x+b-(—3)+c=-% , a+b+tc=(}).
Solving these equations, we get a = "72 b= 3"2%'”), c= "2(11&395) — 5. Thus,

V(p) = min  h (Zf(@)+ 00 f(-5) + (1 - 32) - 1))

(arccos(p:z:) + %

I

=

IAE
3 |=

arccos(—58) + (1532 — 2) arccos(p)) ,

as required.
As mentioned in Sect. Bl we conjecture that v*(p) = 7'(p) + O(L), where

¥(p) = 5= (3arccos(—5) + arccos(p)) ,
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and that the optimal solution for the optimization problem defining v*(p) is
attained, when 4|n, at

o { —L1 if i # j (mod 4),
ij .
1 otherwise.
This correspond to the following spatial configuration: The unit vectors vy, va, v3
and vy point to the corners of regular tetrahedron, and thus v; - v; = f%, for
i # j, and each one of these vectors is duplicated 7 times. We have numerical
evidence that supports this conjecture, but not a proof.

Finally, we explain the comment made in Sect. bl that obtaining a good choice
for 7/ (p) is closely related to the study of the MAX CUT algorithms of Goemans
and Williamson [GW95] and of Zwick [Zwi99], strengthened by the ‘triangle
inequalities’, on complete graphs. In the semidefinite programming relaxation
given in Fig. Bl we have the constraint Zi7j>0 v; - v; = 0. As for every sequence
of vectors v1, vz, ..., v, we have 3°, ;v vy = (307 vi) - (3oi, vi) > 0, we
get that any solution of our semidefinite programming relaxation is an optimal
solution of the semidefinite programming relaxation of the MAX CUT problem

of the complete graph on n vertices, whose objective function in ), _ j 1_”2"'”
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Abstract. We investigate network planning and design under volatile
conditions of link failures and traffic overload. Our model is a non-
simultaneous 2-commodity problem. We characterize the feasible solu-
tions and using this characterization we reduce the size of the LP pro-
gram. For the case that all non-zero requirements are equal we present a
closed fractional optimal solution, a closed integer (where the capacities
of the solution network are integer) optimal solution and we investigate
the integral case for which an integer 2-commodity flow must exist for
every pair of requirements.

1 Introduction

Consider an undirected graph G = (V, E) with V = {1,...,n}. Let ., e € E,
be given nonnegative requirements. We assume that for every e = (i,j) € E
there is currently an edge with capacity r. connecting ¢ and j. Thus, these
edges have sufficient capacity to enable simultaneous flows which satisfy all the
requirements. The k-PROTECTION NETWORK PROBLEM is to build an undirected
capacitated protection network of minimum total edge capacity, such that its
edge capacities b; ; ¢,7 € V together with the original non-failed edges will be
capable of satisfying simultaneously the required flows, in case that at most k
edges of E fail (are disconnected).

An alternative interpretation is that we are given a network which is capable
of carrying the regular level of requirements. However, at different times there
are picks in the flow and the additional requirement is denoted by r.. It is
assumed that the probability of more than k picks is negligible. The goal is to
build extra capacity of minimum total value that will be capable of carrying any
pick requirements of at most k pairs of terminals.

The k-PROTECTION NETWORK PROBLEM is a special case of the problem
of synthesis of a time-varying requirements multicommodity flow network in
which the requirement between every pair of vertices is time-dependent, and
the network designed to meet all requirements during all time periods. This
problem was solved via a specialized linear programming method by Gomory
and Hu ([2], see also [3] pages 197-213). We generalize some of our results to
the time varying requirements 2-commodity flow network in which we are given
a family I" of scenarios each contains a pair of edges e; and e;. We have to
build an undirected network of minimum total edge capacity, such that its edge
capacities together with the original non-failed edges will be capable of satisfying

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 226-B35] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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simultaneously the required flows, in case that at the edges of any scenario fail.
Each scenario is composed of a single edge failure or a failure of a pair of edges.
It generalizes the 2-PROTECTION NETWORK PROBLEM as there may be pairs of
edges that are not in I'.

The 1-PROTECTION NETWORK PROBLEM has an efficient algorithm by Go-
mory and Hu ([1], see also [3] pages 142-148). Sridhar and Chandrasekaran solve
efficiently (see [7]) the 1-PROTECTION NETWORK INTEGRAL PROBLEM in which
capacities are restricted to integer values. It is well known that in such a case
also integer flows can be maintained.

The subject of this paper is the 2-PROTECTION NETWORK PROBLEM. Tham
[8] provided a heuristic for this problem. Ouveysi and Wirth [4] and [5] provided
heuristics for the problem for the case that the protection network should be 1
or 2 hop network. Sastry [6] solved the problem when only one pair of edges need
to be satisfied i.e., |[I'| = 1. We will prove that a protection network is feasible if
and only if it satisfies the subset of requirements which correspond to a union of
2 disjoint spanning trees with maximum sum of requirements. This observation
reduces the size of a linear programming formulation of the problem. For the
important special case with unit requirements that is r. = 1 Ve € E, we present
a closed solution. For this case we present a closed solution also to the integer
capacities case (when all the capacities in the solution must be integer). For the
case where the flows in the protection network must be integer we present a
%—approximation algorithm and closed solutions to some special cases.

For a function f over £ and a subset E' C E we denote f(E") =3 p fe-

The 2-PROTECTION NETWORK PROBLEM is to compute capacities b which
minimize Zi, jev bi; so that there exist nonnegative flow functions y, z which
satisfy for every ¢, € V and (k,1), (p,q) € E,

Yijklpg + Yjikipg T Zijkipg + Zjikipg < bij,
and for every j € V and (k,1), (p,q) € E
—rpj==k

Zyijkzpq - Zyjiklpq =qrk J=1
i [

0 otherwise,

—Tpq j=p
E Zijklpg — E :Zjiklpq =Y Tpqe J =4
i i 0 otherwise.

In this formulation b;; denotes the capacity of the edge between i and j
in the protection network, v;jripg and zijripq denote the k — I and p — ¢ flows,
respectively through (i, 7) in the ¢ to j direction, when the edges (k, 1), (p, q) fail.
This is a linear program with O(n%) variables and O(n®) constrains. Therefore,
an optimal solution can be found in polynomial time. However, even for medium
sized instances the resulting problem may be too large for a practical solution.
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2 Protection Equivalence

There are O(n?) pairs of edges in G, and the protection network must be able
to satisfy the flow requirements of every such pair.

A MAXIMUM WEIGHT UNION OF TWO SPANNING TREES is a subgraph of G
consisting of a union of two disjoint spanning trees with maximum total value
of requirements over its edges.

We will prove that it is sufficient to find a solution to the problem for a
maximum weight union of two spanning trees. Consequently, the size of the
linear program reduces to O(n?) constraints and variables.

Two requirement vectors R = (r. e € E) and R’ = (r, e € E) are k-
protection equivalent if a solution of the k-protection network of one is a solution
to the problem with respect to the other and vice versa.

For a class R of protection equivalent vectors, R € R is minimal if R = (r. €
E) and there is no R’ € R R’ = (], e € E) such that r, < r. Ve € E and for
some e r, < Te.

A Max Bi-flow Min Bi-cut theorem of Hu ([3] p. 180) states that there exist
a 2 commodity flow of size f1, fo between the two pairs {i1,j1} and {ia,ja},
respectively, if and only if for every cut the size of the cut is at least: f; + fo
if it separates both {i1, 71} and {is, j2} , f1 if it only separates {i1,j1} but not
{i2,j2}, fo if it only separates {is, jo} but not {i1,j1}.

For the 1-PROTECTION NETWORK PROBLEM Gomory and Hu [I] proved that
it is sufficient to duplicate a maximum spanning tree. This is not sufficient for
the failure of two edges as can be seen by the following example:

Example 2.1 Let G be the triangle with a unit requirement for every edge.
Any pair of edges is a maximum spanning tree, but a copy of the tree (which is
a protection against the failure of 2 edges of the tree) won’t protect against a
failure of two edges including the non-tree edge.

Theorem 2.2 Let Ty UTy be a maximum weight union of two spanning trees of
G. Let R' = (r, e € E) where v, = r, for e € Ty UTy and r, = 0 otherwise.
Then R’ is 2-protection equivalent to R.

Proof: Consider a 2-protection network H with respect to R’. We will prove
that H is a 2-protection network with respect to R as well. The other direction
is obvious as for every e € E r. > r., by definition.

We need to prove that H will survive the failure of any pair of edges
(4,4), (k,1). If both (4,7) and (k,1) belong to Ty U T then by definition H will
survive their failure. Therefore, we can assume without loss of generality that
(k,1) ¢ Th UTy and furthermore that (¢,5) ¢ Ti. Let P, be the unique k —
path in T3. Clearly, for each (u,v) € Py ry, > 7y (otherwise, (k, 1) could replace
(u,v) in Ty to obtain a higher capacity union of two trees — a contradiction).
Similarly, let P, be the unique ¢ = j path in Ty (if (¢,5) € Ts then Py = (4,4)).
As above, for each (u,v) € Py ryy > T35
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For every cut that contains both edges there are edges (k',1’) from P; and
(#,7") from Ps in this cut. As H is a 2-protection network with respect to R’
it survives the failure of (¢, j’), (k’,l’). Therefore, by Hu’s Theorem it has a
capacity which is at least 74/ 4y in this cut. If only one edge of the pair, say
(i,7), is separated by the cut, then define (¢/, j') as before. As H is a 2-protection
network with respect to R/, it survives the failure of (¢, j’). Therefore, by Hu’s
theorem, the capacity of H in this cut is at least r;;. This proves, again by Hu’s
theorem, that H will survive the failure of (i,7) and (k,1). n

Theorem 2.2]states that it is possible to consider only the function R’ induced
by a maximum requirement union of 2 spanning trees. However, this function is
not minimal.

Theorem 2.3 A mazimum requirement union of 2 spanning trees is not mi-
nimal protection equivalent, that is, it contains an edge which can be removed
without changing the optimal 2-protection network.

We generalize Theorem 222 to the case that the set of scenarios doesn’t include
all the pairs of edges.

Two scenario sets I' and I are equivalent if a solution of the protection
network of one is a solution to the problem with respect to the other and vice
versa.

For e € E let E. = {¢' € E|{e,e’} € I'} and let F. be a maximum weight
forest in the graph G’ = (V, E,).

Theorem 2.4 Let I" = {{e,e'}|e € E, ¢’ € F.}. Then I'" and I" are equivalent.

Proof: Consider a protection network H with respect to I”'. We will prove that
H is a protection network with respect to I' as well. The other direction is
obvious as I'"” C I by definition.

We need to prove that H will survive the failure of edges (i,j), (k,1) of a
scenario in I". If {(4, 5), (k,1)} € I’ then by definition H will survive their failure.
Therefore, w.l.o.g. we may assume that (k,[) is not in F{; ;. Denote by P the
path in F{; ;) between k and .

For every cut C' that contains both (i,7) and (k,l) there is an edge (k’,1")
from P in this cut. Since F{; ;) is a maximum weight forest, rp/ > rg. As H is
a protection network with respect to I'"” it survives the failure of {(4, j), (k¥',1')}.
Therefore, by Hu’s Theorem C has a capacity of at least r;; + rrrpr > 145 + 7py.
If only one edge of the pair, say (i,7), is separated by C, then H survives the
failure of (¢, 7) and therefore, has enough capacity in this cut. This proves, again
by Hu’s theorem, that H will survive the failure of (¢, j) and (k,1). L]

Theorem [2.4] proves that in checking whether a protection network survives
the failure of a collection of scenarios, one should check only O(n?) pairs of edges.
In particular, Theorem 24 provides a way to reduce the number of constraints
and variable in the LP program.
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3 Lower Bounds

Define
R} = maz{ri;|j € V},
R} = max{ri; +rlj, k €V, j # k},
R} (I') = maz{ry;|{(i,j)} € '},
RX(I") = max{rij + rux|{(i, ), (i,k)} € T'}.
Gomory and Hu [1] gave a lower bound for the 1-protection network problem:

Lemma 3.1 FEwvery solution to the 1-protection network problem must have total
capacity of at least 33" | R}.

The following is an extension of Lemma Bl to the 2-protection network
problem.

Lemma 3.2 FEwvery solution to the 2-protection network problem must have total
capacity of at least 33" | R?.

Proof: For every vertex ¢ the protection network must have capacities for edges
incident to ¢ which are at least the sum of the two maximum requirement of i.
This is clearly necessary for the case in which the two edges fail. As every edge
is incident in two vertices it is count exactly twice. Therefore, summing over all
vertices result the correctness of the lemma. [ ]

For a scenario set I' the following lower bound is the extension of Lemma

B2

Lemma 3.3 FEvery solution to the protection network problem with scenario set
I' must have total capacity of at least >, o, Maz{RL(I'), R%(I)}.

Proof: For every vertex v it must have capacity of adjacent edges (in the solution
network) of at least Maz{R.(I"), R3(I")}. This is so as it must survive the failure
of every single edge adjacent to v and every pair adjacent to v that isin I". =

As opposed to the 1-protection network for which the lower bound of Lemma
-1 is achievable in all cases, it is not the case in the lower bound of Lemma [3.2]
for the 2-protection network problem as seen by Remark[4.2] and by the following
lemma for the star of 4 vertices (in this case the lower bound of Lemma [3.2] is
not achievable).

Lemma 3.4 The cost of 2-protection network of a graph with 4 vertices is at
least the cost of its mazimum requirement spanning tree.

Proof: There are two non-isomorphic spanning trees in Ky: a path of 4 vertices
and a star. We will show that in each case there exists a set of cuts such that
(i) every edge in the graph participates in at most two cuts, (ii) every edge in
the maximum spanning tree participate in exactly two cuts, and (iii) each cut
contains (at most) two edges of the spanning tree.
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Let C; i = 1,...,1 be such a set of cuts and let €%, e} be the edges in the tree
that belong to C;. Then

b(C;) > ri + ré.

Summing over ¢ = 1,...,1 we get
26(G) > > b(Cy) = > (r} + 1) = 2r(T),

where the first inequality follows from (i) and the equality follows from (ii).
Thus, b(G) > r(T). If the tree is a path {(1,2),(2,3),(3,4)}, then the following
are the 3 cuts:

({1,4},{2,3}), ({2},{1,3,4}), ({3}, {1,2,4}). If the tree is a star with center 1,
then the following are the 3 cuts: ({1,4},{2,3}), ({1,2},{3,4}), ({1,3},{2,4}).
L]

4 Unit Requirements — Fractional Capacities

In this section we solve the case where r. =1 e € E. Let Ry (R2) be the set of
vertices with only one adjacent edge (at least two adjacent demand edges) in G,
k = |Ri| and | = |Ry|. W.l.o.g. we assume that Ry U Ry =V (any connections
made to a vertex with no adjacent demand edge can be made instead to any
node in Ry U Ry).

If there is a pair of Ry vertices with a demand edge connecting them, we can
delete these vertices from G, obtain a solution to the resulted network and then
add an edge with capacity 1 between them to obtain an optimal solution to the
original problem.

If G is a cycle or a path then E itself is an optimal solution as it obviously
satisfies the requirements and its cost is equal to the lower bound of Lemma[3.2]

Algorithm 4.1

1. If Ry =V then return a Hamiltonian cycle with capacity 1.

2. Suppose that k < 2l. If | > 3, construct a cycle with capacity 1 for all
its edges over Ry. (If R = {a,b} (I = 2) use instead of the cycle the edge
(a,b) with capacity bep = 2). Map R1 ‘s vertices to the cycle’s edges so that
every Ry wvertex is mapped to an edge and for every cycle edge there are at
most two Ry wvertices that are mapped to it. Denote the mapping by m. For
every Ry vertex u let m(u) = (v,w), then update the capacity function as
by = byw = % and by < by w — %

3. Suppose that k > 21. For every edge (u,v) connecting an Ry vertex and an R,
vertex define b, , = 2 and for every edge (v,w) connecting two Ry vertices

k>
1y
deﬁne bv’w = %—o -
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Remark 4.2 The cost of the solution in Step[3 is larger than the lower bound

of Lemma[3.3. The difference is 2](“,;_25) This quantity equals % when Il =1 and
1

for every other value of 1 it is smaller than 5. When [ is constant the value is
increasing with k. We note that the solution given in [§] even when applied to

this case is not optimal.

5 Unit Requirements — Integral Capacities

In this section we solve the case where r. = 1 Ve € E under the additional
requirement that the solution b is integer.

The problem for the case of 1-protection network was solved optimally by
Sridhar and Chandrasekaran [7] for general {r.}.

We first assume that G is connected. In this case there are two possibilities:
Either G is a spanning tree or it has a cycle.

Lemma 5.1 If G is a spanning tree then the solution defined by b, = r. Ve € E
18 optimal.

Proof: It is a feasible solution, trivially. To show optimality, if the graph with
the positive capacities is not connected then there exists a pair of vertices from
distinct connected components of G which have positive requirement between
them, and this requirement is not satisfied. Therefore, the solution must contain
a spanning tree and therefore, in this case the defined solution is optimal. ]

Lemma 5.2 If G is connected and contains a cycle, then a Hamiltonian cycle
over the vertex set is an optimal solution.

Proof: If G contains a cycle then as we argue in the proof of Lemma [B.1] the
solution must contain a spanning tree with capacity 1. However, a spanning
tree T is not a feasible solution. If the cycle in G has the following vertices:
V1, V2, ..., V1,0 = Vo and the cycle edges are (v;,v;41) Vk > i > 0, there
is a pair of adjacent edges (v;,v;11), (Vit1,vi+2) such that the paths in the
spanning tree T' that connect v; and v;41 and connect v;41 and v;49 overlap
in at least one edge. Then T will not survive the failure of the pair of edges
(vi, Vi+1), (Vi+1, Vita). Therefore, the solution must be with cost at least n. The
solution defined by an Hamiltonian cycle with capacity 1 and the rest of the
edges with 0 capacity is feasible and costs n, and therefore it is optimal. [ ]

Next we consider the case where G is composed of k connected compo-
nents. Let Vi, Va,...,V; be components such that G is a spanning tree over
each component, and let V;y1,..., Vi be components such that G contains a
cycle over each one. Let G® be the union of a Hamiltonian cycle over the vertices
in Viz1 UViyaU... UV, and the subgraph induced by V3 U Vo U ... UV;. The
cost of this solution is n — 3.

Theorem 5.3 G* is optimal.
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Proof: Let G’ = (V, E’) be an optimal solution (if in the solution there is an edge
with capacity 2 or more we use multiple copies of it, therefore, we assume all the
capacities are 1). For every connected component of G all its vertices are in the
same connected component of G’. This is so as otherwise, there exist adjacent
vertices in G, u,v, that are in distinct connected components of G’, therefore,
G’ won’t survive the failure of the edge (u,v). For every j > ¢ G contains a cycle
over Vj, therefore, the connected component of G’ that contains V; must contain
a cycle (as in the proof of Lemma[(.2). If a connected component of G’ contains
a cycle the connected component can be replaced with a Hamiltonian cycle over
its vertices without enlarging its cost. Therefore, the cost of G’ is n — i’ where
i’ is the number of connected components of G’ that it induce a spanning tree
over them. Therefore, i’ < 4, and as a result the solution G? is optimal. [ ]

6 Unit Requirements — Integral Flows

In this section we require that for every pair of edges that fail there will be
integer flows that backup it in the protection network. The complexity of this
variant is still an open question.

We note that for the 1-protection network problem this type of integer re-
quirement is the same as the requirement that b is integer. However, for the
2-protection network problem this is not the case.

6.1 Clique Requirements

We solve the problem for the case of clique: r. = 1 Ve € E, G = (V,E) is
complete graph.

Suppose that n = 6k for some integer k. We will show that the following
graph G, = (V, E,) is optimal for this case: The non-zero capacity edges have
unit capacity and they consist of the set F, as follows (see Figure [ for n = 18):
FE, contains a cycle C' on k = %n vertices vy, ..., vk. It also contains for every
even i = 2.4, ..., g a connecting path (denoted CP) starting at v; and ending at
vy & with edges (vi, ug), (g, wy), (wy, vi+§).

This graph has %” edges.
Theorem 6.1 G, is feasible and optimal.

Theorem [6.1] provides us a nice approximation algorithm for the general
requirement graph (we assume all the requirements are 0 or 1), as follows:

Algorithm 6.2

1. In the graph of positive requirements find the partition of the connected com-
ponents.

2. For every connected component which is a tree take this tree into the solution
and remove it from the graph.
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Fig. 1. An optimal solution for the integer flows problem

3. Consider the vertices of the rest of the components. If their number of is not
a multiple of 6 then add at most 5 new vertices called dummy vertices. Find
a graph over this vertex set according to the solution G.,.

4. If the new solution has dummy vertices then contract them into an arbitrary
reqular vertex.

This is a linear time algorithm.
Theorem 6.3 Algorithm [62 is asymptotically %—approm'mation algorithm.

Proof: The feasibility of the solution is straightforward as G, provides a solu-
tion for an extended requirement network and each spanning tree satisfies the
requirements of its component. For the % ratio note the following: An optimal so-
lution to the problem must also be feasible to the problem when we only require
that the capacity will be integer. Therefore, it must include at least k edges for
every connected component with k vertices which is not a tree. Therefore, any
solution includes at least n — np edges where np is the number of the connected
components which are trees. As the solution has at most Z(n — ng + 5) edges

the asymptotic ratio of % is proved. [ ]
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Bounds for Deterministic Periodic Routing
Sequences

A. Hordijk and D.A. van der Laan

Mathematical Institute, Leiden University, P.O. Box 9512, 2300 RA Leiden,
The Netherlands

Abstract. We consider the problem of routing arriving jobs to paral-
lel queues according to a deterministic periodic routing sequence. We
introduce a combinatorial notion called the unbalance for such routing
sequences. This unbalance is used to obtain an upper bound for the av-
erage waiting time of the routed jobs. The best upper bound for given
(optimized) routing fractions is obtained when the unbalance is mini-
mized. The problem of minimizing the unbalance is investigated and we
show how to construct sequences with small unbalance.

1 Introduction and Notations

A stream of arriving customers are routed to parallel queues according to some
deterministic periodic routing policy. The routing policy is characterised with
an integer sequence U = (Uy,Us,...) where U, is the queue to which the n
-th arriving customer is routed. In this paper we derive bounds on the average
waiting time of the arriving customers. U is called a routing sequence. Such a
routing policy is also called a generalized round robin (GRR) routing policy (see
[8] and [5]). The policy and corresponding integer sequence are periodic with
period T if U,, = Up41 for every n € N. A GRR routing policy does not depend
on dynamical information such as the number of customers in each queue or the
remaining workload in each queue and is therefore a static routing policy and
easy to implement. For homogeneous servers, the optimality of the round robin
routing policy is proved in [I2]. The problem of constructing the optimal GRR
routing policy for heterogeneous servers is difficult. In this paper we define for
periodic integer sequences U a combinatorial notion called the unbalance of U.
Then we use the unbalance of U to derive bounds on the average waiting time
of the arriving customers if they are routed according to routing sequence U.
We use these bounds to construct routing sequences with average waiting time
close to some lower bound.

This paper is a short version of [I0], which is submitted for publication in a
journal. In [I0] complete proofs of the statements of this paper and additional
results can be found.

If A is a finite set (a so called alphabet) and I C Z is an interval in Z then
a mapping A : I — A is called an I - word or just a word. Thus a word is a
sequence of letters from the alphabet A and a word is (in)finite if I is (in)finite.

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 236-250] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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A subword of A is the restriction of A to some interval J C I. For a finite
(sub)word A we denote the length of A by |A|. Further for a letter a € A the
number of a’s in A is denoted by |A|,. For an I -word A the support of letter
a is the set S, = {t € I : A(t) = a}. For an I -word A we have that letter a
has density d if for every non-decreasing sequence of finite subintervals I; with
union I we have that |STI?|M tends to d. An (infinite) I - word A is periodic if
for some ¢ € N it holds that A(t) = A(t + q) for every t for which ¢t,t +q € I.
Then ¢ is said to be a period of the word and any subword of length ¢ is said to
be a period cycle of the word. The period of A is defined as the minimum of all
the periods of A. If ¢ is the period of word A then a subword of length ¢ is said
to be a primitive period cycle of the word. Let N > 2 be the number of parallel
queues and thus U,, € {1,2,... , N} for every n € N. Then the routing sequence
U = (Uy,Us,...) can be seen as an N - word on the alphabet {1,2,... ,N}.
Further to every letter ¢ € {1,2,..., N} corresponds a sequence of zeros and
ones u’ = (ul,ub,...) via the support of the letter, i.e. u{, = 1 if and only if
U, =1i. We call u’ the routing or splitting sequence for queue i (see for example
[0, [14], [2] and [11])). In the sequel we identify (integer) sequences with words
and sometimes it is useful to choose an appropriate domain I for the word the
sequence is identified with. So, we consider sequences and words as the same
thing and therefore we have the same notions and operations for words as for
sequences. For example if u = (u1,ug,... ,u,) and v = (v1,ve,... ,v,,) are finite
sequences then uv = (u,ug,...,Un,v1,V2,...,vy,) is the concatenation of the
two sequences. For k& € N we denote by u* the sequence ww...u in which the
number of u’s is k and we say that u* is a power of u. A finite sequence is
primitive if it is not a power of some other sequence. We denote uw..., the
infinite sequence with period cycle u, by u®. Further a sequence (word) of zeros
and ones is said to have density d if the letter 1 has density d.

Definition 1. Let u be an infinite sequence of zeros and ones and A be the
corresponding word defined on an appropriate infinite interval I. We say that u
is reqular with density d if for every N € N we have for every subword A’ of A
of length N that |A'|; equals |[Nd| or [Nd]. In that case we also say that the
corresponding set Sy is a reqular set (of density d).

Regular sequences are important when applying deterministic routing or
admission policies. Namely, in [1] and [3] it is shown under suitable conditions
that if (at least) a fraction d of the arriving customers has to be routed to some
queue then it is optimal to do that according to a regular sequence of density
d. For queues with exponential service times the result goes back to [9]. In [I]
and [3] it is shown that stationarity of the service times is sufficient just as for
the interarrival times of the arriving customers. In case of two parallel queues
they show that there exist a regular routing sequence U which is optimal. For
this U there exist some d € [0,1] such that u' is regular with density d and
u? is regular with density 1 — d. For N > 3 queues one often wants to route
to the queues according to some (optimized) fractions, where the sum of these
fractions is 1. However, for such fractions it is not always possible to route in
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such a way that the routing sequence for every queue is regular, i.e there exist
no regular word on the alphabet {1,2,... N} with densities of the letters equal
to the prescribed fractions (see [2] and [15]). For example it is easily seen that
there exists no regular word on an alphabet of three letters with densities equal
to %,% and %. Therefore routing with such fractions always gives an irregular
routing sequence for at least one of the queues. In this paper we compare the

performance of irregular routing sequences with regular routing sequences.

We proceed as follows. We restrict to periodic routing policies and thus to rout-
ing sequences with rational density. We define the notion unbalance for periodic
words by using the period cycle of the word. In fact it is possible to define a pri-
mal unbalance and a dual unbalance, but here we restrict to the former notion.
The dual unbalance can be used to obtain similar results for polling systems.
The unbalance is a measure for the irregularity of the word. The unbalance of
a regular sequence will be 0. We first do this for sequences of zeros and ones
corresponding to routing to a single server queue. Then we use the unbalance in
a sample path argument to bound the difference in average waiting time for cus-
tomers routed to that queue according to an arbitrary periodic routing sequence
and regular routing with the same density. We extend the results to routing to
parallel queues. Using so called billiard sequences we construct periodic routing
policies such that the average waiting time of all the arriving customers is close
(within some bound) to the "regular” lower bound. We give a Mathematical
Programming Problem (MPP) such that for given rational densities a periodic
word with minimal unbalance can be obtained from an optimal solution of this
MPP. The MPP can be transformed to an Integer Linear Program (ILP), which
is given in [I1].

2 The Unbalance for Periodic Sequences of Zeros and
Ones

In this section all the words are defined on the alphabet {0,1} and we define
the unbalance for periodic sequences of zeros and ones. From the classification
of balanced sequences in ([T3]) and the fact that regular sequences are particular
balanced sequences (see [15]) we have for a regular infinite I - word of density d
that

Slzlﬂ{Lké—s—(pj}kez or Slzlﬂ{fké-i-tﬂ}kez (1)

for some ¢ € R. From this it follows that if u is regular with rational density
d= g with p,q € N, ged(p, ¢) = 1 then u is periodic with period q.

Ezample 1. The sequence u = (1,1,0,1,0,1,0)* is regular with density % and
(indeed) w is periodic with period 7. Further if u is identified with an N-word
we have for the support of the ones that
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\]
w

S1=1{1,2,4,6,8,9,11,13,15,16,18,20,...} = NN {[k- 7 — {}rez.

,4;

which is indeed as in ().

We first define the unbalance for finite sequences of zeros and ones and then we
extend the notion to infinite periodic sequences by considering the period cycle
of such a sequence. We first have some more notations and definitions. We say
that a finite sequence of zeros and ones is regular if it is the period cycle of some
infinite regular sequence. Two finite sequences u, ' are said to be conjugate if
there exist sequences v and w (v or w may be empty) such that v = vw and
u’ = wv. This is an equivalence relation since u is conjugate to ' if and only if v’
is a cyclic permutation of u. If u and u’ are conjugate then we write u ~ u’. The
conjugacy class of all the cyclic permutations of a finite sequence u is denoted by
u. Let P(T, k) be all sequences of zeros and ones of length T’ containing exactly
k ones and R(T, k) C P(T, k) be the subset of the regular sequences in P(T, k).
Let uw € P(T, k) and A the corresponding I - word on the alphabet {0,1}. We
assume without loss of generality that I = {1,2,... ,T} and we denote u as well
as A by (uy,us,...,ur) where u, = A(n) for n = 1,2,... ,T. Further we say
for il =0,1,..., 7 — 1 that (u14, a4, ... ,Ur, U, Us, ... ,u;) is the [ -th cyclic
permutation of wu.
For sequence u € P(T, k) we define the counting function «, : {0,1,... ,T} —
Z by ky(n) = >4 ;ue. Thus k(n) counts the number of ones in the first n
letters of the corresponding word A. We also define the discrepancy function
w:{0,1,...,T} = Q by xu(n) :n-%—mu(n) for n =0,1,...,T. We define
a partial order < on P(T, k).

Definition 2. For u,v € P(T,k) we say that v = v if Ky(n) < Ky(n) for
n=12,...,T.

Proposition 1. Let u € R(T,k). Then v € R(T,k) if and only if u ~ u'.
Moreover the partial order < on P(T, k) induces a total order on R(T, k).

Since R(T\, k) is finite it follows from Proposition [ that R(7, k) contains a
greatest element for this order. This greatest element is the sequence in R(T, k)
in which ” the ones are as much to the left as possible ”. This greatest element of
R(T, k) is important for our definition of the (primal) unbalance of a sequence
u € P(T, k). We denote this greatest element by w(T, k) or just w if no confusion
is possible. For example w(7,4) is the sequence (1,1,0,1,0,1,0). We have the
following lemma which can be used to determine w(7T, k) quickly.

Lemma 1. For the support set S1 of w(T, k) we have that

T T
Slz{Li-E—Fl J}kland/ﬁwTk() [n- ]forn—O ooy T
We have seen in Proposition [l that the regular sequences R(T, k) form a conju-
gacy class in P(T, k). We have the following theorem in which the partial order
is used to give a characterising property of the conjugacy class R(T, k) of regular
sequences in the set of all the conjugacy classes of P(T, k).
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Theorem 1. Every conjugacy class u of P(T,k) contains an upper bound of
R(T, k), i.e for every u € P(T, k) there exists av € P(T, k) such that v ~ u and
v = w for every w € R(T, k).

Outline of the proof. Let u € P(T,k) and let | = argmax,,_q;  7_1Xu(n)-
We claim that v’ := the [-th cyclic permutation of u, is an upper bound of
R(T, k). Since v’ ~ u this proves the theorem.

Remark 1. By Proposition [[l we have that v’ € P(T, k) is an upper bound of
R(T, k) if and only if ' = w(T, k). By Lemma [[Ithis is the case if the discrepancy
function x, is never strictly positive. If ged(k,T) = 1 then it is easily seen for
every u € P(T, k) that x,, is injective on the domain {0,1,... ,7 — 1} and thus
argmax,_q 1 7_1Xu(n) is unique. A consequence is that for every u € P(T’ k)
the upper bound of R(T), k) in the conjugacy class « is unique if ged(k,T) = 1.
If ged(k,T) > 1 then the upper bound is in general not unique.

Definition 3. For u € P(T,k), let v’ be an upper bound with respect to the
partial order < of R(T, k) in the conjugacy class w. Then the (primal) unbalance
I(u) of u is defined by

I(u) = % S (s (1) — i (1)), where w = w(T, k) . @)

It can be checked that the unbalance is well defined for finite sequences of zeros
and ones, i.e for every pair «/, u” of upper bounds of R(T, k) with v’ ~ u” it
holds that 22:1 K (n) = 25:1 K1 (n). The following example illustrates these
results and definitions.

Ezample 2. We calculate the unbalance of the sequence u =
(0,1,0,0,1,0,1,1,0,1,0) € P(11,5). First we have to find an upper bound with
respect to the partial order < of R(11,5) in the conjugacy class . Following the
outline of the proof of Theorem [ we find that argmax,,_q 1  10Xu(n) = 4. Thus
the 4-th cyclic permutation of u, which is v’ = (1,0,1,1,0,1,0,0,1,0,0) should
be upper bound of R(11,5). Indeed v > w(11,5) = (1,0,1,0,1,0,1,0,1,0,0)
and it follows that I(u) = I(u') = &.

After defining the unbalance and a partial order for finite sequences we extend
these notions to infinite periodic sequences (words). First of all we extend in
a natural way the partial order < to the infinite sequences u = (u1,uz,...)
of zeros and ones corresponding to N-words on the alphabet {0,1}. We define
just as for finite sequences (words) the counting function k, : Z>¢ — Z by
ku(n) = >0, u; and we say that u < v if k,(n) < Ky(n) for n = 1,2,....
For a sequence u = (u1,us,...) of zeros and ones of density d corresponding
to an N - word we also define the discrepancy function x, : Z>o — R by
Xu(n) = n-d — ky(n) for n € Z>(. Further we have the following equivalence
relation ~ for infinite periodic sequences. In fact ~ is an equivalence relation for
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all infinite periodic integer sequences and the corresponding words on a finite
alphabet A and not only for the sequences of zeros and ones.

Let u and v be infinite periodic integer sequences. Then we say that u is equiv-
alent to v, u ~ v if there exists a finite sequence w such that w is a period cycle
of both u and v.

In our application of routing sequences we have in general that equivalent infi-
nite periodic sequences have the same performance. Let P be the set of infinite
periodic sequences of zeros and ones (modulo the equivalence relation), R C P
the subset of regular periodic sequences and for d € Q, 0 < d <1 let P(d) C P
be the subset of sequences with density d. We denote the regular sequence in
P(d) by w(d) or just w. Note that if u’ € P(T, k) is a period cycle of u € P then
u € P(d) where d = % We define the unbalance for infinite periodic sequences
of zeros and ones as follows.

Definition 4. Let uw € P and let v’ € P(T,k) be a period cycle of u. Then we
define the (primal) unbalance of u as I(u) := I(u').

The unbalance is well defined on P. Namely, if v’ and u” are both period cycles
of u then I(u") = I(u”). When the unbalance of an infinite periodic sequence
has to be computed it is of course most practical to compute the unbalance of a
primitive period cycle of the sequence.

3 Bounding the Difference in Expected Average Waiting
Time of Routing Sequences for One Queue

In this section we give a bound for the expected average waiting time for
customers routed to a single server queue according to a routing sequence of
zeros and ones. This bound depends on the unbalance of the routing sequence.
To state the results we first have some definitions and notations.

Let {T;}i=1,2,... be a sequence of arrival times of customers, with the convention
that Ty = 0. Put §; := T;41 — T; for i = 1,2,.... Then {6;} is the sequence
of interarrival times. Further these arriving customers are routed to a server
according to some routing sequence u = (u1, us, - .. ) of zeros and ones. For such
a routing sequence we have the counting function £, (n) = Y, u; that we used
to define a partial order < for such routing sequences. Further we define the

the following related function v, (i) : Z>9 — Z with v,(j) = min{n € Z>¢ :

Ku(n) = j} and we put 7,(j) = Zf“g;x(yu(] 1,1y 0i for j =1,2,.... Then Tu(9)

is the time elapsed between the routing of the j — 1-th and j- th customer to
the server according to routing sequence u. If we put A\, (j) = >_7_, 7u(k) for
j =1,2,... then A\,(j) is the time at which the j — th customer is routed to
the server according to routing sequence u. We have a sequence of service times
{oj}j=12,., where o; is the service time of the j-th customer that is routed
to the server according to the routing sequence. Further we define W, (j) to be
the workload for the server at the moment the j-th customer is routed to the
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server according to routing sequence u. In other words W, (j) is the waiting time
for the j -th customer that is routed to the server. We assume that the server
starts empty at 73 = 0 and thus W, (1) = 0. If the interarrival times {d;} and
service times {o;} are random variables then we say that W(u) is the almost
sure long-run average waiting time of customers routed to the server according
to routing sequence w if limy, o0 = - Z;“:l W..(j) = W (u) with probability one.
From ergodic theory we have the following theorem.

Theorem 2. Suppose that the interarrival times {0;} of customers arriving at
the system are independent and identically distributed (i.i.d.) random variables
with mean & and the service times {o;} of the considered server are i.i.d. random
variables with mean o and independent of the interarrival times. Further let u’
and u” be routing sequences of zeros and ones that are both representatives of
someu € P(d) where d € Q (thus they have a common period cycle) and §-d < 1.
Then W (u') and W (u") exist and are finite. Moreover W (u') = W (u").

Let § , 0 and d be as in Theorem 2] Then we say that p := % - d is the traf-
fic intensity for the server. By Theorem [J all the routing sequences which are
representative of some u € P(d) have the same long-run average waiting time
if the stability condition p < 1 is fulfilled. Therefore in this case we denote this

long-run average waiting time simply by W (u). The following theorem which is
obtained by a sample path argument is the main result of this paper.

Theorem 3. Let the interarrival times {0;} and the service times {o;} be as
in Theorem [A. Further let uw € P(d) for some d € Q such that p < 1 and let
w=w(d) € P(d) be the reqular sequence of density d. Then

W) < Ww) + g I(u) . (3)

Remark 2. From [1] and [3] we have that W (u) > W (w).

We give an outline of the proof of Theorem Bl We first assume that the inter-
arrival times {0;}i=1,2,.. and service times {o;};=1,2, .. are fixed sequences of
non-negative real numbers. Then we have the following lemma.

Lemma 2. Let u = (u1,us,...) and v = (vy,va,...) be routing sequences of
zeros and ones and suppose that u = v. Then W,(j) + X\ (7) < Wo(4) + Au(4)
for every j € N.

Note that W, (j) + Au(j) is the moment that the server starts serving the j-th
customer that is routed to the server according to u. So, Lemma [2] states that if
u = v then the moment when the service of the j -th customer that is routed to
the server starts, is for v not later than for w. This can be proved by induction
to j.

For every j € N we have that A\, (j) — A\, (j) = Z;lfi)(;)l ;. This is a sum of
interarrival times ¢;, where the number of terms in the sum is v,(j) — v, (4).
Therefore, if we put Ny,(m) = Z;"Zl(uu(j) — y(j)) for m = 1,2,... then we
have the following Corollary by Lemma [Z.
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Corollary 1. Let u and v be routing sequences with uw = v. For every m € N
we have that

SWG) Y Wu()+>. > b (4)

Jj=1 Jj=1 J=1i=v,(j)
In the double sum the number of terms is Ny, (m).

Then we show that if u = (v/)* and v = (v')* for some u',v' € P(T,k) and
w(T, k) < u' <0 then

. Nyy(m) T
APMT—E'(I(U)—I(U)) : (5)
Let w € P(d) be as in Theorem Bl Then by Theorem [0 there exist T,k € N
with d = £ and u” € P(T,k) such that v’ := (u”)> is a representative of u

and w’ < v’ where w’ = w(T, k) is a representative of w(d). By Theorem 2 we
have that both W (u) = W (u') and W (w) = W (w') exist. We make a coupling
between the interarrival times for v’ and w’ and we also do this for the service
times. After the coupling we can apply Corollary [[l and (§]) and it can be shown
that

W)~ W'y < 25 ()~ 160)) = & - I(w)

which proves Theorem

Remark 3. From this proof it follows that it is possible to refine Theorem [3 as
follows: Let u, v € P(d) be as in Theorem[3 and let w’ be a representative of w(d)
as above. Then, if there exist representatives v’ and v’ for u and v respectively
such that w’ < v’ <’ then

W(w) ~ W) < (1) ~ 1)) - (©

Moreover, the condition p < 1 in Theorem [3is just necessary to apply Theorem
However, if both the interarrival times and the service times are deterministic
then Theorem [2 also holds if p = 1 (see [11]). Thus in that case Theorem Blalso
holds if p = 1 and in fact we have for that case the following stronger result from
which it follows that the bound of Theorem []is tight.

Theorem 4. Suppose that the interarrival times and service times are deter-
ministic and equal to & respectively o. Let u € P(d) for some d € Q such that
0 =do, hence p =1, and let w = w(d) be the reqular sequence of density d. Then

W(u) = W(w) + g I(u) . (7)

Outline of the proof. Let w’ be a representative of w(d) as above and let u’
be a representative of u such that w’ < «’. Then it can be shown that W,/ (j) +
A (3) = Wor(5) + A () = (4 — 1)o for every j € N. Hence we have for every
m € N that (#) holds with equality for v/ and o’ with ¢§; = § for i = 1,2,....
From this it follows that (B]) also holds with equality.
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4 Routing to Parallel Queues

In this section we derive upper bounds for the expected average waiting time
for routing arriving customers to N > 2 parallel queues according to some
periodic routing policy corresponding to a word U = (Uy, Us,...). Extending
the notion of unbalance for periodic sequences of zeros and ones we define a
(total) unbalance O(U) for periodic integer sequences and corresponding words
on some finite alphabet. Then we extend the result of Theorem [3] for one queue
to multiple queues by using the unbalance O(U) of U.

Let di,ds,...,dy € Qs with Z@Z\; d; = 1. Then we denote by
Q(dy,ds, ... ,dy) all the infinite periodic N - words U on the alpha-
bet {1,2,...,N} for which v* € P(d;) for i = 1,2,...,N. Further for
T, ki,ka,... ky € Nwith Zi\il ki =T we denote by Q({T'}, k1, k2, ... ,kn) all
the N-words on the alphabet {1,2,... , N} for which every subword of length T
contains exactly k; letters i for i = 1 2 ., N. Note that Q({T'}, k1, ka, ... ,kn)

CQ(T,T7 ,T)ForexamplelfU (1 2,1,2,1,3,1 71123)"°thenU€
0({12},6,4,2) C O(3, 3, ). Further u' = (1,0,1,0,1,0,1,0,1,1,0,0)> 679( )s
= (0,1,0,1,0,0,0,1,0,0,1,0 € P(L) and u” = (0,0,0,0,0,1) € P(L).

Let % be a routing policy and U the corresponding routing sequence. Then
for t € N we define W(t) = Wy(t) as the waiting time of the ¢ -th arriving
customer if policy 1 is applied, which is the remaining workload for server Uy
at the moment that the ¢-th customer arrives. We assume that all the servers
i€{1,2,...,N} are empty at 773 = 0 and thus W (t) =0 if t = v,,:(1) for some
i€ {1,2,...,N}. If the interarrival times and service times of the various servers
are random variables then we say that W (¢)) = W (U) is the almost sure long-run
average waiting time of the arriving customers routed according to policy ¥ if
lim, oo % -So7_ Wy (t) = W(¢) with probability one. Let {d;} be the sequence
of interarrival times and let {07} be the sequence of service times of server i for

i=1,2,... N, ie o} is the service time of the j - th customer that is routed to

server i. We define W" (w) WZ(U ) as the almost sure long-run average waiting
time of customers routed to server 7 if policy v is applied in the same way as
we did in the previous section. The only differences are that routing sequence
u is replaced by routing sequence u’ and the sequence of service times {o;} is
replaced with the sequence of service times {a;} From Theorem[J we obtain the
following theorem.

Theorem 5. Suppose that the interarrival times {0;} of customers arriving
at the system are i.i.d. random variables with mean & and for every i €
{1,2,... N} the service times {o}} are i.i.d random variables with mean o,
and independent of the interarrival times. Let 1 be a routing policy that corre-
sponds to some word U € Q(dy,da, ... ,dn) such that p; :== % -d; <1 fori =

1,2,...,N. Then W(¢) exists and is finite. Moreover W () = > d; ~Wi(w),
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Definition 5. Let U € Q(dy,da, ... ,dy) for some d; € Qs with YN | d;i = 1.
Then we define the (total) unbalance of U as

)= > 1) (®)

If it is clear from the context what is meant we just say unbalance and not
total unbalance. Let the interarrival times {d;} and the service times {O’ } for
i=1,2,...,N be as in Theorem[5 Further let d; € Qs fori =1,2,. 'N with

Zfil di = 1. Recall that w(d;) is the regular sequence of density d;. If Wz(w(di))

exists and is finite for i = 1,2,... , N then we put
= R(dy,dy, ... ,dy) = Zdi Wi (w(dy)) - 9)
i=1

Remark 4. If the interarrival times and service times are random variables then
for the existence of R it suffices that p; < 1 for ¢ = 1,2,..., N, while if the
interarrival times and service times are deterministic then it suffices that p; <1
for i =1,2,...,N. It is possible to extend the definition of R and some of the
results to the case of irrational d;. In general R depends on the distribution
of the interarrival times and service times and in some cases it is possible to
compute R explicitly. See [6] and [11] for an exact computation in case of deter-
ministic interarrival and service times and see [I4] for computations and bounds
in general.

Combining Theorem B and Theorem [Al we obtain the following theorem.

Theorem 6. Let the interarrival times {6;} and the service times {o%} for
i =1,2,... ,N be as in Theorem [3 Let d; € Qsqo for i = 1,2,... ,N with
Zf\il d; = 1. Suppose that a routing policy v is applied with corresponding word
U € 9(dy,da, ... ,dy) and p; <1 fori=1,2,... ,N. Then

W) — R<6§-0(U).

From [I] and [3] we have that W () > R, which is the lower bound obtained by
replacing the routing sequence to queue i by the regular routing sequence with
the same density for any queue i. Hence we have the following bounds.

R<W(@)<R+65-0U) . (10)

Remark 5. Suppose that we have a queueing system where the arrivals are ac-
cording to a Poisson process with parameter A. Suppose that the service times
of server i are exponentially distributed with parameter p;. If d;, the fraction of
jobs that is routed to server i, equals L for some ¢; € N, then W' (w(d;)) can
be calculated in the following way. For the routing sequence w(d;) we have that



246 A. Hordijk and D.A. van der Laan

among every ¢; arriving jobs exactly one job is routed to server i. So, the inter-
arrival times at server ¢ consist of ¢; Poisson arrivals with parameter A. Hence
the interarrival times for the queue of server ¢ are Erlang distributed, namely
according to an EY" distribution. Thus Wz(w(di)) is the same as the average
waiting time for a EY' /M /1 queue, where the parameter of the service times is

. So (see []) if x; € (0,1) is a solution of the equation

A
r=(————)" | 11
(A+uwui'z) (11)
then

W' (w(d;)) = ———— . 12
(w(di)) (=) (12)

In the following example we have calculated W' (w(d;)) for i = 1,2,3,4 by ap-
plying (I2). Further we have explicitly calculated the lower bound R and upper
bound R+ 6-O(U) of () for W (v), where U is the word corresponding to the
applied routing policy ).

Ezample 3. We consider a queueing system with 4 parallel servers where the
arrivals are according to a Poisson process with parameter A = 11. Hence for
the mean interarrival time § we have that § = % The arriving jobs are routed
to the servers according to the policy ¢ that corresponds to the word

U=(1,2,3,1,4,2,1,3,1,2,4,3)® € Q({12},4,3,3,2) C Q(

)

Then we have that I(u') = L, I(u?) = 0, I(u®) = &, I(u') = 0 and thus
o) = %. For every i € {1,2,3,4} the service times are exponentially dis-
tributed with parameter p; and py =4, ps = pug = 3 and pg = 2. Then we find
by (I2) that w (w(3)) = 1.7792 (rounded to 4 decimals) and thus by Corol-
lary [3 we have that Wl(ul) < 17792+ 3 - % . % = 1.8019. Similarly we have
that W (w(1)) = W (u2) = 2.2105, W (w(1)) = 2.2105, W (u?) < 2.2408 and
W (w(l)) = W' (ut) = 3.0732. Hence by (@)

[N

)

| =

1
747

Wl

R W)+ W)+ ) + ¢ T w(z)) = 22105

and R+ 6-O(U) = 2.2105 + - & = 2.2257. So, by (I0) we have that 2.2105 <

W (1) < 2.2257.

The following theorem provides conditions under which the right-hand side in-
equality of (IQ) actually holds with equality.

Theorem 7. Let the interarrival times {6;} be deterministic equal to & and the
service times {0;-} be deterministic equal to o; fori=1,2,... /N. Let d; € Qsq
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fori=1,2,... ,N with Zfil d; = 1. Let p;,q; € N be such that d; = % with
ged(pi,qi) = 1 fori = 1,2,... ,N. Suppose that a routing policy v is applied
with corresponding word U € Q(dy,ds, ... ,dy) and p; =1 fori=1,2,... ,N.
Then

1

N
W) =R+6-0(U)=6- (2—Z+O(U)>.

By combining Theorem Hl and Theorem B we get the first equality of Theorem
[7l See [11] for the second equality which follows from the computation of R for
this case.

Ezample 4. We consider a queueing system with 3 parallel servers where the
interarrival times are deterministic and equal to § = 3. The arriving jobs are
routed to the servers according to the policy i that corresponds to the word

1 31
U= (17 2; 1, 27 ]-7 37 1a 27 ]-7 3)00 € Q({10}7 5a 37 2) g Q(§7 Ev g) .
All the service times are deterministic and for server 1 they are equal to o7 = 6,
for server 2 equal to o3 = 10 and for server 3 equal to o3 = 15. Hence p; = 1 for
i =1,2,3. Further I(u') = 0, I(u?) = &, I(v*) = & and thus O(U) = £. So,
according to Theorem [7] we have that

1 1 1 1. 1\ 9
10

W(¢)=3'(2—(4+20+10)+5

which can be checked by direct calculation.

5 Billiard Sequences and Routing Sequences

In this section we give some properties of sequences (words) and their implica-
tions for the corresponding routing policies. In particular we have some proper-
ties for billiard sequences. We have the following theorem.

Theorem 8. Letdi,ds, ... ,dy € Qso with Zf\il d; =1 for some N > 2. Then
there ezists a word U € Q(dy,ds, ... ,dyn) such that O(U) < & —1.

By combining Theorem [8 and Theorem [l we obtain the following corollary.

Corollary 2. Let the interarrival times {3;}, the service times {o’} and d; for
i=1,2,... N be as in Theorem[A Suppose that p; <1 fori=1,2,... ,N. Then
there exists a routing policy 1 corresponding to a word U € Q(dy,ds, ... ,dn)
such that

W) < R(dy,da, ... ,dy)+0- % ).
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We show how to construct aword U € Q(dy,da, ... ,dy) such that O(U) < 5 —1.
We use the following algorithm which we call the Special Greedy (SG) algorithm.

SG algorithm. Let di,ds,...,dy € Ry with Zivzl d; = 1 and
z1,%2,...,Zn € Rsg be given. Then U = (Uy,Us,...) is determined in-
ductively in the following way. Suppose that U;,Us,...,U,_1 have been
determined and thus k,i(n — 1) is known for ¢ = 1,2,... , N. Choose U,, such

that U, =i € {1,2,... , N} for which Zu =1 jg inimal.

Ifo<z; <lfori=1,2,...,N then a word U constructed by the SG algorithm
is known in the literature as a billiard word or sequence (see for example [4]).
Namely, if a billiard ball bounces in an N -dimensional cube and a sequence of
the integers {1,2,..., N} (the integers correspond to the sides of the cube and
opposite sides correspond to the same integer) is constructed by writing down
an integer if the ball bounces against the side of the cube corresponding to that
integer then such a sequence is a billiard sequence. It is easily seen that the word
constructed by the SG algorithm is a billiard sequence obtained by starting in
position (z1, 22, ... ,xx) and having initial velocity vector (—dy, —ds, ... ,—dn)

in the unit cube [0, 1]V In the SG algorithm the choice of U,, is not totally deter-

mined if M is minimal for several i € {1,2,...,N}. We assume that in

such cases a cons1stent choice is made. For example always the smallest ¢ is cho-
sen for which L(nl) is minimal. If this modified SG algorithm is used then
the word obtained 1E)y the algorithm is unique for every z1,22,... 25 € R>o.
For billiard sequences this consistent choice means that if the billiard ball hits
multiple sides at the same time then the order in which the letters correspond-
ing to those sides appear in the billiard sequence is also prescribed. We will call
such a billiard sequence a consistent billiard sequence. A billiard sequence that
is not consistent can be aperiodic even if the densities dy,ds, ... ,dy € Qs¢. For
consistent billiard sequences we have the following lemma.

Lemma 3. Let di,ds,... ,dy € Qs with Ef\il d; = 1. Let p;,qi, k; € N for
i = 1,2,... ,N and T € N be such that d; = % = % with ged(pg, q;) = 1
fori=1,2,... N and ged(k1,ka,... ,kn) = 1. Let U be a consistent billiard

sequence. Then U € Q({T'}, k1, ka, ... ,kn) C Q(d1,da, ... ,dN).

Construction to prove Theorem Let d;,pi,qi,k; and T be
as in Lemma [B, N > 2 and let ¥ € {1,2,...,N} be such that
qr = MmaX;e(i2,. N}¢ Then it can be proved that in the following way
aword U € Q{T}, k1, ko, ... k:N) C Q(dy,ds,...,dy) is constructed with
O(U)=0if N=2and OU) < ¥ —1if N > 3. Put z, = 0 and x; —l—ifor
every j € {1,2,..., N} for which j # k. Construct a consistent billiard sequence
starting in (xl,:rg, ..., xn) with initial velocity vector (—dy, —da,... ,—dy) in
the unit cube [0, 1]V

Ezample 5. In this example we construct in this way a sequence U &
Q(dl, d2,d3) where d; = s do = % and d3 = % We see that g2 = 20 = max; q;-
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% and z3 = 1—% = %. So, we apply
d; and we obtain the billiard sequence
,3,1,2,3,1)°. For this U we have that

L. Hence O(U) = 3 < 3 —-1=1 as

ThusweputxgzO,xlzl—%

the SG algorithm with these z; an
U= (21231213,21,3,2/1,2,
I(u') = 2, I(u?) = 55 and I(u?)
expected.

— 2|

Remark 6. We conjecture that for every consistent periodic billiard sequence U
it holds that O(U) < § —1if N > 2.

For given rational densities we can prove that there is a consistent billiard se-
quence U with these densities which minimizes the unbalance among all integer
sequences with the same densities. We show how to obtain a suitable math-
ematical programming problem (MPP) for minimizing the unbalance for given
densities. The billiard sequence U is obtained by applying the SG algorithm to an
optimal solution of this MPP . Recall the definition of the discrepancy function x

for infinite sequences of zeros and ones from section 2. Let U € Q(dy,da, ... ,dn)
for some dq,ds, ... ,dy € Ry with Zf\il d; = 1. Then we define
ci=ci(U) = sup xyui(n) (13)
HGZZO

for i =1,2,...,N. It is easily seen that if U € Q({T'}, k1, ko, ... ,kn) for some
T, ki, ko, ... ky € Nthen ¢; = max,eqo,1,... 7—13 Xui(n) fori=1,2,... , N.
From the following theorem it follows that minimizing the total unbalance O(U)
for given denisities dy,ds, ... ,dy is equivalent to minimizing Zfil ¢ (0).
Theorem 9. Let d; € Q¢ fori=1,2,... N be as in Lemmald and let U €
Q(dl, dg, e ,dN) Then

N

OW) =3 eil) = 5 +

i=1 =1

1
+>

N
2 2q;

For given densities d; with Zivzl d; =1 there exist U € Q(dy,ds,... ,dy) with
¢i(U) <z fori=1,2,...,N if and only if

N
t> Zmax(ft ~d; — 2;],0) (14)

fort =0,1,2, ... (see [11] and [10]). Moreover, if the d; and T are as in Lemma
Blthen it suffices that (I4)) holds for ¢t = 0,1,... ,7 — 1. Hence for these densities

Zf\il ¢i(U) (and thus the total unbalance) can be minimized by solving the

following MPP, where z1, 2o, ... , zy are non-negative real variables.
minimize sz\il z
subject to: (15)

SN max(0, [t-d; — z]) <t fort =0,1,...,T 1
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From an optimal solution z7,z3,...,z% of ([I5) a sequence U with minimal
unbalance can be obtained by applying the SG algorithm with z; = 2} for
i=1,2,...,N. For this U it holds that ¢;(U) = 2} for i = 1,2,... ,N. In [11]
it is shown that there exist an optimal solution of (1) with 0 < zF < 1 for
1 = 1,2,...,N and then the obtained U is a periodic billiard sequence with
period T. So, we may assume that 0 < z; < 1 for ¢ = 1,2,... N and then
(@) can be replaced with t > Zf\;l [t - di — 2z]. Moreover, if d; = £t with
ged(pi, ¢;) = 1 then for an optimal solution zj,z3,...,z% of (IH) it holds that

2 = £ for some non-negative integer k. This can be used to transform (I5)
qi

into an equivalent ILP as is done in [II]. Note that from O(U) > 0 for every
sequence U and Theorem [ it follows that the minimal value of () and the

corresponding ILP is greater or equal than % — Zil % The LP relaxation of

the ILP yields the same lower bound & — Zfil z%h (see [11]) and also solving the
Lagrange dual of ([H) gives this lower bound. Thus the minimal total unbalance

for given densities dy,ds,. .. ,dy is equal to the duality gap for (IH).
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1 Introduction

Since the seminal work of Nemirovski and Nesterov [14], research on semidefinite
programming (SDP) and its applications in optimization has been burgeoning.
SDP has led to good relaxations for the quadratic assignment problem, graph
partition, non-convex quadratic optimization problems, and the TSP. SDP-based
relaxations have led to approximation algorithms for combinatorial optimization
problems such as the MAXCUT and vertex coloring. SDP has also found nu-
merous applications in robust control and, as a natural extension, in robust op-
timization for convex programs with uncertain parameters. For a recent survey
of semidefinite techniques and applications see [20].

In several of the optimization applications of SDPs binary variables naturally
emerge. SDP relaxations for combinatorial optimization problems are typically
obtained by relaxing binary constraints. Robust formulations of uncertain dis-
crete problems also result in SDPs with binary variables. Another source of SDPs
with binary variables is the semidefinite lift-and-project relaxation for mixed 0-1
linear programs (LP) [3l12]. Mixed 0-1 SDPs have the following general form,

min L'z

subject to Fo + > i,z F; = 0, (1)
z; €{0,1}, i=1,...,p,

where x € R", F; = FI € 8™, the set of all symmetric m x m matrices, and
A > 0 denotes that the matrix A is positive semidefinite. Usually there are linear
constraints, but these can be easily reformulated as semidefinite constraints. We
will assume that the inequalities 0 < z; < 1 for 1 < j < p are present in the
semidefinite constraint. The affine semidefinite constraint in (IJ) is called a linear
matrix inequality (LMI).

Currently, the mixed 0-1 SDP () is approximately solved by relaxing the
binary constraints. This is very similar to the early attempts to approximately
solve integer LPs by relaxing the integer constraints. As the techniques for solv-
ing LPs became more efficient, there was a concerted effort to develop systematic
means of improving the relaxation. We expect a similar development in the case
of mixed 0-1 SDPs. The results in this paper are a first step in this direction.

We propose to solve () to optimality by the usual 2-step procedure: in the
first step, the binary constraints are relaxed and the resulting SDP solved to

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 251-B63] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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optimality. If the solution Z is feasible for ([[) then it must be optimal. Otherwise,
one generates a convex constraint that is valid for the feasible set of the mixed
0-1 SDP () but is violated by Z, i.e. a convex “cut”. This constraint is added
to the convex relaxation and the steps repeated. In most cases, it is unlikely
that cuts would be sufficient to solve mixed SDPs to optimality, and therefore,
partitioning into subproblems via branching will be required.

In this paper, we develop several methods for generating linear cutting planes
for the mixed 0-1 SDP. In §2 we develop the analog of the Chvatal-Gomory (CG)
cutting plane method for mixed 0-1 SDPs. We show that the usual definition
of the rank extends to these CG cuts and that all valid linear inequalities are
dominated by CG inequalities. We also show that the CG procedure can be used
to characterize the relative strengths of semidefinite and polyhedral relaxations of
several combinatorial optimization problems. Next, we introduce matrix super-
additive functions and show that CG cuts are a special case of matrix super-
additive cuts.

In 3] we develop disjunctive cutting planes for mixed 0-1 SDPs by extending
the work of Balas, Ceria and Cornug&jols [3]. To be successful, any cutting plane
method must be able to efficiently generate the violated inequality. Balas et al [3]
showed that, in the case of mixed 0-1 LPs, disjunctive cut generation amounts
to solving an LP. We show that in the case of mixed 0-1 SDPs the disjunctive
cuts can be efficiently generated by solving an SDP. We also show that the cuts
can be generated in the space of fractional variables and then lifted. This is
particularly relevant when the cuts are used in a branch-and-cut framework.

This approach can be interpreted as lift-and-project cut generation [T6/T2].
The lift-and-project method was previously generalized to mixed 0-1 convex
programs by Stubbs and Mehrotra [I7]. However, in this general setting, cut
generation is not efficient and, as a consequence, the method does not yield an
efficient optimization procedure.

In §d]we comment on the computational performance of disjunctive cuts.

2 Chvatal-Gomory Cutting Planes for Mixed 0-1 SDP

In this section we extend the Chvatal-Gomory cut generation procedure, devel-
oped in the context of mixed integer programs, to mixed 0-1 SDPs. Analogous
to the case of integer programs, we first consider the case of pure 0-1 SDPs and
then extend the results to mixed 0-1 SDPs.

Let K° be the feasible set of a pure 0-1 SDP, i.e.

Ko = {x e {0,1}"‘E)+ijFj - 0}, F=FlesS™i=0,....n
j=1

The Chvatal-Gomory cutting planes for K° are based on the following equivalent
representations of the feasible set of an LMI.

{xeR"

Fo-i-zn:xiFi = 0} = {x cR" ZOFO—i—En:xi(ZOFi) >0, VZ*= 0},
i=1 i=1
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where A @ B = Tr(AB) is the usual inner product on the space of symmetric
matrices. The above equivalence follows from the fact that the set of semidefinite
matrices is self-dual with respect to this inner product.

The Chvétal-Gomory (CG) cutting plane procedure for K° is as follows.

Step 1. For any Z > 0, we have Ze Fy+ > . x;(ZeF;) > 0 for all z € K°.

Step 2. Since z; >0, Fpe Z+ Y 1 x;[Z e F;] >0 for all z € K°.
Step 3. Since z € {0,1}, |[Fpe Z|+ > 1", x;[Z e F;] >0 for all z € K°.

A valid inequality of the form

|ZeFo)+ ) xi[ZeF/] >0, (2)
i=1
is called a CG cut for K°. Analogous to the CG procedure for integer programs,
a CG cut for ° can be combined with other CG cuts and the original LMI to
generate new CG cuts. One can analogously define the rank of an CG inequality
and get a hierarchy of CG cuts. The following result is a simple extension of the
corresponding result for integer programs.

Lemma 1. Define K° = {z € {0,1}" | Fo + >, 2;F; = 0}. Then, every valid
inequality for conv (K°) is equivalent to or dominated by a CG cut.

Proof. The result is established by reducing this problem to the polyhedral case.
Let K1 be the feasible set of all rank-1 CG cuts with respect to the LMI, i.e.

Klz{xeR”

|Foe Z|+ Y ;[ Z e | 2 0,YZ = 0}.
=1

First we show that /03 N {0,1}™ = K°. Clearly K; N {0,1}" D K°. To prove the
other direction, let z € (K1n{0,1}")\K°, i.e.z & {x € R" | Fo+>_ ., x;F; = 0}.
Therefore, there exists Z = 0 such that d = —(Z e Fy + > i, ;(Z e F;)) > 0.
Since 7 € K1 and k Z = 0 for all k > 0, it follows that for all k£ > 0,

\kZ e Fy) + Y xi[kZ e F;] > 0.
=1
On the other hand, we have
kZ o Fo] + 3 #i[kZ o F}] = k(ZoFo + Z@(Z.Fi))
i=1 =1
~ (((k2) 0 Fo)y = Y a1 = (k2) 0 F))),
i=1
< —kd+ n,

where (a); = a — |a] is the fractional part of a. A contradiction. Therefore,
K1n{0,1}™ = K°. Now, the lemma follows by recognizing that K; has the same
structure as the feasible set of all rank-1 CG cuts of an integer program. O
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The CG procedure has interesting consequences for comparing LP and SDP
relaxations for combinatorial optimization problems. For instance, consider the
traveling salesman problem (TSP). A simple extension of the results in [§] shows
that the TSP on n nodes can be formulated as the following 0-1 SDP [6],

minimize Z:‘L,jzl Ciinj7
subject to A1 =21, diag(A) =0, 3)
hpd+ 220117 — 4 = 0,
A e {0,1}m*™
where A denotes the node-node adjacency matrix of a graph and h,, = 2 cos (%)
The sub-tour elimination constraints for the TSP on n nodes are given by
DA <IW-1, YW c{l,...,n}, 3<[W[<n—1 (4)
i,jEW

Lemma 2. The sub-tour elimination constraints for the TSP on a graph G =
(V, E), with |V| > 4, are rank-1 CG cuts with respect to the constraints,

Proof. Define Z = %1W 17‘,;, > 0 where 1y is the indicator vector of the set W.
On applying the CG procedure with Z, we have

2—h
ZoA:AZ AingZo(hnI+T”11T)j. (6)
i,jeEW
The constant term

2—hy

2 — hy, 1
Z o hol+ 11') = ho= |W]+ W%,
n 2 2n
B ho\ W ho,
'W|[(1z)n+z}v
< W1, (7)

where (@) follows from the fact that (1—hy/2) = 1—cos(27/n) > 0 and |W| < n.
Therefore, the CG rank of the sub-tour inequality is at most 1.

Suppose the sub-tour elimination inequality Iy corresponding to a subset W
is a rank-0 CG cut with respect to ({). Let A%, i = 1,2, be the adjacency matrices
of two distinct tours that satisfy Iy with equality. Then so does A = (A'+ A?).

Let A(;(A) denote the i-th smallest eigenvalue of (21 — A). The linear con-
straints in (B) imply that Aq)(2 — A) = Amin(21 — A) = 0 with ﬁl as the
corresponding eigenvector. As a consequence the LMI in (3) can be rewritten as

Lo(2 — A) 2 A1) (21 — A) + A2y (21 — A) > 2 — h,.
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Since A’ are tours, we have Ly(2I — A*) = (2 — h,,) [11]. The function L is a
strictly concave [I], therefore Ly(2I — A) > (2 — hy,). Let a = % €(0,1)
and A" denote the adjacency matrix of the graph consisting of tours on the
sets W and V\W. Clearly, A" violates Iyy and so does A, = aA + (1 — a)A™.
However, A, satisfies the linear constraints in (B and, since L2(2I — A™) = 0,

we have

Lo(2I — Ay) > aLla(2] — A) + (1 — a)La (2] — AY) = aly(2] — A) =2 — h,,.
A contradiction. |

Lemma [ shows that @) is strictly weaker than the linear relaxation with all
the sub-tour elimination inequalities. This result strengthens an earlier result of
Goemans and Rendl [9]. The following results are established similarly.

Lemma 3. The clique constraints, the odd hole constraints and odd anti-hole
constraints are rank-1 CG cuts with respect to the LMI in TH(G) [12].

Lemma 4. All triangular inequalities for max-cut are rank-1 CG cuts with re-
spect to the LMI in the Goemans-Williamson relazation [10].

Lemmas[2H4] assert that a single LMI “closely” approximates exponentially many
inequalities in the sense that rank-1 CG cuts of the LMI subsume all the inequal-
ities. We expect that the feasible set of the LMI will be a good relaxation for the
feasible set of the exponentially many linear inequalities. Such an LMI represen-
tation would be particularly useful if there was no polynomial time separation
algorithm for the class of linear inequalities.

The CG cuts can be extended to mixed 0-1 SDPs as follows.

Lemma 5. Let K° = {x € {0,1}",y € Rﬁ’r‘Fo 2w+ yiGy - O},
where F;,G; € S™. For any Z = 0, the linear inequality

|Z o FOJ+Z;EZZ Fil+ 17— f > yi(ZeGy)

=1 jeJT
where JT ={j | (Z e G;) >0} and fo = (Z e Fy) — | Z & Fy|, is valid for K°.

All known results for CG cuts, except those that relate to facets, extend to mixed
0-1 SDPs. Next, we generalize this procedure via nondecreasing matriz-super-
additive functions.

A function F : ™ — S is non-decreasing and super-additive if it has the
following properties:

(a) A= B = F(A) = F(B),
(b) for all A, B € 8", F(A+ B) = F(A) + F(B)
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Lemma 6. Let F is nondecreasing and super-additive matriz function, then
F(Fo) — Yz F(=F;) = 0 is a valid linear matriz inequality for K° = {x €
{0,1}” | FO+Z zlszz = 0}

The CG cuts correspond to F(A) = |Z e A]. Some other useful functions are
F(A) = | Amin(A)] and F(A) = [Amin(A(B))] where A(B) is a diagonal block.
Unfortunately the range of these function is R, i.e. the resulting LMI is a lin-
ear inequality. Matrix super-additive functions that map to higher dimensional
symmetric matrices are unknown.

The super-additive cuts can also be extended to mixed 0-1 SDPs. Correspond-
ing to a super-additive function F, define the positive homogeneous function F
as follows,

_ o FAA)
]:(A>_AI§BI+ A

The following lemma follows from corresponding result for mixed 0-1 LPs.

Lemma 7. Let K° = {x €{0,1}",y € Ri‘FU + 3 wiF Y yGy - 0},

where F;, G € S™. For any nondecreasing super-additive function F, the linear
inequality

n P

f(Fo) — sz]:(*Fz) — Z yj]'-(*Gi) i 0,

i=1 j=1
is valid for KC°.
3 Disjunctive Cutting Planes for Mixed 0-1 SDP
Let K denote the convex set obtained by relaxing the 0-1 constraints in K°, i.e

IC:{xER”

F(z)=Fy+ Y a;F; = 0}.
=1

A lift-and-project procedure for the mixed 0-1 SDP is as follows [316].

Step 0. Select an index j € {1,...,p}.
Step 1. Multiply F(z) = 0 by z; and (1 — x;) to obtain the nonlinear system,

$J(F0+Z,L 1T 1)&0 (8)
(1_%)(FO+Z k) =0

Step 2. Linearize (§) by substituting y; = z;x;, for i # j, y; = 0 and z; for x?
The linear system in (z,y) is as follows,

n (FO +Fj)mj +ZZ:1 yiFi > 0, (9)
Yo wiFy = (Fo+ Fy)xy — Y0 yiFs +Fo = 0.

Denote the set {(z,y) € R*" | (z,y) satisfy (@)} by M, (K).
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Step 3. Project the M;(K) onto the x space. Call the projection P;(K), i.e.
P;(K) ={z | (z,y) € M;(K)}. (10)
The properties of this procedure are summarized in the lemma below.

Lemma 8. For any € {1,...,p}, P;(K) =
conv (KN{z eR" | z; € {0, 1}})
For all j1,j2 € {1,...,n}, j1 # j2,

le (sz (K:)) = Pj2 (le (IC)) = conv (K: n {leﬂ‘rjz € {07 1}}) :
More generally, fort € {1,...,p},

Pirrenne (K) = conv (KN {z € R" | 25 € {0,1},5 = ju, -, ie}) -

The following corollary immediately follows.

Corollary 1. Py ,(K) = conv(Kn{z|z; €{0,1},1<i<p}) =
conv (K°).

These properties are established by extending the disjunctive programming re-
sults for linearly constrained sets [2I3] to sets described by LMIs.

Theorem 1. Let K ={z e R" | F(z) = Fy+ ) i, x;F; = 0}. Then z € P;(K)
if and only if there exists (y,y0), (2, 20) € R such that

Yoo + >,y yiFi = 0,
ZoFo + 1 25 = 0,

yJ:()’
Zj:ZO,
Yo + 20 = 1.

Proof. This representation follows by suitably extending the disjunctive pro-
gramming results in [213].

From Corollary [Il it follows that p iterations of the lift-and-project procedure
gives the convex hull conv (K°), i.e. the solution set of the mixed SDP. Therefore,
in principle, this procedure solves the mixed 0-1 SDP. However, each projection
step could introduce an exponential number of LMIs, and therefore, the method
is not computationally viable.

The alternative is to use the disjunctive representation in Theorem [I] to
generate cuts separating the current iterate Z from conv (K°). If Z is an extreme
point of £ and 0 < Z; < 1 for some 1 < j < p then Z ¢ P;(K); hence, there
exists a linear inequality valid for P;(K) O conv (K°) that is violated by . We
show that finding the deepest linear cut is equivalent to solving an SDP.
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3.1 Disjunctive Cutting Planes for Mixed 0-1 SDP

For a cutting plane method to be successful, the violated inequalities have to effi-
ciently generated. We show that the set P;(K)* of all linear inequalities valid for
the projected set P;(K) is described by LMIs and, consequently, cut generation
reduces to an SDP.

Let vec : R™*™ - R™ denote the function that maps a matrix A € R™*™
to the vector a € R™ obtained by stacking the columns of matrix into a single

long vector. Define f; = vec(F;) for i =0,...,n, and F € R™™ as follows,
i
F=| (11)
fT

Theorem 2. If int((conv (K°))) 0, then a linear inequality a¥x > (3 is

valid for P;(K), i.e. (o, 8) € P;(K)*, if and only if there exist ug,vo > 0, and
U,V =0, such that

o —uge; —Fu =0,
T
« —vo€; —Fv =0,
12
ffe =3, (12)
+UO _fgv = ﬂa

where u = vec(U), v = vec(V), fo = vec(Fp) and F € R™™” is given by {aa).

Proof. The result follows by semidefinite programming duality. The condition
int((conv (K°))) # 0 ensures that strong duality holds. O

In Theorem [2 the Slater-type condition int(conv (K°)) # () can be replaced by
any condition that ensures strong duality.

If z ¢ P;j(K), then, by minimum norm duality, the separation of Z from
P;(K) is given by,

maximize 3 — oT'z,

subject to (o, 3) € P;(K), (13)
el <1,

where ||a|| = VaTa. The optimal solution (a*, 5*) of ([I3)) is the “deepest” linear
cut. The norm constraint ||o| < 1 is equivalent to the following linear matrix
inequality,

[ 1ot

1
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Thus, Theorem 2l implies that (I3)) is equivalent to the following SDP,

maximize 3 — oz,
subject to a —uge; —Fu =0,
« —voejT —Fv=0,
fou =0, (14)

+’U0 _fOTU = ﬁ7

1aT

=0, U=0, V=0
a I

In our computations, we solved ([I4]) as a combination of linear matrix inequalities
and a second-order cone constraint [14].

In the case of mixed 0-1 LP, the iterate z is always an extreme point of the
convex relaxation I and, therefore, if 0 < Z; < 1 then z ¢ P;(K). However,
in the case of mixed 0-1 SDP, the convex relaxation is solved using an interior
point method that stops before reaching the boundary, i.e. T is, typically, not
extreme, and, therefore, one might be unable to produce any cuts. A remedy
is to use Pataki’s algorithm [I5] to generate an extreme point. However, in our
computational experiments, we worked with the approximate optimal solution
z of the SDP relaxations and chose j to be any index such that 0 < z; < 1
without encountering any numerical difficulties.

Unlike in mixed 0-1 LP, here the dual set P;(K)* does not have a finite
number of extreme points. Therefore, this cutting plane algorithm will not, in
general, be finitely terminating and one would have to resort to branching.

3.2 Lifting from the Space of Fractional Variables

Consider a node of the branch-and-cut tree with E as the index set of fractional
components of Z. Then, without loss of generality, one can assume that z; = 0
for all j ¢ E. Modify the constraint matrices in the cut generation SDP (I4)
by excluding all variables except those in F, i.e. remove all rows from F' corre-
sponding to f',k € {1,...,n}\ E. Denote the new dual feasible set by P;(K)¥.
Then, the modified SDP is given by,

maximize 3 — Ozgi"a
subject to (ag, 3) € P;f(/C)E7 (15)
el <1,

The following lemma establishes the main result of this section.

Lemma 9. Let (@, BF) be an optimal solution for the modified SDP (I3).
Then, (&, B¥) can be complemented to an optimal solution (&, 3) of the fol-

lowing SDP,
mazimize 3 — oz,

subject to (o, B) € P} (K), (16)
logll <1,

Proof. The result follows by modifying the proof of Theorem 3.2 in [3]. O



260 G. Iyengar and M.T. Cezik

Table 1. Computational results for the TSP

(%) gap closed (%) gap

Instance|SDP gap (%)| 25 cuts 50 cuts|B-and-B|B-and-C
burmal4 4.45 20.3 25.0 0.00 0.00
ulysses16 7.30 5.7 6.3 2.92 1.42
grl7 13.2 12.0 13.8 9.88 9.06
ulysses22 9.78 7.70 7.85 7.27 0.00
gr24 3.30 19.05 21.43 23.42 7.20
fri26 5.12 5.26 7.02 17.71 2.45
bayg29 354 12.50 1380 | 453 153
bays29 3.56 12.50 13.89 17.02 9.60
Random n = 16 11.27 31.25 31.25 4.93 0.00
n =16 3.11 50.00 100.00 7.77 0.00
n =16 1.33 100.00 100.00 0.00 0.00
Random n = 20 6.84 38.46 46.15 6.84 5.78
n =20 6.70 42.86 42.86 18.66 6.70
n =20 6.77 44.45 55.56 6.77 5.26
Random n = 25 3.39 50.00 66.67 16.95 0.00
n =25 4.24 60.00 80.00 20.95 0.00
n =25 3.39 80.00 90.00 4.75 2.03
Random n = 30 0.69 100.00 100.00 2.76 0.00
n =30 0.86 100.00 100.00 2.59 0.00
n =30 0.77 50.00 100.00 3.07 0.00
Random n = 35 1.04 100.00 100.00 7.81 0.00
n =35 0.51 100.00 100.00 3.54 0.00
n =35 1.39 75.00 100.00 21.53 0.00

Notice that the cut obtained by lifting, although a supporting hyper-plane, may
not be optimal for (I4). If « is normalized using the £i-norm the results of
Balas et al [BJ4] can be extended to establish that the lifted cut is optimal for
the general problem.

4 Computational Results

In this section we comment on our preliminary computational experiments with
solving mixed 0-1 SDPs using disjunctive cuts and a rudimentary branch-and-
cut method. The branch-and-cut code does not employ warm starts — in fact it
is not clear how to warm start SDP solvers — and it does not employ any cut
lifting. The codes are written in MATLAB and use SeDuMi [I§] to solve the
semidefinite and second-order cone programs encountered in the branch-and-cut
procedure. We tested the pure cutting plane and branch-and-cut algorithms on
random instances of the TSP and MAXCUT problems, as well as instances of
the TSP taken from the TSPLIB [19].



Cutting Planes for Mixed 0-1 Semidefinite Programs 261

4.1 Computational Results for the Traveling Salesman Problem

We attempted to solve the 0-1 SDP formulation for the TSP given in (@) to
optimality [8]6].

In the cutting plane algorithm, at every iteration of the cut generation pro-
cedure, we chose the “most” fractional variable, i.e. one closest to 0.5, as our
disjunction variable and generated only one disjunctive cut in every iteration.
The algorithm was run for a maximum of 50 cuts. The results of our experiments
with TSP instances are summarized in Table[d. The first column lists the name
of the TSP instance — the first eight are instances from the TSPLIB and the
rest random. The second column lists the integrality gap of the SDP relaxation.
Columns 3 and 4 list the fraction of the gap closed after the addition of 25 and
50 cuts respectively. There was, on average, a 48.47% reduction in the integrality
gap with 25 cuts, whereas an additional 25 cuts led to an additional reduction of
only 9.02%. The cuts were not facet defining for any choice of disjunctive vari-
ables. In fact, the cuts tend to become almost parallel to the objective function as
the number of cuts increases, and the performance degrades rapidly. The cutting
plane method performs considerable better on random instances in comparison
to the benchmark instances from the TSPLIB.

Columns 5 and 6 display the relative gaps of the solutions obtained from
a pure branch-and-bound (B-B) and the branch-and-cut (B-C) procedure re-
spectively. The experiments were stopped after exactly 50 nodes were searched
unless the optimal solution was encountered earlier. We employed a depth-first
search branching rule and branched on the fractional variable closest to 1. At
every node we also maintained a feasible tour by a simple rounding procedure.
The gaps reported correspond to the best tour encountered in the course of the
algorithm. In the B-C procedure we branched whenever the addition of the cut
did not result in at least a 0.1% improvement in the objective. Even with a limit
of 50 nodes, the B-C code produces good results — it solves almost all random in-
stances and produces good results for the TSPLIB instances. Also, the B-C code
are significantly better than the B-B code — especially in case of random TSP
instances. Since the number of branching nodes was restricted, the performance
of both the B-B and B-C is poor when the gap of the initial SDP relaxation is
large. This partially explains the poor performance on the TSPLIB instances.

4.2 Computational Results for MAXCUT

We solved the following 0-1 SDP formulation of the MAXCUT to optimality
using the disjunctive cutting plane method.

maximize Y, ._; Wi; (1 — X;5),

i,j=1
subject to diag(X) =1,

X =0,

Xij € {_1a+1}7

where W is the Laplacian matrix of weights [I0]. The results of our computa-
tional experiments are summarized in Table B. The MAXCUT instances were
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Table 2. Computational results for MAXCUT.

Instance|SDP gap (%)|Number of cuts
Random n =5 2.81 36
n=>5 2.13 21
Random n = 10 1.87 217
n =10 1.29 153
n =10 0.81 164
n =10 1.63 49
Random n =15 0.63 261
n=15 1.28 375
Random n = 20 1.14 297
n =20 2.14 334
Random n = 40 3.39 450
n =40 4.40 532

generated randomly with the weights chosen independently and identically from
a uniform distribution on [1,100]. The first column in Table [Z lists the size of
the instance and the second column displays the integrality gap of the SDP
relaxation. Column 3 lists the number of disjunctive cuts needed to solve the in-
stance to optimality. As can be seen from the table, all the instances were solved
to optimality with relatively modest number of cuts. This is a consequence of
the fact that a single disjunctive cut was often enough to drive the disjunction
variable to one of its boundaries in the next iteration. This is almost never the
case in TSP instances. The total number of cuts required to solve the problem
goes up with the size of the problem and the integrality gap of the initial SDP
relaxation. The rate of improvement in the objective function decreases as more
cuts are generated and on termination only 40% of the cuts are active.

4.3 Comments on Computation

An obvious criticism of the computational results is the size of the test problems.
The problem sizes are limited primarily because of two computational issues.
The first is the complexity of the Cholesky factorization in the interior point
solver. In the worst case, the complexity of this step is O(n%), where n is the
number of nodes in the graph. However, for problems where the constraints are
relatively sparse — as is often the case with combinatorial problems — one could
use sparse matrix techniques and iterative methods to speed up this step [3lJ7].
Such techniques could allow one to solve large mixed 0-1 SDPs provided the
constraint matrices are in the appropriate classes.

The second issue is the absence of warm start techniques for the SDP solver.
This severely limits the number of nodes in the branch-and-cut tree which, in
turn, limits the problem size, since the typically large integrality gap of the
initial SDP relaxation for large problems requires one to search over a larger
number of branch-and-cut nodes. There is some hope that the recent work on
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warm start methods for interior point solvers for LP [13] might lead to warm start
methods for SDP solvers. Another possibility is to do away with the interior point
methods altogether and develop a simplex-type method for conic programs [15].
In summary, these two computational issues have to be suitably resolved for a
branch-and-cut method for mixed 0-1 SDPs to be successful.
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Abstract. Given an undirected graph G and a positive integer k, the
k-vertex-connectivity augmentation problem is to find a smallest set F' of
new edges for which G+ F' is k-vertex-connected. Polynomial algorithms
for this problem have been found only for k < 4 and a major open
question in graph connectivity is whether this problem is solvable in
polynomial time in general.

In this paper we develop the first algorithm which delivers an optimal
solution in polynomial time for every fixed k. In the case when the size
of an optimal solution is large compared to k, we also give a min-max
formula for the size of a smallest augmenting set.

A key step in our proofs is a complete solution of the augmentation
problem for a new family of graphs which we call k-independence free
graphs. We also prove new splitting off theorems for vertex connectivity.

1 Introduction

An undirected graph G = (V, E) is k-vertez-connected if |V| > k + 1 and the
deletion of any k — 1 or fewer vertices leaves a connected graph. Given a graph
G = (V,E) and a positive integer k, the k-vertex-connectivity augmentation
problem is to find a smallest set F' of new edges for which G’ = (V,EUF) is
k-connected. This problem (and a number of versions with different connectivity
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problem in network design. The complexity of the vertex-connectivity augmen-
tation problem is one of the most challenging open questions of this area. It is
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In this paper we give an algorithm which delivers an optimal solution in
polynomial time for any fixed k& > 2. Its running time is bounded by O(n®) +
O(f(k)n?), where n is the size of the input graph and f(k) is an exponential
function of k. We also obtain a min-max formula which determines the size of
an optimal solution when it is large compared to k. In this case the running
time of the algorithm is simply O(n®). A key step in our proofs is a complete
solution of the augmentation problem for a new family of graphs which we call
k-independence free graphs. We follow some of the ideas of the approach of
[8], which used, among others, the splitting off method. We further develop this
method for k-vertex-connectivity. Due to space limitations we omit several proofs
and most of the algorithmic details.

We remark that the other three basic augmentation problems (where one
wants to make G k-edge-connected or wants to make a digraph k-edge- or k-
vertex-connected) have been shown to be polynomially solvable. These results
are due to Watanabe and Nakamura [12], Frank [3], and Frank and Jordédn [4],
respectively. For more results on connectivity augmentation see the recent survey
by Nagamochi [II]. In the rest of the introduction we introduce some definitions
and our new lower bounds for the size of an augmenting set which makes G
k-vertex-connected. We also state our main results.

In what follows we deal with undirected graphs and k-connected refers to
k-vertex-connected. For two disjoint sets of vertices X,Y in a graph G = (V, E)
we denote the number of edges from X to Y by dg(X,Y) (or simply d(X,Y)).
We use d(X) = d(X,V — X) to denote the degree of X. For a single vertex v we
write d(v). Let G = (V, E) be a graph with |[V| > k+ 1. For X C V let N(X)
denote the set of neighbours of X, that is, N(X) ={v € V- X : wv € E for
some u € X}. Let n(X) denote |N(X)|. We use X* to denote V — X — N(X).
We call X a fragment if X, X* # (. Let ax(G) denote the size of a smallest
augmenting set of G with respect to k. It is easy to see that every set of new
edges F' which makes G k-connected must contain at least k —n(X) edges from
X to X* for every fragment X . By summing up these ‘deficiencies’ over pairwise
disjoint fragments, we obtain a useful lower bound on ay(G), similar to the one
used in the corresponding edge-connectivity augmentation problem. Let ¢(G) =
max{> ._, k —n(X;): X1,..., X, are pairwise disjoint fragments in V'}. Then

ar(G) = [t(G)/2]. (1)

Another lower bound for ax(G) comes from ‘shredders’. For K C V let

b(K,G) denote the number of components in G — K. Let b(G) = max{b(K,G) :

KCV|K|=k—1} Wecallaset K CV with |[K|=k—1and b(K,G) =q a

q-shredder. Since G — K has to be connected in the augmented graph, we have
the second lower bound:

ar(G) > b(G) — 1. 2)

These lower bounds extend the two natural lower bounds used e.g. in [2]
68]. Although these bounds suffice to characterize a;(G) for k < 3, there are
examples showing that ax(G) can be strictly larger than the maximum of these
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lower bounds, consider for example the complete bipartite graph K3 3 with target
k = 4. We shall show in Subsection @] that if G is (k — 1)-connected and ax(G)
is large compared to k, then ax(G) = max{b(G) — 1, [t(G)/2]}. The same result
is not valid if we remove the hypothesis that G is (k — 1)-connected. To see this
consider the graph G obtained from K, ;2 by adding a new vertex = and joining
x to j vertices in the m set of the K, y_2, where j < k < m. Then b(G) = m,
t(G@) =2m+k — 25 and ax(G) = m — 1+ k — j. We shall see in Subsection [£.2]
however, that if we modify the definition of b(G) slightly, then we may obtain an
analogous min-max theorem for augmenting graphs of arbitrary connectivity. For
aset K C V with |[K| =k —1 we define 6(K) = max{0, max{k —d(x) : x € K}}
and b*(K) = b(K) + §(K). We let b*(G) = max{d*(K) : K CV,|K|=k—1}. Tt
is easy to see that ar(G) > b*(G) — 1. We shall prove in Subsection that if
ax(G) is large compared to k, then ai(G) = max{b*(G) — 1, [t(G)/2]}.

2 Preliminaries

In the so-called ‘splitting off method’ one extends the input graph G by a new
vertex s and a set of appropriately chosen edges incident to s and then obtains
an optimal augmenting set by splitting off pairs of edges incident to s. This
approach was initiated by Cai and Sun [I] for the k-edge-connectivity augmen-
tation problem and further developed and generalized by Frank [3]. In [7] we
adapted the method to vertex-connectivity and proved several basic properties
of the extended graph as well as the splittable pairs.

Given the input graph G = (V, E), an extension G+s= (V+s, E+F) of G
is obtained by adding a new vertex s and a set F' of new edges from s to V. In
G + s we define d(X) = ng(X) + d(s, X) for every X C V. We say that G + s
is (k, s)-connected if

d(X) > k for every fragment X C V, (3)

and that it is a k-critical extension if F' is an inclusionwise minimal set with
respect to (B). The minimality of F' implies that every edge su in a critical
extension is k-critical, that is, deleting su from G + s destroys (@)). (Thus an
edge su is k-critical if and only if there exists a fragment X in V with u € X
and d(X) = k.) A fragment X with d(s, X) > 1 and d(X) = k is called tight.
A fragment X with d(s, X) > 2 and d(X) < k + 1 is called dangerous. Observe
that if G is l-connected then for every v € V we have d(s,v) < k — [ in any
k-critical extension of G. We shall use the following submodular inequalities for
n and d from [7].

Proposition 1. [7, Proposition 7] Let G + s be an extension of a graph G =
(V,E) and X, Y C V. Then

dX)+dY)>dXNY)+d(XUY)+|(Neg(X)NNg(Y)) = Ne(XNY)| +
+ | (Ne(X)NY) = Ne(XNY)[+|(Ne(Y)NX) - Ne(XNY)[,  (4)
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dX)+dY)>dXNY*)+dY N X*) +d(s,X —Y*) +d(s,Y — X*). (5)

Proposition 2. [7, Proposition 8] Let G 4+ s be an extension of a graph G =
(V,E) and X,Y,Z CV. Then

AX)+dY)+d(Z2)>dXNYNZ)+dXNY*NZ)+dX*NY*NZ)+

+dX*NYNZ*)— |Ne(X)NNg(Y)NNg(Z2)|+2d(s,XNY NZ). (6)

Lemma 1. [7, Lemma 10] Let G + s be a critical extension of a graph G. Then
[d(s)/2] < ax(G) < d(s) — 1.

It follows from (B]) that we can construct an augmenting set for G by adding
edges between the vertices in N(s) for any (k, s)-connected extension G + s of
G. This observation motivates the following definitions. Splitting off two edges
su, sv in G + s means deleting su, sv and adding a new edge uv. Such a split is
admissible if the graph obtained by the splitting also satisfies (). Notice that
if G 4 s has no edges incident to s then (3) is equivalent to the k-connectivity
of G. Hence it would be desirable to know, when d(s) is even, that there is a
sequence of admissible splittings which isolates s. In this case, using the fact
that d(s) < 2ax(G) by Lemma [, the resulting graph on V would be an opti-
mal augmentation of G with respect to k. This approach works for the k-edge-
connectivity augmentation problem [3] but does not always work in the vertex
connectivity case. The reason is that such ‘complete splittings’ do not necessar-
ily exist. On the other hand, we shall prove results which are ‘close enough’ to
yield an optimal algorithm for k-connectivity augmentation, using the splitting
off method, which is polynomial for k fixed.

3 Independence Free Graphs

Let G = (V, E) be a graph and k be an integer. Let X7, Xo be disjoint subsets of
V. We say (X1, X2) is a k-deficient pair if d(X1,X3) =0 and |V — (X7 UX5)| <
k — 1. We say two deficient pairs (X1, X2) and (Y7,Y3) are independent if for
some i € {1,2} we have either X; CV —(Y1UY3) or Y; C V — (X;UX5), since in
this case no edge can simultaneously connect X; to X5 and Y7 to Y5. We say G is
k-independence free if G does not have two independent k-deficient pairs. (Note
that if G is (k—1)-connected and (X7, X5) is a k-deficient pair then X5 = X7 and
V- (X;UXy) =N(X;) = N(Xy).) For example (a) (k — 1)-connected chordal
graphs and graphs with minimum degree 2k — 2 are k-independence free; (b)
all graphs are 1-independence free and all connected graphs are 2-independence
free; (c) a graph with no edges and at least k + 1 vertices is not k-independence
free for any k > 2; (d) if G is k-independence free and H is obtained by adding
edges to G then H is also k-independence free; (e) a k-independence free graph
is [-independence free for all [ < k.
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In general, a main difficulty in vertex-connectivity problems is that vertex
cuts (and hence tight and dangerous sets) can cross each other in many differ-
ent ways. In the case of an independence free graph G we can overcome these
difficulties and prove the following results, including a complete characterisation
of the case when there is no admissible split containing a specified edge in an
extension of G.

Lemma 2. Let G + s be a (k,s)-connected extension of a k-independence free
graph G and X,Y be fragments of G.

(a) If X and Y are tight then either: XUY is tight, XNY # 0 and d(XNY) = k;
or XNY* and Y N X* are both tight and d(s,X —Y*) =0=d(s,Y — X*).

(b) If X is a minimal tight set and Y is tight then either: X UY is tight,
d(s,XNY)=0and ng(XNY)=k; or X CY™.

(c) If X is a tight set and Y is a maximal dangerous set then either X CY or
d(s,XNY)=0.

(d) If X is a tight set, Y is a dangerous set and d(s,Y — X*)+d(s,X —Y™*) > 2

then XNY #0 and d(X NY) <k + 1.

Lemma 3. If G + s is a k-critical extension of a k-independence free graph G
then d(s) = t(G). Furthermore there exists a unique minimal tight set in G + s
containing x for each x € N(s).

Lemma 4. Let G + s be a k-critical extension of a k-independence free graph
G and x1,19 € N(s). Then the pair sxi,sxs is not admissible for splitting in
G + s with respect to k if and only if there exists a dangerous set W in G + s
with ©1,x5 € W.

Theorem 1. Let G + s be a k-critical extension of a k-independence free graph
G and xp € N(s).

(a) There is no admissible split in G + s containing sxo if and only if either:
d(s) = b(G); or d(s) is odd and there exist mazimal dangerous sets Wiy, Wo
in G+ s such that N(s) C Wy UWs, g € Wi N Ws, d(s, W1 NW3) = 1,
d(s, Wi NW3) = (d(s) —1)/2 = d(s, W; N Wa), and Wy N W5 and Wo N W7 are
tight.

(b) Furthermore if there is no admissible split containing sxo and 3 # d(s) #
b(G) then there is an admissible split containing sxy for all x1 € N(s) — xg.

Proof. Note that since G + s is a k-critical extension, d(s) > 2. First we
prove (a). Using Lemma [, we may choose a family of dangerous sets W =
{Wy,Wa,...,W,} in G + s such that z¢g € N[_;W;, N(s) C U/_;W; and r is as
small as possible. We may assume that each set in WV is a maximal dangerous
set in G + s. If r = 1 then N(s) € Wy and d(W;) = ng(W7) < ng(W;) <
k+1—d(s,W1) <k —1, since W; is dangerous. This contradicts the fact that
G + s is (k, s)-connected. Hence r > 2.
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Claim. Let Wi, W; € W. Then W; N\ W7 # 0 £ W; N W; and d(s, W; — W}) =
= d(s,W; — W}).

Proof. Suppose W; N W} = (. Since G is k-independence free, it follows that
Wrnwr # 0 and hence W; U W; is a fragment of G. The minimality of r» now
implies that W; UWj is not dangerous, and hence d(W; U W;) > k+2. Applying
(@) we obtain

2k +2 > d(W;) + d(W;) > d(W; N W;) + d(W; UW;) > 2k + 2.

Hence equality holds throughout. Thus d(W;NW;) = k and, since zo € W; "W,
Wi N Wj is tight.

Choose z; € N(s) N (W; —W;) and let X; be the minimal tight set in G + s
containing x;. Since x; € N(s) N X; N W;, it follows from Lemma P(c) that
X; C W;. Since G is k-independence free, X; € N(W;). Thus X; N W; N W, # 0.
Applying Lemma 2{(b), we deduce that X; U (W; N W ;) is tight. Now X; U (W N
W;) and W; contradict Lemma (c) since zp € W; N W,. Hence we must have
WinW; # 0 # W; N W;. The second part of the claim follows from (&) and the
fact that g € W; N W;. a

Suppose r = 2. Using the Claim, we have d(s) = 1+ d(s, W7 N W5) +
d(s, Wo NW7). Without loss of generality we may suppose that d(s, Wi "W5) <
d(s,Wo N W7). Then

A(W3) = d(s, Wy NW3) +ne(W3) < d(s, Wa NWT) +ng(Wa) = d(Wa) —1 < k.

Thus equality must hold throughout. Hence d(s, W1 N W3) = d(s, Woa N W7) =
(d(s) —1)/2, d(s) is odd, and W7 N W5 and Wy N W7 are tight.

Finally we suppose that r > 3. Choose W;, W;, W), e W, z; € (N(s)NW;) —
(Wj @] Wh), T; € (N(S) N W]) — (Wl @] Wh)7 and xj € (N(S) n Wh) — (VVZ @] WJ)
Then the Claim implies that x; € W; N Wrnwy. Applying (@), and using
d(s, W, NnW; N W) > 1, we get

3k +3 > d(W;) + d(W;) + d(Wy) > d(W; " W; N W) +d(W; n Wi N W) +
+ d(W; N W N W) +d(Wy, N W N W) = [N(Wy) NN(W;) NN (W)
+2> 4k — [N(W;) N N(W;) N N(Wp)| +2 > 3k + 3. (7)

Thus equality must hold throughout. Hence d(s, W; N W; N W},) = 1, and W; N
Wr N Wy is tight. Furthermore, putting S = N (W;) N N(W;) NN (W}), we have
|S| = k —1 by ([{). Hence N(W; N W,; N Wj) = S. Thus ng(W;) > k — 1, and
since W; is dangerous, d(s, W;) = 2 follows. Thus d(s, W; N W N W) =1 and
G — S has r +1 = d(s) components Cy,C1, ...,C, where Co = W; N W; N Wy
and C; = W; — Cp for 1 < i < r. Thus S is a d(s)-shredder in G. Since the
(k, s)-connectivity of G + s implies that b(G) < d(s), we have b(G) = d(s).

(b) Using (a) we have d(s) is odd and there exist maximal dangerous sets Wy, Wa
in G + s such that N(S) C Wy UWy, o € Wi N Who, d(S,W1 n WQ) =1,
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d(s, Wi NW3) =d(s, Wy NW3) = (d(s) —1)/2 > 2, and W3 N W5 and W} N W,
are tight. Suppose 1 € N(s) N W7 and there is no admissible split containing
sz1. Then applying (a) to z; we find maximal dangerous sets W3, W, with
x1 € W3NWy and d(s, WsNWy) = 1. Using Lemmal[2(c) we have Wi NW5 C W3
and Wy N W5 C Wy. Thus Wi N W3 C W3 N Wy and d(s, W3 N Wy) > 2. This
contradicts the fact that d(s, W3 NW,) = 1. O

We can use this result and the following lemma (which solves the case when
b(@G) is large compared to d(s)) to determine ay(G) when G is k-independence
free.

Lemma 5. Let G + s be a k-critical extension of a k-independence free graph
G. If d(s) < 2b(G) — 2 then a;(G) = b(G) — 1.

Theorem 2. If G is  k-independence  free  then  ap(G) =
max {[¢(G)/2],b(G) —1}.

Proof. Let G+ s be a k-critical extension of G. We shall proceed by induction on
d(s). By Lemmal3] d(s) = t(G). If d(s) < 3 then a;(G) = [t(G)/2] by Lemmalll
Hence we may suppose that d(s) > 4. If d(s) < 2b(G) — 2 then ai(G) = b(G) —1
by Lemma Bl Hence we may suppose that d(s) > 2b(G) — 1.

By Theorem [T G + s has an admissible pair su, sw. Let G* + s be the graph
obtained from G + s by splitting su, sw from s (where G* = G + uw). Then G*
is k-independence free. Moreover t(G*) > t(G) — 2 = dgys(s) — 2 = dg=45(5).
Since the (k, s)-connectivity of G* + s implies that t(G*) < dg~4s(s), we have
equality and hence G* + s is a k-critical extension of G*. Furthermore

HG*) = dgr45(s) = days(s) — 2 > 2b(G) — 3 > 2b(G*) — 3.

Applying induction to G* we deduce that ar(G*) = [t(G*)/2]. Thus ar(G)

<
ar(G*) +1 = [t(G)/2]. By (@), equality must hold. O

4 Graphs with Large Augmentation Number

Throughout this section we will be concerned with augmenting an [-connected
graph G on at least k+1 vertices for which a(G) is large compared to k. First we
consider a k-critical extension G+ s of G for which d(s) is large, and characterise
when there is no admissible split containing a given edge at s.

Lemma 6. (a) [7] If d(s) > (k—1)(k — 1) + 4 then d(s) = t(G).
() [8] If l =k —1 and d(s) > k + 1 then d(s) = t(G).

The proof of the next theorem is similar to that of Theorem [I. A weaker
result with a similar proof was given in [7, Lemma 7).
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Theorem 3. Let sxg be a designated edge of a k-critical extension G + s of G
and suppose that there are ¢ > (k—1+1)(k—1)+max{4—1,1} edges sy (y # x)
incident to s for which the pair sxq, sy is not admissible. Then there exists a
shredder K in G such that K has g+ 1 leaves in G+ s, and one of the leaves is
the mazximal tight set containing xg.

Next we show that if b*(G) is large compared to k and b*(G) — 1 > [t(G)/2]
then ai(G) = b*(G) — 1. We need several new observations on shredders. We
assume that G + s is a k-critical extension of G, and that, for some shredder K
of G, we have d(s) < 2b*(K) — 2.

Lemma 7. Suppose b*(K) > 4k +3(k —1)+ 1. Then (a) the number of compo-
nents C of G — K with d(s,C) > 3 is at most b(K) —2k—1, (b) IN(s)NK| <1,
and (c) if d(s,x) = j > 1 for some v € K then k —dg(z) = j.

We shall use the following construction to augment G with b*(G) — 1 edges
in the case when d(s, K) = 0, and hence b(G) = b*(G) =: b. Let Cy, ..., C}, be the
components of G — K and let w; = dg4s(s,C;), 1 < i < b. Note that w; > 1 by
@B). Since d(s,G — K) < 2b — 2, there exists a tree F’ on b vertices with degree
sequence di, ...,dp such that d; > w;, 1 < i < b. Let F be a forest on Ngy(s)
with dp(v) = dg4s(s,v) for every v € V(G) and such that F/Cy/.../C, = F’
holds. Thus |E(F)| = |E(F’)| = b — 1. We shall say that G + F is a forest
augmentation of G with respect to K and G + s.

Lemma 8. Suppose b*(K) > 4k +3(k —1) + 1 and d(s,K) = 0. Let G+ F
be a forest augmentation of G with respect to K and G + s. Then G + F is
k-connected.

Our final step is to show how to augment G with b*(K) — 1 edges when
d(s,K) # 0. In this case, Lemma[q(b) implies that there is exactly one vertex
x € K which is adjacent to s. We use the next lemma to split off all edges from
s to z and hence reduce to the case when d(s, K) = 0.

Lemma 9. Suppose d(s,z) > 1 for some x € K and d(s) > k(k —1+ 1) + 2.
Then there exists a sequence of d(s,xz) admissible spits at s which split off all
edges from s to x.

We can now prove our augmentation result for graphs with large shredders.

Theorem 4. Suppose that G is l-connected, b*(G) > 4k + 4(k — 1) + 1, ¢(G) >
k(k—1+1)+2 and b*(G) — 1 > [t(G)/2]. Then ax(G) = b*(G) — 1.

We note that a stronger result holds when [ = k& — 1.

Theorem 5. [8] Suppose G is a (k—1)-connected graph such that b(G) > k and
b(G)— 1> [t(G)/2]. Then ar(G) = b(G) — 1.
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4.1 Augmenting Connectivity by One

Throughout this subsection we assume that G = (V, E) is a (k — 1)-connected
graph on at least k + 1 vertices. We shall show that if a;(G) is large compared
to k, then ax (@) = max{b(G) — 1, [t(G)/2]}. Our proof uses Theorems Bland [l
We shall show that if ax(G) is large, then we can add a set of new edges F' so
that we have t(G + F) = t(G) — 2|F| and G + F is k-independence free.

In order to do this we need to measure how close G is to being k-independence
free. We use the following concepts. A set X C V is deficientin G if n(X) = k—1
and V — X — N(X) # (0. We call the (inclusionwise) minimal deficient sets in G
the cores of G. A core B is active in G if there exists a (k—1)-cut K with B C K.
Otherwise B is called passive. Let a(G) and 7(G) denote the numbers of active,
respectively passive, cores of G. Since G is (k — 1)-connected, the definition of
k-independence implies that G is k-independence free if and only if o(G) = 0.
The following characterisation of active cores also follows easily from the above
definitions.

Lemma 10. Let B be a core in G. Then B is active if and only if k(G — B) =
k—|B|—1.

A set S C V is a deficient set cover (or D-cover for short) if SNT # @ for
every deficient set T'. Clearly, S covers every deficient set if and only if S covers
every core. Note that S is a minimal D-cover for G if and only if the extension
G + s obtained by joining s to each vertex of S is k-critical.

Lemma 11. [8, p 16, Lemma 3.2] (a) Fvery minimal augmenting set for G
induces a forest, (b) for every D-cover S for G, there exists a minimal augment-
ing set F for G with V(F) C S, (c¢) if F is a minimal augmenting set for G,
e=xy € F, and H= G+ F —e, then H has precisely two cores X, Y. Further-
more XNY =0, z € X,y €Y and, for any edge ¢ = x'y’ with 2’ € X,y €Y,
the graph H + €’ is k-connected.

Based on these facts we can prove the following lemma.

Lemma 12. Let S be a minimal D-cover in a graph H = (V, E) and let F be
a minimal augmenting set with V(F) C S. Let dp(v) = 1 and let e = uv be the
leaf of F incident with v. Let u € X and v € Y be the cores of H+ F — e and
suppose that for a set F' of edges we have k(x,y,H + F') > k for some pair
x € X,y€Y. Then S — {v} is a D-cover of H+ F’.

We need some further concepts and results from [§].

Lemma 13. [8, Lemma 2.1, Claim I(a)] Suppose t(G) > k. Then the cores of G
are patrwise disjoint and the number of cores of G is equal to t(G). Furthermore,
if t(G) > k + 1, then for each core X, there is a unique mazimal deficient set
Sx CV with X C Sx and Sx NY =0 for every core Y of G with X #Y . In
addition, for two different cores X, Y we have Sx N Sy = ().

The following lemma can be verified by using [8] Lemma 2.2].
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Lemma 14. Let K be a shredder in G with b(K) > k. Then (a) if C = Sx for
some component C of G— K and for some core X then X is passive, (b) if some
component D of G— K contains precisely two cores X, Y and no edge of G joins
Sx to Sy then both X and Y are passive.

A set F of new edges is saturating for G if ¢(G + F) = t(G) — 2|F|. Thus
an edge e = wv is saturating if ¢(G + e) = t(G) — 2. Motivation for considering
saturating sets is provided by the following lemma, which follows from Theorem

Lemma 15. If F is a saturating set of edges for G with b(G+ F) —1 = [t(G +
F)/2] > k —1 then ax(G) = [t(G)/2].

We say that two cores X,Y form a saturating pair if there is a saturating
edge e = zy with © € X,y € Y. For a core X let v(X) be the number of cores Y’
(Y # X) for which X,Y is not a saturating pair. The following lemma implies
that an active core cannot belong to many non-saturating pairs.

Lemma 16. Suppose t(G) > k > 4 and let X be an active core in G. Then
v(X) <2k-—2.

We shall also need the following characterisation of saturating pairs.

Lemma 17. [8, p.13-14] Let t(G) > k+2 and suppose that two cores X,Y does
not form a saturating pair. Then one of the following holds: (a) X C N(Sy),
(b)Y C N(Sx), (c) there exists a deficient set M with Sx,Sy C M, which is
disjoint from every core other than X,Y .

Let F={XCV : Xis deficient in G, X contains no active core}. Let F
consist of the maximal members of F.

Lemma 18. Suppose t(G) > k and a(G) > k. Then (a) X N B =0 for every
X € F and for every active core B, (b)) X NY =0 for every pair X,Y € F.

We shall use the following lemmas to find a saturating set F' for G such that
G + F has many passive cores. Informally, the idea is to pick a properly chosen
active core B and, by adding a set F' of at most 2k — 2 saturating edges between
the active cores of G other than B, make k(G + F — B) > k — |B| =: r. By
Lemma [[0] this will make B passive, and will not eliminate any of the passive
cores of G. We shall increase the connectivity of G — B by choosing a minimal
r-deficient set cover S for G — B of size at most £ — 1 and then iteratively add
one or two edges so that the new graph has an r-deficient set cover properly
contained in S. Thus after at most k — 1 such steps (and adding at most 2k — 2
edges) we shall make B passive.

Lemma 19. Suppose t(G) > k. If 7(G) < 4(k — 1) and o(G) > 4(k — 1) +1
then there exists an active core B with BN Uy cr (Y UN(Y)) = 0.
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Lemma 20. Suppose t(G) >k > 4, 7(GQ) < 4(k — 1) and o(G) > 8k® — 6k? —
3k+6. Let B be an active core in G with BOJycr (Y UN(Y)) =0, H=G-B,
andr = k—|B|. Let S be a minimal r-deficient set cover of H with S C Ng(B).
Then there exists a saturating set of edges F for G such that |F| < 2, and either
(G + F) > n(G), or 7(G+ F) = 7n(G) and G + F — B has an r-deficient set

cover 8" which is properly contained in S.

Proof. Since B is active, k(H) = k—1—|B| = r—1. Since B is deficient in G, we
have |S| < ng(B) = k — 1. By Lemma [Tl there exists a minimal r-augmenting
set F"* for H such that F™* is a forest and V(F*) C S. Let dp-(v) = 1 and let
e = uv be a leaf of F'*. By Lemma[1l(c), there exist precisely two r-cores Z, W
in H+ F*—ewithu € Z,v € W. Then Z, W are k-deficient in G. By the choice
of B, Z contains an active k-core in G since otherwise Z would be a subset of
some Z' € F and BN Ng(Z') # () would follow, contradicting the choice of B.
This argument applies to W as well. Thus there exist active k-cores X,Y in G
with X C Zand Y CW.

If X and Y form a saturating pair in G then we may choose a saturating
edge zy with z € X and y € Y. Then a2y ¢ E and hence s(z,y,G + zy) > k
and k(z,y, H + xy) > r holds. Now S — v is an r-deficient set cover in H + zy
by Lemma and the lemma holds. Hence we may assume that X,Y is not a
saturating pair in G. By Lemma [Tl either

(i) there exists a k-deficient set M in G with Sx U Sy C M which is disjoint
from every k-core other than XY, or
(i) Y C N(Sx) or X C N(Sy).

Choose © € X and y € Y arbitrarily and let Py, Ps, ..., Px_1 be k — 1 openly
disjoint xy-paths in G. Let Q = U;:llV(Pi). It is easy to see that if some edge
of G joins Sx to Sy, then one of the paths, say Py, satisfies V(P;) C Sx U Sy.
On the other hand, if no edge of G joins Sx to Sy, then (ii) cannot hold. Hence
(i) holds and, either one of the paths, say Pj, satisfies V(P;) C M, or each of
the k& — 1 paths intersects N(M). In the latter case, since n(M) = k — 1, we
have N(M) C Q and @ C M U N(M) hold. We shall handle these two cases
separately.

Case 1. No edge of G joins Sx to Sy, (i) holds, and we have N(M) C Q C
M UN(M).

Let C1,Cs, ..., Cp be the components of G — N(M). Using the properties of
M (M intersects exactly two cores, M is the union of one or more components
of G — N(M), and n(M) = k — 1) we can see that either, one component C;
contains Sx and Sy and is disjoint from every core of G other than X Y or
each of Sx and Sy corresponds to the vertex set of a component of G — N (M).

Since X and Y are active cores, Lemma [[4] implies that p < k — 1. Since
a(G) > (k—2)(2k — 1) + k + 3, G has at least (k — 2)(2k — 1) + 1 active cores
disjoint from B, X, Y, and N(M). Thus some component C; of G — N(M)
is disjoint from M and contains at least 2k active cores distinct from B. By
Lemma [T6 there exists a saturating edge za; with a; € A; for some active core
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Ay C Cj, Ay # B. If (G +za1) > n(G) +1 then we are done. Otherwise all the
active cores in G other than X, A; remain active in G + za;. Applying Lemma
[[6] again, we may pick a saturating edge yas with ay € Ay for some active core
As of G + xaq, with Ay C Cj, As # B.

We have x(x,y, G + za; + yaz) > k, since there is a path from x to y, using
the edges zai, yag, and vertices of C; only, and thus this path is disjoint from
Q. Hence r(z,y, H + xay +yaz) > r. Thus by Lemma[[2] S — v is an r-deficient
set cover in H + xza; + yas.

Case 2. Either V(P;) C Sx U Sy or (i) holds and V(P;) C M.

Let us call a component D of G — Q) essential if D intersects an active core
other than X, Y or B. Let Dy, D, ..., D, be the essential components of G — Q).
We say that a component D; is attached to the path P; if N(D;) NV (P;) # 0
holds. Let T = Sx USy if V(P;) C SxUSy holds and let T = M if V(P;) C M.
Then, T is disjoint from every active core other than X,Y.

We claim that at most 2k — 2 essential components are attached to P;. To
see this focus on an essential component D which is attached to P; and let
w € W N D for some active core W # X,Y, B which has a vertex in D. There
exists a path Pp from w to a vertex of P, whose inner vertices are in D. Since
w ¢ T and V(P1) C T, we have D N N(T) # (. The claim follows since the
essential components are pairwise disjoint and n(7") < 2k — 2.

Suppose that one of the paths P; intersects at least 4k — 2 active cores in G
other than X | Y or B. For every such active core A intersecting P; choose a
representative vertex a € AN P;. Since the cores are pairwise disjoint, the repre-
sentatives are parwise distinct. Order the active cores intersecting P; following
the ordering of their representatives along the path P; from z to y. By Lemmal [I6]
we may choose a saturating edge xa; in G, where a4 is among the 2k—1 rightmost
representatives and a; belongs to an active core A;. If 7(G + za1) > 7n(G) + 1
then we are done. Otherwise all the active cores of G other than X, A; remain
active in G + za;. Again using Lemma [T6] we may choose a saturating edge yas
in G+ zay, where ay is among the 2k — 1 leftmost representatives. By the choice
of a; and as there exist two openly disjoint paths from x to y in G + xa; + yas
using vertices of V(F;) only. Thus «(x,y, G + xa + yb) > k. Hence, by Lemma
@] S — v is an r-deficient set cover in H + xza; + yas.

Thus we may assume that for each path P; intersects at most 4k — 3 active
cores in G other than X , Y or B. Hence there are at least a(G) — 3 — (k —
1)(4k —3) > (8k3 —6k? —3k+3) — (k—1)(4k — 3) = 2k(4k? — 5k +2) active cores
other than B contained in G — ). Note that since cores are minimal deficient
sets, they induce connected subgraphs in G. Hence each core contained in G — Q
is contained in a component of G — Q. If some component of G — () contains at
least 2k active cores of G other than B then the lemma follows as in Case 1.
Hence we may assume that there are at least 4k? — 5k + 2 essential components
in G — @ and each such component contains an active core distinct from X, Y,
and B.

Since at most 2k — 2 essential components are attached to Py, we deduce that
there are at least 4k? —5k+2— (2k—2) = (4k—3)(k—1)+1 essential components
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D; with all their attachments on P, Ps, ..., Py_1. Since G is (k — 1)-connected,
n(D;) > k — 1 and hence D; has at least two attachments on at least one of the
paths Ps, Ps, ..., Py_1. Relabelling the components Dy, ..., D, and the paths
P, ..., Py_1 if necessary, we may assume that D; has at least two attachments
on P,_q for 1 <34 <4k —2.

Let z; be the leftmost attachment of D; on Px_1. Without loss of generality
we may assume that z1, 2o, ..., 242 occur in this order on P;_1 as we pass from
x to y. By Lemmal[If, there exists a saturating edge ya; where a; € A; for some
active core A; C D;, where A; #Band 1 <i<2k—1. U n(G+ya;) > 7(G)+1
then we are done. Otherwise every active core in G other than Y, A; remains
active in G + ya;. Using Lemma [@] again, there exists a saturating edge za;
where a; € A; for some active core A; C D;, where A; # B and 2k < j < 4k—2.
Note that z; is either to the left of z; or z; = z;. Hence, using the fact that D;
has at least two attachments on P, and by the choice of z;, z;, there exist two
openly disjoint paths in G+ za; 4+ ya;, using vertices from V(Py)UD; U D; only.
Therefore k(z,y, G + xa; + ya;) > k, and we are done as above. This completes
the proof of the lemma. |

By applying Lemma B0l recursively, we obtain the following.

Lemma 21. Suppose t(G) > k > 4, 7(G) < 4(k — 1) and o(G) > 8k* — 6k? +
k —2. Then there exists a saturating set of edges F' for G such that |F| < 2k —4
and 7(G+ F) > n(G) + 1.

Lemma 22. Suppose k > 4 and t(G) > 8k + 10k — 43k +22. Then there exists
a saturating set of edges I for G such that G + F' is k-independence free and
HG+F)>2k—1.

Proof. If m(G) < 4(k—1) then we may apply Lemmal2T] recursively 4k —3—7(G)
times to G to find a saturating set of edges F} for G such that 7(G+F;) > 4k—3.
If 7(G) > 4k — 3 we set F; = ). Applying Lemma [IG] to G + Fy, we can add
saturating edges joining pairs of active cores until the number of active cores
is at most 2k — 2. Thus there exists a saturating set of edges Fy for G + F
such that a(G + Fy + F») < 2k — 2 and 7n(G + Fy + F3) > 4k — 3. Applying
Lemmal[l@ to G 4+ F} + F5, we can add saturating edges joining pairs consisting
of one active and one passive core until the number of active cores decreases to
zero. Thus there exists a saturating set of edges F3 for G + F} + F5 such that
OL(G+F1+F2+F3):Oandﬂ'(G+F1+F2+F3)22]{571. O

The main theorem of this section is the following.
Theorem 6. If a;(G) > 8k + 10k* — 43k + 21 then
ag(G) = max{[t(G)/2],b(G) — 1}.

Proof. Tf k < 3 then the result follows from [2II3], even without the restriction
on ax(G). Hence we may suppose that k > 4. We have t(G) > ap(G)+1 > 8k3 +
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10k? —43k+22 by Lemmas [l and Bl If b(G) —1 > [t(G)/2] then ax(G) = b(G) -1
by Theorem [ and we are done. Thus we may assume that [¢(G)/2] > b(G) —1
holds. We shall show that ax(G) = [t(G)/2]. By Lemma [22] there exists a
saturating set of edges F' for G such that G + F is k-independence free and
t(G + F) > 2k — 1. Note that adding a saturating edge to a graph H reduces
[t(H)/2] by exactly one and b(H) by at most one. Thus, if [¢(G + F)/2] <
b(G + F) — 1, then there exists F' C F such that [t(G+ F')/2] =b(G+F') -1
and the theorem follows by applying Lemma M8 Hence we may assume that
[t(G+ F)/2] <b(G+ F)—1. Since G + F is k-independence free, we can apply
Theorem [ to deduce that ar(G + F) = [t(G + F)/2]. Using (@) and the fact
that ¢(G) = t(G + F) + 2|F| we have ax(G) = [t(G)/2], as required. O

4.2 Augmenting Connectivity by at Least Two

Theorem 7. Suppose G is an l-connected graph. If ax(G) > 3(k—1+2)%(k+1)3
then ar(G) = max{b*(G) — 1, [t(G)/2]}.

Outline of Proof: It b*(G)—1 > [t(G)/2] then the theorem follows from Theorem
Hl so we may suppose b*(G) — 1 < [t(G)/2] holds. Let G + s be a (k, s)-critical
extension of G. Construct a (k— 1, s)-critical extension H + s of G from G+ s by
deleting edges incident to s. We next perform a sequence of (k — 1)-admissible
splittings in H+s and obtain H*+s. We then add all the edges of (G+s)—(H+s)
and obtain G* + s. We will refer to the edges of (G + s) — (H + s) as new edges.
We first show that G* + s is a critical (k, s)-connected extension of G* and that
G* + s has at least dg4+s(s)/(k — 1+ 1) new edges.

Using Lemma [B] we can either construct H* + s such that dg«44(s) is small
or else there exists K C V such that |[K| = k — 2 and H* — K has dg+44(s)
components. In the first case, we perform a sequence of admissible splits in G*+s
such that, in the resulting graph G’ + s, G’ is (k — 1)-connected. We accomplish
this by ensuring that x(z,y,G’) > k — 1 for every z,y € Np~14(s), using a
similar proof technique to that of Lemmas 20, 2Tl and [Z2. Since there are many
new edges, this is feasible. We then apply Theorem B In the second case, we
show directly that we can make G k-connected by adding [¢(G)/2] edges. Our
proof is similar to the forest augmentation of Lemma B Let Cy,Cs,...,C; be
the components of H* — K. We add a set F' of [dg-14/2] edges to G* between
neighbours of s belonging to different components C;, in such a way that (G* —
K+F)/C1/Cy.../C, is 2-connected, and then show that G*+ F' is k-connected.

O

We note that Theorem [6] and Theorem [@ imply (partial) solutions to conjec-
tures from [4, p.95], [5], [9] p.300], and [10].

5 The Algorithm

Let G = (V, E) be an l-connected graph and let & > 2 be an integer. Based on
the proofs of our min-max results we can develop an algorithm which delivers



278 B. Jackson and T. Jordan

an optimal k-connected augmentation of G in O(n®) + O(f(k)n3) time, where
n = |V| and f(k) is an exponential function of k. If ax(G) > 3(k—1+2)3(k+1)3
then the running time is simply O(n®). Here we give a sketch of the algorithm
to indicate the main steps. Each of these steps can be implemented efficiently
by using max-flow computations.

The algorithm first creates a k-critical extension G+s of G. If d(s) is small (or
equivalently, if ax (@) is small), then the algorithm finds an optimal augmentation
by checking all possible augmenting sets on the vertex set N(s). It can be shown
that there exists an optimal augmenting set on N(s), and hence, since ay(G)
and |N(s)| are both bounded by a function of k, this procedure requires f(k)
max-flow computations. Thus this subroutine is polynomial for k fixed. If d(s) is
large then the algorithm follows the steps of our proofs and identifies an optimal
solution in polynomial time, even if k is not fixed.

First suppose that G is (k — 1)-connected (and d(s) is large). Then the algo-
rithm starts adding saturating edges and making the graph k-independence free.
Ifb(G')—1 > [t(G")/2] holds for the current graph G’ after some iteration then
an optimal solution is completed a forest augmentation and the algorithm ter-
minates. Note that large shredders can be found in polynomial time, if exist. If
G’ becomes k-independence free then an optimal augmenting step is completed
by an appropriate sequence of edge splittings.

Next suppose that G is not (k — 1)-connected. In this case first we create a
(k — 1)-critical extension H + s by deleting edges incident to s in G + s and then
start splitting off pairs of edges until either d(s) becomes small or there are no
more splits that preserve (k—1)-connectivity (and hence there is a large shredder
K). After adding back all the edges of (G+s) — (H + s) we proceed as follows. If
d(s) is small then we make the current graph (k — 1)-connected by splittings and
then continue as in the case when the input graph is (k — 1)-connected. If there
is a large shredder K then we complete the solution by adding an appropriate
set of new edges for which G — K is 2-connected. Note that after every edge
splitting step we check whether v*(G’') — 1 > [t(G’)/2] holds and if yes, we
complete the augmenting set by a forest augmentation and terminate.
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Abstract. This paper addresses the problem of determining the maxi-
mum achievable throughput in a sequential testing system. The input
to the system are n bit binary strings. There are n tests in the system,
and if a string is subjected to test j then the test determines if bit j in
that string is zero or one. The objective of the test system is to check
if the sum of the bits in each incoming string is zero or not. The mean
time taken to perform each test and the probability that bit j is one are
known. The objective of this paper is to determine the maximum input
rate that can be processed by this system. The problem of determining
the maximum throughput is first formulated as a a quadratic program-
ming problem over a polymatroid with some additional structure. The
special structure of the polymatroid polyhedron is exploited to derive an
O(n2) algorithm to solve the maximum throughput problem.

1 Introduction

This paper deals with the problem of determining the maximum throughput
achievable in a sequential test system. This problem arises in the context of
testing identical circuit boards with multiple sub-components. Each of these
sub-components has to be tested individually and the circuit board is faulty
if any one of sub-components is faulty. The tests on the sub-components can
be performed in any order. The difficulty and the complexity of testing each
sub-component is different and hence the time taken to perform each test is
different. From historical data the probability that a particular sub-system is
faulty is also known. Assume that there is a test system with as many tests
as there are sub-systems on the circuit boards. At any given time at most one
test can be conducted on any circuit board and any test can inspect at most
one circuit board. In other words, as soon as it is determined that a particular
sub-component on a circuit board is not functioning, the circuit board leaves the
test system. The circuit boards that are currently not being examined by any
test wait in a buffer.

The objective of the study was to determine the testing policy that maximizes
the throughput of the system while keeping the number of circuit boards in the
buffer bounded. In the case that each circuit board has only one sub-component,
the maximum throughput of the system is bounded above by the processing rate
for that test. The problem of determining the maximum throughput becomes

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 280-292] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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non-trivial when each circuit board has more than one sub-component. One
can either use some static policy where the order in which the components are
inspected is determined apriori when a circuit board arrives into the system
or a dynamic policy, where depending on the all the circuit boards that are
currently waiting, a decision can be made on which sub-component is to be
tested on which circuit board next. Therefore the space of policies is quite large.
Since the space of dynamic policies subsumes the static policies, one can expect
the maximum throughput that is achievable using a dynamic policy will be
greater than the throughput achieved by static policies. In Section 3 of the
paper, the surprising result that the maximum throughput can be achieved using
a static policy where decisions are made independent of the state of the system is
proved. In Section 4, an algorithm that determines the static testing policy that
achieves this maximum throughput is outlined. It is shown that determining
the maximum throughput as well as deriving the optimal testing policy are
polynomial in the number of sub-components on each circuit board.

More abstractly, objects arriving into the system are assumed to have n
binary attributes. One can view the input to the test system as a sequence of n
bit binary strings. A zero in position j of a string represents that sub-component
j is functioning and a one in position j represents that sub-component j is faulty.
A string is defined to be a zero string if the sum of the n bits for the string is
zero. The objective of the testing is to determine if each of the incoming strings
is a zero string or not. The (mean) time taken to test whether bit j is zero or one
as well as the probability that bit j is zero is known. There are n test stations
in the testing system where the test station j determines if bit j is zero or one.
At any given point in time, a test can be done on at most one string and and
at most one test can be performed on a string. Any string that is not being
tested waits in a storage buffer. The objective as stated earlier of this paper is
to determine the maximum arrival rate for which there exists a testing policy
which keeps the number of objects in the buffer bounded.

The approach that is followed in order to determine the maximum throug-
hput of the system is to characterize the achievable space (this will be made
clear in Section 2) over different testing policies. The polyhedral structure of the
achievable space is then exploited to derive the maximum throughput. This line
of research for solving dynamic and stochastic optimization problems was initia-
ted by Coffman and Mitrani [3] and Gelenbe and Mitrani [7]. They formulated
the optimal scheduling in a multi-class M/G/1 queue as a linear programming
problem. Federgruen and Groenevelt [4] extended this work by showing that in
certain cases, the achievable performance in multi-class system can be represen-
ted as a polymatroid. (Fujishige [6] is an excellent reference for polymatroids).
More recently Bertsimas and Nino-Mora [2] showed that more general schedu-
ling (multi-armed bandit) problems have a generalized polymatroid structure.
The problem of maximizing the throughput of the test system is formulated as
a min-max problem on the polymatroid. This is then transformed into a qua-
dratic programming problem over a polymatroid polyhedron. Some additional
structure of the polymatroid is exploited to get a simple algorithm to get the
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optimal throughput. In Section 4 of the paper, a static policy that achieves this
optimal throughput is derived. All prior work in deriving the optimal policy to
these problems have involved solving a linear programming problem [3] ,[10]. A
combinatorial approach based on a constructive proof of Carathodory represen-
tation Theorem [I] is developed, again exploiting the special structure of the
polymatroid polyhedron.

2 The Model

As stated in the introduction, the input to the testing system are n-bit binary
strings {X'}2,, e, X' = (X}, X3,...,X}) € {0,1}™. Let A represent the rate
at which these strings enter the system. Let

Pr[X; =1l]l=pj=1-¢; Vi

Test j determines whether bit j in X is zero or one in mean time i An inco-
ming string ¢ is defined to be zero-string if Z?:l X;: = 0 and a non-zero-string
otherwise. The objective of the test system is to determine if each arriving string
is a zero-string. A string leaves the system as soon as it is determined that it
is non-zero. Each string passes through each test at most once. All strings that
are not currently being tested are kept in an infinite buffer. A testing policy is
set of rules that one uses to load a string in the buffer to any empty test that
the string has not already passed through. At any given point in time, a test
can be done on at most one string and at most one test can be performed on a
string. The objective is to determine the policy that maximizes the input rate
A* at which strings can be processed by the system while keeping the number of
strings in the buffer bounded.

3 Characterization of the Achievable Space

The output from test j is defined as the set of strings that leave the system

because a one was detected in test j. Let 7, represent the output rate from test

j. The input to test j represented by \; = ;—] Note that the value of v; and
J

A; depends on the testing policy. Let pu = (1, ft2, . .., tn) represent the vector
of the processing rates at the different tests. Let F (A, 1) represent the space of
¥ = (71,72, ---,7n) that is achievable over all testing policies. The objective of
the problem can be restated as follows:

A" = Stip{f(% ) # 0}.

For any A < A* there exists a resting policy that achieves a throughput of A.
A trivial upper bound on A* is >, p1;. This is due to the fact that even if
every string leaves the system after its first test, then the system cannot process
strings at a rate greater than ) ., y;. In order to characterize F(\, p) we first
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consider the case where p; = oo Vi. In this case F(A, 00) represents the set of
that can be achieved using some testing policy ignoring the finite processing rate
for the tests. If the processing rate is finite, then the space of F(\, 0co) is further
restricted by the the stability conditions at each queue, i.e. at any test, the rate
at which strings are input to the test must be less than the rate at which strings
are processed by the test, i.e. \; < p; or equivalently v; < p;p; for all j. Let
B(u) represent these additional constraints.

B(p) = {vi < pipi}

Therefore,

F(A ) = F(A00) N B(p).

Theorem 1 Let P be the polyhedron represented by the following set of hyper-
planes:

Sw<al1t-T[w]| Scitz...n) (1)

JjES JjES
ovi=x{1-]la (2)
JEN JEN

where N ={1,2,...,n}. Then F(\ o0) C P.

Proof:
Note that v; will be the greatest when every string that enters the system gets
bit ¢ tested before any other bit. Under this scenario, note that

Yi = )\(1 — Qi)-
Therefore, under any testing policy
Vi <A1 — ).

Now consider ~; 4y, for some 7 # j. Note that +; 4 v; will be greatest when bit
1 is first tested on all incoming strings and if bit ¢ is zero bit j is tested before
any other bit. Under this policy the value of v; +7v; = A(1 — ¢;q;). Note that
due to symmetry, the value of v; + «; will be unchanged if bit j is tested first
for all incoming strings and if bit j is zero then bit ¢ is tested before any other
bit. Therefore under any policy v; +v; < A(1 — ¢;q;). Inequalities of this form
can be derived for any subset of tests. Note that the ) jen ;i is independent of
the routing policy and this is shown as the equality constraint in the statement
of the theorem.

It will now be shown that the conditions given in Theorem 1 are also suffi-
cient. For proving this, a class, C of policies will be exhibited that will realize
the entire polyhedron P. Towards this end, it is first shown that P is a polyma-
troid polyhedron by proving that the right hand side of the inequalities in P is
submodular.
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Lemma 2 Let

f&=x1-J]¢| ScN

j€s
Then f(S) is submodular.

Proof:
Note that f is submodular if and only if

FSU{G}) = f(8) = f(SU{i k}) — F(SU{R})
for j,k € N,j #k, and S C N\{j,k}.

Pick an arbitrary S € N. Let A = [[,c4 @ The above test can be rewritten as
j#kand j,k& S

A1 —q;A) = A1 —A) > M1 —gjgrld) — M1 — gz A).

The above statement is true since g < 1 and hence f is submodular.
The class C of policies that will realize the entire polyhedron P is defined as
follows:

1. Associate with each permutation 7(i) of {1,2,...,n}, a weight w,;) with
the additional constraint that Z?;l wr(y = 1.

2. Associate with each arriving string the permutation 7 (i) with probability
Wa(;)- This permutation represents the order in which bits will be tested in
the string until a one is detected.

3. The infinite buffer is partitioned into n buffers one for each test. As soon as
a string finishes a test and if the test determines that the corresponding bit
is zero, then it is loaded on to the next test in its pre-determined sequence
if the next test is free. Else it is loaded on to the buffer of the next test.

4. When a test completes processing a string, if its input buffer is non-empty,
it picks up a string from its input buffer. If its input buffer is empty, then
the test is idle.

In the next theorem, it is shown that the test policies in class C achieve all of
‘P. This is shown by proving that all the extreme points of the polyhedron are
achievable by some policy in class C.

Theorem 3 Any v € P can be realized by a routing policy in class C and hence
F(A\, 00) =P.

Proof:

It is shown in Welsh [I1] that the set of exterme points of any polyma-
troid polyhedron can be represented as follows: Let m represent a permutation
of {1,2,...,n}. Then an exteme point of the polyhedron corresponding to 7 is

(f{mW)}), f{r (1), 7(2)}) = fF{x(D)}), ...,
o f{m (D), m(2),...,7(n)}) — fF{m(1),7(2),...,m7(n—1)})).

In fact any vertex of the polyhedron can be represented in the above form with
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respect to some permutation 7 of {1,2,...,n}. Since the policies in the class C
are all the permutation policies, these will achieve all the extreme points of P.
Since P is a convex polyhedron, the whole of P can be achieved with a weighted
combination of these permutation policies.

The class of policies represented by C are static policies. By theorem 3, the
entire space of F (A, 00) can be achieved by class C. Note that F(\, 00) is a con-
vex polyhedron in n-dimensions. The polyhedron is not full dimensional since
there is one equality constraint. Therefore by the Caratheodory representation
theorem any point in the polyhedron is representable as a convex combination of
at most n extreme points of the polyhedron. There are an exponential (2" — 2)
number of inequalities in the system representing F(\, 00). Since the polyhe-
dron F (A, 00) is a polymatroid, a greedy algorithm can be used to determine an
optimal solution to maximize or minimize any linear objective over this polyhe-
dron. A slightly modified greedy algorithm can be used to minimize (maximize)
separable convex (concave) objective functions over a polymatroid as shown in
Federgruen and Groenevelt [5]. The stability problem is first formulated as a
min-max optimization problem. This is then transformed into a quadratic opti-
mization problem. This problem can be solved efficiently exploiting the structure
of the polymatroid.

One of the key steps in the optimization procedure is checking for members-
hip in the polyhedron. In general, the ellipsoid algorithm can be used to check
for membership in a polymatroid polyhedron in polynomial time as shown by
Grotschel, Lovasz and Schrijver [8]. However, in some special cases such as sym-
metric polymatroids [9] and generalized symmetric polymatroid [5], it is possible
to devise combinatorial algorithms to check for membership. In the next lemma,
it is shown that P is a variant of a generalized symmetric polymatroid and the-
refore a combinatorial algorithm can be devised to check for membership in P.

Lemma 4 Given a vector v € F (A, 00) renumber the components such that

—logq1 S—long < S—logqn.

At V2 Tn

Then v € F (A, 00) if the following n inequalities hold:

k k
Z%‘SA 1—qu k=1,...,n—1
Jj=1 j=1

n n
Z%‘SA 1—HQj
j=1 j=1

and the complexity of checking for membership in F(\, 00) is O(nlogn) steps.
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Proof:
Note that after rearranging terms and taking logarithms equations (1)
and (2) can be rewritten as

> logg; < log

JjES

Z log g; = log (1 — Z:je)\N%)

JEN

(12?%) Sc{1,2,...,n}

Let g1(S)=1— Zjis " and 92(5) = 3 ;csloggj. Plot g1(S) versus g»(S5). For
a given value of « if all the points in this graph lie below log(z) then the given
v is feasible. The following optimization problem is now solved for all values of
0> 0.

Ejes i

S(0) = Arg glcazir(_(l - f) + Qgglogqj
j

It is therefore enough to check the inequalities for all sets S(6). This optimization
problem is reformulated as

25 ViV
S(0) = Arg myax—(l - f) —|—92j:yj log g;

y; €{0,1} je€S.

This is a simple optimization problem and for a given value of 0, if
Zj
A
From the structure of the optimal solution notice that feasibility has to be

checked for only n subsets and the result follows.
The problem of determining the maximum throughput is formulated as deter-
mining the largest \* such that the set F(\*,00) N B(w) is not empty. Therefore
for all A < \* there exits a feasible testing policy. Assume that A is given. Note

that since B(p) contains strict inequalities, the set F(A, u) is not closed. An
optimization problem is formulated to determine if F (A, 00) N B(u) is empty.

+0logg; >0  imples y; = 1.

Theorem 5 Let

. Y
2= min max—2

YEF(No0) I Pjly
Then F(X,00) N B(w) # 0 if and only if z* < 1.

The above theorem gives necessary and sufficient conditions for the existence of
a testing policy for a given value of A. In order to determine \*, first substitute
% = ¢;. The optimization problem in Theorem 5, can be restated as follows:
A min max i
peF(l,00) I PjHy
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Ignore the term A in the objective function and solve the optimization problem.
If the optimal solution to this problem is w*, then \* = w% is the upper bound

on the achievable throughput. The algorithm MAX_LAMBDA (p, 1) shown in
Figure 1, determines the value of A\*. At this point the only quantity of interest

MAX_LAMBDA (p, 1)

INPUT : (p1,p2,...,0n) and (1, pi2, .., fin).
OUTPUT : The maximum throughput A* and vector +*.

1. Reorder the variables such that

—loggn _ —loggx . _ —loggn

pipr T papz T Dnpn
2. Let f(.]) = (1_Hi§j qi) g(]) :Zigj/'l'ipi- =1
3. Let 0 = minj<j<, % and k = Arg minj<;<n %

4. If £ < n then let
FG)=r0G) = fk)  g(d) =9() —g(k) Vj>k.

Let 47 =0pjp; [ <j<kandsetl=Fk+1andgo to Step 2.
5. If k = n then output A* = 1 and v*.

Fig.1. MAX_LAMBDA

is the value of A*. The vector v* that is also output by the algorithm is used in
the next section to find the policy that achieves the maximum throughput.

Theorem 6 The algorithm MAX_LAMBDA (p, ) correctly computes the value
of \* in O(n?) time.

Proof:
(Outline) It can be shown [6], that

. ¢i
Arg min max - min Z /
YEF(L,00) I DPjltj ve]—'(l o)

pzuz

Therefore the following optimization problem is solved:

n ¢2
min Z .
$€F(L00) =] 2PjH;

Since the objective function is convex and separable, a (modified) greedy algo-
rithm can be used to solve this problem. Due to the special structure of the
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membership test and the objective function, it can be shown that the potenti-
ally binding constraints always remain the same. This in turn leads an efficient
algorithm. The running time is dominated by the finding the minimum in step
2 of the algorithm. For each iteration, finding the minimum is O(n) and there
are at most n iterations giving the the O(n?) running time for the algorithm.

4 Determining the Representation

In the last section, the algorithm MAX_LAMBDA (p, 1) that determines the up-
per bound on the system throughput was outlined. In this section, the policy
in class C that achieves this upper bound is derived. For any input rate that
is less than A*, this policy can be used to guarantee that the system is stable.
The vector v* output by the routine MAX_LAMBDA (p, 1) is used to derive this
optimal policy. Since v* € F(1,00), it can be represented as a convex combina-
tion of at most n extreme points of F(1,00). The objective of this section is to
determine the appropriate extreme points along with their respective weights.
A constructive proof of the representation theorem can be used to obtain the
extreme points and their weights. It can be shown that (see for example [1]) that
the representation for any point in convex polyhedron can be derived in O(n?).
In this section an O(n®logn) algorithm is derived for generating the represen-
tation for a point v* € F(1,00). Three routines that are used in deriving the
representation are first defined. The first routine EXTREME_POINT(), takes
as input a point v € F(1,00) and outputs an extreme point §, that lies on the
same face as 7, i.e., all the constraints that are binding at ~ are also binding at
0. The algorithm EXTREME_POINT first renumbers the variables as given in
Lemma 4. Then the vector ¢ is computed as follows:

h=010-p1)
k—1

S=[]pi0=p) k=23....n
j=1

A small modification can be made to the routine EXTREME _POINT(v) to get
the routine

NUM_BINDING_CONSTRAINTS(y) that determines the number of binding
constraints at a given point v € F(1,00). This is done as follows: Given a
point v € F(1,00), the routine EXTREME_POINT(v) is first executed. This
routine outputs . Now the number of components where ~; = §; is counted
and is output by NUM_BINDING_CONSTRAINTS(y). The third routine that
is needed is EXIT_POINT(v, d) which takes as input two n-vectors v € F(1, c0)
and a direction vector d. The routine outputs § where

0 =supy+ ¢d € F(1,00).
¢

In other words, starting from the given point v € F(1,00) a ray is traced in the
direction d. Let d represent the point at which this ray exits from F(1,00). In
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the description of the algorithms below, the following two operations are defined
on permutation 7 = {m(1),7(2),...,7(n)} of {1,2,...,n}. Let Tj(m) to be the
operation that finds a k such that m(k) = j and outputs the the permutation
{r(1),7(2),...,7(k+1),7(k), 7(k+2),...7(n)}. Let W;(m) be the operation that
determines a k such that w(k) = j and outputs the set {n(1),7(2),...,7(k)}.
The description of EXIT_POINT(~, d) is given in Figure 2.

EXIT_POINT (v, d)

INPUT : v = (71,72, ---,7n) € F(1,00) and d = (d1,da, ..., dy).
OUTPUT : a = (a1, a2, ...,an) =supgy + Bd € F(1,00).

1. The variables are ordered such that

—logq1 < —log g2 < < —logqn.

Y1 Y2 Yn
2. Set S; ={1,2,...,5} j=1,2,...,n. Let mo represent the identity permutation.
3. Compute
_7ilogg; —njlogai
77 djlog g — dilog gy

Vi <j<n.
4. Let the p of these 6;; values be positive. These positive values are sorted so that
Oirji < 0izjp <. 'eipjp'
5. Form the sets
Sntk =V, 15, Ty, ... Tsymo k=1,2,...,p
6. The value of 3* is computed as follows:
. (1 - ersj Qk) - Zkesj i
68" = min .

j=1,2,...n+p ZjES- dk
J

7. Output v + 8*d.

Fig. 2. EXIT_POINT

Theorem 7 The algorithm EXIT_-POINT(~,d) determines the point on the po-
lyhedron F(1,00) where a ray starting from ~ in the direction d exits from
F(1,00). The running time of the algorithm is O(n?logn).

Proof:

(Outline) The sets Si,Ss,...,S5, are the sets representing the potentially
binding constraints at the start point 7. As the ray moves away from + in the
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direction d the potentially binding constraints can change. However, it can be
shown that at most n? additional constraints have to be added to the problem.
These additional constraints are represented by the sets Syy1,Snt2, ..., Snip-
The running time of the algorithm is dominated by the sorting of potentially
n? values in step 3 and hence the running time of O(n?logn).

Figure 4 gives a description of algorithm REPRESENTATION(v) that is
used to derive a policy that achieves the desired throughput vector ~.

REPRESENTATION(7)

INPUT : v = (71,72, -+, 7n) € F(1,00).
OUTPUT : Extreme points Q1,Q2,...,Qr and weights w1, w2, ...wy such that

k
= wQ;
i=1

1. Let i =1, PL =+, B= NUM_BINDING_CONST(~). If B = n then set output
i, Py and wy = 1. If B < n then go to step 2.

Q; = EXTREME_POINT (F).

P41 = EXIT_POINT (P;,Q; — P;)

Determine ¢; such that P; = ¢;Q; + (1 — ¢i) Piy1.

Let B = NUM_BINDING_CONST(F;). If B = n then go to step 6. If B < n go
to step 2.

6. Q1,Q2,...Q are the k extreme points. Compute

SR W

i—1

wi:H(1f¢j)¢i fori=1,2,....k— 1.

j=1
k—1

wp = H(l - ¢j)-

j=1

Output the vectors @ and w.

Fig.3. REPRESENTATION

Theorem 8 The algorithm REPRESENTATION(v) obtains k < n extreme

Q1,Qs,...,Qk each corresponding to a different permutation of the testing vec-
tors and a corresponding set of weights wy,ws, ..., wg such that
k
7= Z w;Q;.
j=1

The running time complezity is O(n3logn).
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Proof:

(Outline) In the first iteration of the algorithm, an extreme point on the
same face as 7y is determined. The algorithm traces a ray from this extreme
point to v and determines where this ray exits from the polyhedron using the
EXIT_POINT routine. Note that the number of binding constraints at this
point where the ray exits the polyhedron is at least one less than the number
of binding constraints at . Note that 7 is a convex combination of the extreme
point determined and this exit point. This exit point is now taken as the
new point and this process is repeated. This leads to the extreme points that
can be used to represent . There can be at most n — 1 iterations and the
bottleneck operation in each iteration is the EXIT_POINT routine that takes
time O(n?logn).

This leads to the main result of this paper.

Theorem 9 Given any A\ < X*, if the policy output by REPRESENTATION (%)
1s used to test the strings then the number of strings in the buffer will be bounded.

5 Conclusion

The problem of maximizing the throughput of a sequential testing system was
posed as an optimization problem on a polymatroid. Polynomial time combina-
torial algorithms were developed for getting the maximum throughput value as
well as the policy that achieves this maximum. The techniques developed in this
paper can be used to address other stable routing problems.
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Abstract. We consider the general nonlinear optimization problem in 0-
1 variables and provide an explicit equivalent convex positive semidefinite
program in 2" — 1 variables. The optimal values of both problems are
identical. From every optimal solution of the former one easily find an
optimal solution of the latter and conversely, from every solution of the
latter one may construct an optimal solution of the former.

1 Introduction

This paper is concerned with the general nonlinear problem in 0-1 variables

P — p":= min {go(z)|gr(z) >0, k=1,...m} (1)
z€{0,1}™

where all the gi(z) : R" — IR are real-valued polynomials of degree 2v;—1 if odd
or 2vy if even. This general formulation encompasses 0-1 linear and nonlinear
programs, among them the quadratic assignment problem. For the MAX-CUT
problem, the discrete set {0,1}™ is replaced by {—1,1}".

In our recent work [45l6], and for general optimization problems involving
polynomials, we have provided a sequence {Q,} of positive semidefinite (psd) pro-
grams (or SDP relaxations) with the property that inf @, 1 p* as i — oo, under a
certain assumption on the semi-algebraic feasible set {gi(x) >0, k =1,...m}.
The approach was based on recent results in algebraic geometry on the rep-
resentation of polynomials, positive on a compact semi-algebraic set, a theory
dual to the theory of moments. For general 0 — 1 programs, that is, with the
additional constraint z € {0,1}", we have shown in Lasserre [5] that this as-
sumption on the feasible set is automatically satisfied and the SDP relaxations
{Q,} simplify to a specific form with at most 2" — 1 variables, no matter how
large is ¢. The approach followed in ] and [5] is different in spirit from the lift
and project iterative procedure of Lovész and Schrijver [7] for 0-1 programs (see
also extensions in Kojima and Tungel [3]), which requires that a weak separation
oracle is available for the homogeneous cone associated with the constraints. In
the lift and project procedure, the description of the convex hull of the feasible
set is implicit (via successive projections) whereas we provide in this paper an

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 293-303] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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explicit description of the equivalent convex psd program, with a simple inter-
pretation. Although different, our approach is closer in spirit to the successive
LP relaxations in the RLT procedure of Sherali and Adams [10] for 0-1 linear
programs in which each of the linear original constraints is multiplied by suitable
polynomials of the form IT;ecj, z;1;ey,(1 — x;) and then linearized in a higher
dimension space via several changes of variables to obtain an LP program. The
last relaxation in the hierarchy of RLT produces the convex hull of the feasible
set. This also extends to a special class of 0-1 polynomial programs (see Sherali
and Adams [10]).

In the present paper, we show that in addition to the asymptotic conver-
gence already proved in [4[5], the sequence of convex SDP relaxations {Q,} is
in fact finite, that is, the optimal value p* is also min @, for all i > n + v with
v := maxy, vg. Moreover, every optimal solution y* of @, is the (finite) vector
of moments of some probability measure supported on optimal solutions of IP.
Therefore, every 0-1 program is in fact equivalent to a continuous convex psd
program in 2™ — 1 variables for which an explicit form as well as a simple in-
terpretation are available. The projection of the feasible set defined by the LMI
constraints of this psd program onto the subspace spanned by the first n vari-
ables, provides the convex hull of the original feasible set. Note that the result
holds for arbitrary 0-1 constrained programs, that is, with arbitrary polyno-
mial criteria and constraints (no weak separation oracle is needed as in the lift
and project procedure [7], and no special form of IP is assumed as in [10]). This
is because the theory of representation of polynomials positive on a compact
semi-algebraic set and its dual theory of moments, make no assumption on the
semi-algebraic set, except compactness (it can be nonconvex, disconnected). For
illustration purposes, we provide the equivalent psd programs for quadratic 0-1
programs and MAX-CUT problems in IR

For practical computational purposes, the preceding result is of little value
for the number of variables grows exponentially with the size of the problem.
Fortunately, in many cases, the optimal value is also the optimal value of some
Q, for i < n. For instance, on a sample of 50 randomly generated MAX-CUT
problems in IR'?, the optimal value p* was always obtained at the Q, relaxation
(in which case @, is a psd program with “only” 385 variables to compare with
210 1 =1023).

2 Notation and Definitions

We adopt the notation in Lasserre [4] that for sake of clarity, we reproduce here.
Given any two real-valued symmetric matrices A, B let (A, B) denote the usual
scalar product trace(AB) and let A = B (resp. A > B) stand for A — B positive
semidefinite (resp. A — B positive definite). Let

2 2 T T
1,21,%9, ... T, ], T1T2, - o, T1Tiyy TOT3, e ooy Ty e oo s T yev ey Tayy (2)
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be a basis for the r-degree real-valued polynomials and let s(r) be its dimension.
Therefore, a r-degree polynomial p(z) : R" — IR is written

p(z) = Zpaxa, zeR",
e

(655

where 2% = 281252 ... 2%, Denote by p = {ps} € R*") the coefficients of the
polynomial p(z) in the basis (B). Hence, the respective vectors of coefficients of
the polynomials g;(x), i = 0,1,...m, in (I)), are denoted {(g;)a} = g; € R*“?),
1=0,1,...m if w; is the degree of g;. We next define the important notions of
moment matrix and localizing matrix.

2.1 Moment Matrix

Given a s(2r)-sequence (1,y,...,), let M, (y) be the moment matrix of di-
mension s(r) (denoted M (r) in Curto and Fialkow [I]), with rows and columns
labelled by (@). For instance, for illustration purposes, consider the 2-dimensional
case. The moment matrix M, (y) is the block matrix {M; ;(y)}o<: j<or defined
by

Yit+j,0 Yi+j—1,1--- Yij
_ | Yi+j—1,1 Yi+j—2,2 - - - Yi—-1,5+1
M; ;(y) = : (3)
Yji  Yitji—1,1 -+ Y0,i+j

To fix ideas, when n = 2 and r = 2, one obtains

1 10 Yo1 Y20 Y11 Yo2

Y10 Y20 Y11 Y30 Y21 Y12

M(y) = Yo1 Y11 Yoz Y21 Y12 Yo3
Y20 Y30 Y21 Y40 Y31 Y22

Y11 Y21 Y12 Y31 Y22 Y13

Yo2 Y12 Yo3 Y22 Y13 Yo4

Another more intuitive way of constructing M, (y) is as follows. If M,.(1,i) = y,
and M, (y)(j,1) = ya, then

Mr(y)(zvj) = Ya+p3, with O‘+ﬂ = (al +/817"’7an+ﬂn)- (4)

M, (y) defines a bilinear form (., .), on the space A, of polynomials of degree at
most r, by

(q(z),v(z))y = (g, Mr(y)v), q(z),v(z) € A,

and if y is a sequence of moments of some measure p,, then M, (y) > 0 because

(@ My (y)q) = / 9(2)? jy(dz) > 0, ¥g € R*). (5)
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2.2 Localizing Matrix

If the entry (4, j) of the matrix M, (y) is yg, let 5(¢, ) denote the subscript 5 of
ys. Next, given a polynomial f(z) : R"™ — IR with coefficient vector 6, we define
the matrix M,.(0y) by

M (09)(i.5) = Oalip(ig)+a}- (6)

For instance, with  +— 0(z) = a — x? — x3, we obtain
a — Y20 — Yo2, AYio — Y30 — Y12, GYo1 — Y21 — Yo3
M1(9@/) = | @Y10 — Y30 — Y12, QY20 — Y40 — Y22, QY11 — Y31 — Y13
ayor — Y21 — Yo3, Y11 — Y31 — Y13, AYo2 — Y22 — Yo4

If y is a sequence of moments of some measure (i, then

@mmm:/%mmwmm Vg € RAO), (7)

so that M, (fy) > 0 whenever u, has its support contained in the set {0(x) > 0}.
In Curto and Fialkow [1], M, (6y) is called a localizing matrix.

The theory of moments identifies those sequences {y,} with M.(y) = 0,
such that the y,’s are moments of a representing measure f,,. The IK-moment
problem identifies those y,’s whose representing measure p, has its support
contained in the semi-algebraic set IK. In duality with the theory of moments is
the theory of representation of positive polynomials (and polynomials positive
on a semi-algebraic set IK), which dates back to Hilbert’s 17th problem. For
details and recent results, the interested reader is referred to Curto and Fialkow
[1], Schmiidgen [9] and the many references therein.

Both sides (moments and positive polynomials) of this same theory is re-
flected in the primal and dual SDP relaxations proposed in Lasserre ], and
used below in the present context of nonlinear 0-1 programs.

3 Main Result

Consider the 0-1 optimization problem IP in (). Let the semi-algebraic set
K := {z € {0,1}"|gi(z) > 0,i=1,...m}

be the feasible set. For the sake of simplicy in the proofs derived later on, we treat
the 0-1 integrality constraints 27 = z; as two opposite inequalities g, +i(z) =
2? —x; > 0 and gpynii(z) = x; — 22 > 0, and we redefine the set IK to be

K = {gi(x) >0,i=1,...m+2n}. (8)

However, in view of the special form of the constraints g,,+x(x) > 0,k =1,...2n,
we will provide a simpler form of the LMI relaxations {®,} below.
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Depending on its parity, let wy := 2vg or wg := 2v; — 1 be the degree of the
polynomial gi(z), k = 1,...m + 2n. When needed below, for ¢ > maxy wy, the
vectors gp € IR*™*) are extended to vectors of IR*”) by completing with zeros.
As we minimize go we may and will assume that its constant term is zero, that
is, go(0) = 0.

For i > maxy, vy, consider the following family {@®,} of convex psd programs

inf za:(go)aya
@ Mi(y) = 0 (9)
Mi_y, (9xy) =0, k=1,...m+2n,

with respective dual problems

m4+2n
Sup —X(L1) - > 9(0)2(1,1)
Qf e =1 m+2n (10)
(X,Ba)+ > (Zk,CE) = (g0)as Yo # 0,
k=1

where we have written

Mi(y) = > Bavai Mi—u (98y) = Y Chya, k=1,...m+2n,

for appropriate real-valued symmetric matrices B,,C¥, k= 1,...m + 2n.

Interpretation of Q,. The LMI constraints of @, state necessary conditions
for y to be the vector of moments up to order 2i, of some probability measure
ty With support contained in IK. This clearly implies that inf Q; < p* because
the vector of moments of the Dirac measure at a feasible point of IP, is feasible

for Q,.

Interpretation of @. Let X, Z; = 0 be a feasible solution of @] with value p.
Write
X = tht;- and Z, = Ztkjtﬁcj, k=1,...m+ 2n.
J J

Then, from the feasibility of (X, Zy) in ®], it was shown in Lasserre [4/5] that

m—+2n

gol@) —p =Y ti(@P+ Y gil@) | Y ts(@)] (11)
j k=1 j

where the polynomials {¢;(z)} and {¢3;(z)} have respective coefficient vectors
{t;} and {tx;}, in the basis (£).

As p < p*, go(x) — p is nonnegative on IK (strictly positive if p < p*).
One recognizes in (1) a decomposition into a weighted sum of squares of the
polynomial go(x) — p*, strictly positive on IK, as in the theory of representation
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of polynomials, strictly positive on a compact semi-algebraic set IK (see e.g.,
Schmiidgen [9], Putinar [8], Jacobi and Prestel [2]). Indeed, when the set IK has
a certain property (satisfied here), the “linear” representation (1)) holds (see
Lasserre [4]5]). Hence, both programs ®,; and @] illustrate the duality between
the theory of moments and the theory of positive polynomials. Among other
results, it has been shown in Lasserre [5, Th. 3.3] that

inf@Q, 1t p* asi— oo. (12)

From the construction of the localizing matrices in (@), and the form of the poly-
nomials g; for i > m, the constraints M;_1(gm+xy) = 0 and M;_1(gm+n+ry) = 0
for k =1,...n (equivalently M;_1(gm+ry) = 0), simply state that the variable
Yo With o = (a1,...0ay), can be replaced with the variable yg with 8; = 1
whenever a; > 1. Therefore, a simpler form of @, is obtained as follows.

Ignore the constraints M;_,, (gry) = 0 for k = m + 1,...m + 2n, and make
the above substitution y, — yg in the matrices M;(y) and M;_,, (9x(y)), k =
1,...m. For instance, in IR? (n = 2), the matrix My(y) now reads

1 y10 Yo1 Y10 Y11 Yo1
Y10 Y10 Y11 Y10 Y11 Y11
Mo(y) = Yo1 Y11 Yo1 Y11 Y11 Yo1 (13)
Y10 Y10 Y11 Y10 Y11 Y11
Y11 Y11 Y11 Y11 Y11 Y1
Yo1 Y11 Yo1 Y11 Y11 Yo1

and only the variables yi0,yo1,¥11 appear in all the relaxations @,. Interpreted
in terms of polynomials, the integrality constraints z? = x;, i = 1,...n, imply

that a monomial x7'25? - - - % can be replaced by
B, B2 . Bn . o Oifa; =0
xy Ty xhn with f; {1 o > 1 (14)

Therefore, there are are no more than 2" — 1 variables yg, the number of mono-
mials as in ([[4), of degree at most n.

Remark 1. At any relaxation @,, the matrix M;(y) can be reduced in size. When
looking at the kth column M;(y)(., k), if M;(y)(1, k) = M;(y)(p) for some p < k,
then the whole column M;(y)(., k) as well as the corresponding line M;(y)(k,.)
can be deleted. For instance, with Ma(y) as in (I3)), the constraint Ma(y) = 0
can be replaced by

1 910 Yo1 Y11
7 Y10 Y10 Y11 Y11
M. = =0
Q(y) Yo1 Y11 Yo1 Y11 |
Y11 Y11 Y11 Y11

for the 4th and 6th columns of M (y) are identical to the 2nd and 3rd columns,
respectively. Thus, in the simplified form M;(y) of M;(y), one retains only the
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columns (and the rows) corresponding to the monomials in the basis (@) that
are distinct after the simplification 2 = x;. The same simplification occurs for

the matrices of the LMI constraints M;_,, (gry) = 0, k =1,...m.
Next, we begin with the following crucial result:

Proposition 1. (a) All the relazations Q; involve at most 2™ — 1 variables yq.
(b) For all the relazations Q; with i > n, one has

rank M;(y) = rank M, (y). (15)

Proof. (a) is just a consequence of the comment preceding Proposition [
To get (b) observe that with ¢ > n, one may write

Mn(y) | B
M;(y) = - -
B |C
for appropriate matrices B,C, and we next prove that each column of B is

identical to some column of M, (y). Indeed, remember from (@) how an element
M;(y)(k,p) can be obtained. Let y, = M;(y)(k,1) and yo = M;(y)(1,p). Then

Now, consider a column Bj; of B, that is, some column M;(y)(.,p) of M;(y),
with first element y, = B;(1) = M;(y)(1,p). Therefore, the element B(k) (or,
equivalently, the element M,(y)(k,p)) is the variable y, in (I6). Note that «
correspond to a monomial in the basis (@) of degree larger than n, say aj - - - .
Associate to this column B; the column v := M, (y)(., ¢) of M, (y) whose element
v(1) = M, (y)(1,q) = ys (for some ¢) with 8; = 0 if a; = 0 and 1 otherwise, for
all i = 1,...n. Then, the element v(k) = M, (y)(k, ¢) is obtained as

v(k) =ys withd;, = v+06;,i=1,...n.

But then, as for each entry y, of M;(y), we can make the substitution o; <+ 1
whenever a; > 1, it follows that the element v(k) is identical to the element
B(k). In other words, each column of B is identical to some column of M, (y).
If we now write M;(y) = [A|D] with A := [Mg(,y)], and D := {g}, then,
with exactly same arguments, every column of D is also identical to some column
of A, and consequently, ([[H) follows. O

For instance, when n = 2 the reader can check that M;3(y) has same rank as
Ms(y) in ([13). We now can state our main result:

Theorem 1. Let IP be the problem defined in (1) and let v := maxg—1,. m V.
Then for everyi >mn+v:

(a) Q; is solvable with p* = min Q;, and to every optimal solution x* of TP
corresponds the optimal solution

y* = (xT7...7x:“-~-7($L'y{)2i,"'7(x:1)2i) (17)
of Q.
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(b) Every optimal solution y* of @, is the (finite) vector of moments of a
probability measure finitely supported on s optimal solutions of IP, with s =
rank M;(y) = rank M, (y).

Proof. Let y be an admissible solution of @, _,. From Proposition [l we have
that rank M;(y) = rank M, (y) for all i > n (in particular for i = n + v). From
a deep result of Curto and Fialkow [1, Th 1.6, p. 6], it follows that y is the
vector of moments of some rank M, (y) atomic measure p,,. M,1(y) is called a
flat positive extension of M, (y) and it follows that M,,11(y) admits unique flat
extension moment matrices My 4+2(y), Mn+3(y), ete. (see Curto and Fialkow [1I, p.
3]). Moreover, from the constraints My, +y—v, (gry) = 0, for all k = 1,...m + 2n,
it also follows that p, is supported on IK. Theorem 1.6 in Curto and Fialkow [I]
is stated in dimension 2 for the complex plane, but is valid for n real or complex
variables (see comments page 2 in [I]). In the notation of Theorem 1.6 in Curto
and Fialkow [I], we have M (n) = 0 and M (n + 1) has a flat positive extension
M(n + 1) (hence unique flat positive extensions M (n + k) for all k > 1), with
Mg, (n+wv,) =0, k=1,...m+ 2n.
But then, as p, is supported on IK, it also follows that

S (a0ave = [ o0(e) (o) = 5

. K

From this and inf @, < p*, the first statement (a) in Theorem [I] follows for
i = n+wv. For ¢ > n+ v, the result follows from p* > inf Q;,; > inf Q,, for all 4.
Finally, y* in ([’7) is obviously admissible for @, with value p*, and therefore, is
an optimal solution of @,.

(b) follows from same arguments as in (a). First observe that from (a), @, is
solvable for all i > n+wv. Now, let y* be an optimal solution of ®,. From (a), y* is
the vector of moments of an atomic measure p,- supported on s (= rank M, (y))
points 21, - - - 2° € K, that is, with d¢.3 the Dirac measure at ".”,

s s
Moy = Z'y]é% with i Z 07 Z’yj = 1.
Jj=1 Jj=1

Therefore, from go(z7) > p* for all j = 1,...s, and

p*=min®Q; = Y (g0)ayi

:/I[(go(x)uy*(dx) - ;ngo(wj),

it follows that each point =/ must be an optimal solution of IP. a

Hence, Theorem [I] shows that every 0-1 program is equivalent to a convex psd
program with 2" — 1 variables. The projection of the feasible set of @Q,,,, onto
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the space spanned by the n variables y19...0, - - -, ¥o0...01 is the convex hull of IK in
®).

Interpretation . The interpretation of the relaxation @, is as follows. The
unknown variables {y, } should be interpreted as the moments of some probabil-
ity measure y, up to order n + v. The LMI constraints M, ,—., (gry) = 0 state
that

/gk (czj)q(a:)2 du > 0, for all polynomials ¢ of degree at most n,

(as opposed to only gi(z) > 0 in the original description). As the integral con-
straints #? = z; are included in the constraints, and due to the result of Curto
and Fialkow, the above constraint (for k& = 1,...m + 2n) will ensure that the
support of p is concentrated on {0, 1} N N7, {gx(z) > 0}].

For illustration purposes, we provide below the explicit description of the
equivalent convex psd programs for quadratic 0-1 programs and MAX-CUT
programs in IR3, respectively.

3.1 Quadratic 0-1 Programs

Consider the quadratic program min{z'Az |2 € {0,1}"} for some real-valued
symmetric matrix A € IR"*". As the only constraints are the integral constraints
x € {0,1}™, with n = 3, it is equivalent to the convex psd program

inf A119100 + A229010 + A33Y001 + 2A12y110 + 2A413Y101 + 2A23Y011
1 %100 Yo10 Yoo1 Y110 Y101 Yo11 Y111
Y100 Y100 Y110 Y101 Y110 Y101 Y111 Y111
Yo1o Y110 Yo1o Yo11 Y110 Y111 Yo11 Y111
M\s(y) Yoo1 Y101 Yoi1 Yool Y111 Y101 Yoi1 Y111 =0
Y110 Y110 Y110 Y111 Y110 Y111 Y111 Y111
Y101 Y101 Y111 Y101 Y111 Y101 Y111 Y111
Yo11 Y111 Yo11 Yo11 Y111 Y111 Yo11 Y111
L Y111 Y111 Y111 Y111 Y111 Y111 Y111 Yiaa |

where M;(y) is the simplified form of M;(y) (see Remark [I).

3.2 MAX-CUT Problem

In this case, go(z) := vAx for some real-valued symmetric matrix A = {A4;;} €
IR™"™ with null diagonal and the constraint set is {—1,1}™. Now, we look for
solutions in {—1,1}", which yields the following obvious modifications in the
relaxations {Q,;}. In the matrix M;(y), replace any entry y, by yg with §; =1
whenever «; is odd, and ; = 0 otherwise. As for 0-1 programs, the matrix M;(y)
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can be reduced in size to a simplified form ]\Z(y) (by eliminating identical rows
and columns). Hence, MAX-CUT in IR? is equivalent to the psd program

inf Aj9y110 + A13Y101 + A23Y011

1 %100 Yo10 Yoo1 Y110 Y101 Yo11 Y111
Y100 1 Y110 Y101 Yo10 Yoo1 Y111 Yo11
Yoo Y110 1 Yo11 Y100 Y111 Yoo1 Y101
M\s(y) Yool Y101 Yo11 1 Y111 Y100 Yo10 Y110 = 0.
Y110 Yo1o Y100 Y111 1 Yor1 Y101 Yoou
Y101 Yool Y111 Y100 Yo11 1 Y110 Yoio
Yo11 Y111 Yool Yo1o Y101 Y110 1 Y100
L Y111 Yo11 Y101 Y110 Yoo1 Yo10 Y100 1

Despite its theoretical interest, this result is of little value for computational
purposes for the number of variables is exponential in the problem size. However,
in many cases, low order SDP relaxations @Q;, that is, with ¢ < n, will provide the
optimal value p*. To illustrate the power of the SDP relaxations @, we have run
a sample of 50 MAX-CUT problems in IR'°, with non diagonal entries randomly
generated (uniformly) between 0 and 1 (in some examples, zeros and negative
entries were allowed). In all cases, min Q, provided the optimal value. The SDP
relaxation @, has one LMI constraint (Z\Z(y) = 0) of dimension 56 x 56 and 385
variables yg.

Remark 2. Consider the MAX-CUT problem with equal weights, that is,

*
P min E €T 33]
xE{ 1 1}”

From
e 17 1
n
S|+ = 3 [Sa] +5[3o0- a0
i<j i=1 i=1
we can prove that min @, = —n/2. Indeed, with e,, € IR" being a vector of ones,
let X € RMTUX(+) 7 R, be defined as
1 110
Zkzi,k:].,n, X = 2|:6n:| X[O,@n], (18)

so that X = 0 and —X(1,1) — >°7_, Zx(1,1) = —n/2. Thus, (X,{Zs}) is ad-
missible for Q] with value —n/2.

Let n =2p, and let x € IR" be defined asz; =1, ¢ =1,...p; v; = =1, i =
p+1,...n. Let y be the vector of first and second moments of the Dirac at =
(which, from M;(y) = 0, implies that y is admissible for ®,). Its value, i.e., the
sum of all y,’s corresponding to x;x;, Vi < j, is —n/2. Moreover,

on).x) = 3 2] x| )i - [g_jx] 0,
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so that y and (X, {Zx}) are optimal solutions of @, and @] respectively. It also
follows that —n/2 = p*, as z is feasible for IP.

Next, consider the case where n is odd. Let y be defined with the correspon-
dances

T > Yo =0;1=1,2,...ny2,2; = Yo :=—1/(n—1), Vi < j.

With X € R®FV*(+D) 7 ¢ R as in (I8), one may check that M (y) = 0 and
(Mi(y),X) = 0. The sum of all y, corresponding to z;z;, 1 < j is —n(n—1)/2 x
(n —1)~! = —n/2. Hence, again, y and (X,{Z};) are optimal solutions of @,
and @7 respectively. But y is not a moment vector and —n/2 is only a (strict)
lower bound on p*.

4 Conclusion

We have provided an explicit equivalent continuous convex psd program for
arbitrary constrained nonlinear 0-1 programs, the last in a finite hierarchy of
SDP relaxations. For practical computation, in many cases, an SDP relaxation
of low order is exact, i.e., provides the optimal value p*, as confirmed on the
MAX-CUT problem as well as on a (small) sample of nonconvex continuous
problems in Lasserre [4]. However, for large or even moderate size problems, the
resulting SDP relaxations @, might still be too large for the present status of
SDP software packages. Therefore, we hope that this work will help stimulate
further effort in designing efficient solving procedures for large SDP programs.
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Abstract. The paper presents a Branch-and-Cut for solving (0, 1) inte-
ger linear programs having a large symmetry group. The group is used for
pruning the enumeration tree and for generating cuts. The cuts are non
standard, cutting integer feasible solutions but leaving unchanged the
optimal value of the problem. Pruning and cut generation are performed
by backtracking procedures using a Schreier-Sims table for representing
the group. Applications to the generation of covering designs and error
correcting codes are presented.

1 Introduction

Let II™ be the set of all permutations of the ground set I™ = {1,...,n}. A
permutation in IT™ is represented by an n-vector 7, with 7[¢] being the image
of 4 under . If v is an n-vector and = € IT™, let w = w(v) denote the vector w
obtained by permuting the coordinates of v according to 7, i.e.

wlr[i]] = v[i] for all s € I"™.

We consider an ILP problem of the form

min ¢’ .2 (1)
s.t. Az >0,
ze€{0,1}",

where A is an m X n matrix. For a permutation m of the n variables such
that 7(c) = ¢ and a permutation o of the m rows of A such that o(b) = b, let
A(m, o) be the matrix obtained from A by permuting its columns according to
7 and its rows according to o. Let

G = {r | there exists o s.t. A(w,0) = A} .

Clearly, G is a permutation group of I"™. Moreover, for 7 € G, a point T is
feasible (resp. optimal) for the linear relaxation of the ILP () if and only if ()
is feasible (resp. optimal) for that ILP. Hence, G is a symmetry group of the
feasible (and of the optimal) set of the ILP.

ILPs with large symmetry groups are natural when formulating classical
problems in combinatorics, a.o. problems looking for a family of subsets of a

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 304-317] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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given set F/ with specified properties. In most cases, the elements in F are undis-
tinguishable and G is a group with order at least |E|!. The problem of scheduling
jobs on p parallel identical machines also yields ILPs with a natural symmetry
group with at least p! elements. For relatively modest size problems, it turns out
that the corresponding ILPs become very difficult (if not impossible) to solve
by traditional Branch-and-Cut techniques. The trouble comes from the fact that
many subproblems in the enumeration tree will be isomorphic, forcing a wasteful
duplication of effort.

In this paper, we assume that an ILP together with its symmetry group G is
given. We show how to use GG in order to prune efficiently isomorphic subproblems
and to help the search by generating isomorphism cuts (cutting integer feasible
solutions, but leaving the value of the optimal solution unchanged). This isomor-
phism pruning is compatible with standard cut generation techniques (Gomory
cuts, Lift-and-Project cuts, or specially designed cuts for the problem at hand).
The price to pay for the pruning is that the branching variable can no longer be
chosen arbitrarily.

While isomorphism rejection in backtracking searches has been used in many
applications [1, [3], [, [7], [8], [10], [11], [12], [13], [15], [17], [18], it is not
commonly used in a Branch-and-Cut (B&C) context. In most instances, the
symmetry group G is not assumed to be known and the backtracking search
has the additional task to produce it. The originality of the proposed approach
resides essentially in (i) the possibility of generating isomorphism cuts (that will
be shown to be efficient for the covering design problem), and (ii) the develop-
ment of algorithms for computing orbits and stabilizers of sets under a group,
taking advantage of the type of stabilizers and points in the queries needed by
the B&C.

Section Bl describes the pruning algorithm and Section [3] presents basic data
structures and algorithms for group operations. Section [4 describes the restric-
tions that can be put on queries for orbits and stabilizers generated during the
B&C. Section Bl introduces the isomorphism cuts. Finally, Section Bl presents
results on two applications, covering designs and error correcting codes.

We close this section with two basic definitions and a notation:

Let S C I™. To simplify the notation, we make no difference between a set
S and its characteristic vector. The orbit of S under G is

orb(S,G) ={S" CI1" | S = ¢(9) for g € G} .
The stabilizer of S in G is the subgroup of G given by:
stab(S,G) ={g € G| g(S) =S} .
For 1 < a < b < n, we write v[a..b] the entries {v[a],v[a 4+ 1],...,v[b]} of v
as an unordered set.
2 Isomorphism Test and Pruning

The proposed B&C will branch by fixing the value of one variable z; to 0 or
1. Since the ILP () has a large automorphism group G, it is very likely that
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several nodes in the enumeration tree will correspond to isomorphic problems.
Obviously, solving one of these isomorphic problems and pruning the others
would result in huge savings. One important goal is to do so without having to
keep in memory the list of all non isomorphic subproblems encountered since
the start of the algorithm. One way to achieve this is to define, for each isomor-
phism class of subproblems, one particular subproblem (called representative of
the class) that will be solved. Given a subproblem, we then just need to be
able to decide if it is a representative or not and, in the latter case, we can
prune the corresponding node of the B&C. Some care must be taken to ensure
that the representative subproblems form a subtree of the B&C tree including
the root. The general approach of isomorphism free generation of combinatorial
structures based on representatives was studied by Read [17]. A general theory
for isomorphism free generation, developed by McKay, can be found in [T5].

Let a be a node of the B&C enumeration tree. Let FY (resp. F§) be the set
of indices of variables fixed to 1 (resp. to 0) at a. Let F'* be the set of indices of
variables that are not fixed to 0 or 1 at a, variables also called free at a. Let b be
an other node and let F?, F® and F® be the corresponding set of indices of fixed
and free variables at b. The subproblems associated with nodes a and b of the
B&C are isomorphic if and only if there exist a permutation g € G, such that
g(F#) = F! fori =0,1.

Unfortunately, using this isomorphism test to identify subproblems that can
be pruned during the B&C would require the storage of a maximal set of non
isomorphic subproblems generated so far in the enumeration. Moreover, the com-
putation needed to find if g exists is not trivial and would be required for many
pairs of subproblems. Using the definition of a representative, we can use a slight
relaxation of the isomorphism test that turns out to be practical. The price to
pay for the simplification is that we will no longer be free to branch on any
variable of the ILP: At node a, the branching variable will have to be z; where
f is the minimum index in F'* (even if the value of ; in the current solution
of the LP relaxation is 0 or 1). The variable z is called the branching variable
at a. This branching strategy is called minimum index branching (MIB). The
enumeration tree (containing only nodes that are not pruned) generated by a
Branch-and-Bound B using the LP relaxation of (Il) to prune only infeasible
subproblems is called the full enumeration tree of B.

A set S C I™ is a representative if S is lexicographically minimum among
the sets in its orbit under G. The following property is crucial for the validity of
the pruning:

Lemma 1. Let S C I"™ be a representative under G. Let S’ == S — v with
v=mazx {w € S}. Then S’ is also a representative.

Proof. Tt S’ is not a representative, then there exists g € G such that g(S’) is
lexicographically smaller than S’. Then ¢(S) is lexicographically smaller than S,
a contradiction. O
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Consider the following isomorphism pruning (IP) to be applied on nodes of
the enumeration tree of a B&C': If F}* is not a representative, then prune node
a.

Lemma 2. Let 7 be the full enumeration tree of a BEC B using MIB. Let S be
the nodes in T that are not pruned by IP. Then

(i) S induces a subtree of T containing the root of T;
(ii) The B&C B’ obtained by adding IP to B returns the same optimal value as
B.

Proof. (i): Let a € S and let b € 7 on the path between the root and a in 7.
Then F{ is a representative and, by the choice of branching strategy, F} is the
set of the |FP| smallest entries in F*. By Lemma [Il F} is a representative, i.e.
beS.

(ii): Let a be a node of 7 for which F{ is an optimal solution to ILP ().
Then the representative of the orbit of Ff* under G is a set F'*, and thus there is
anode b € S with F? = F*. By (i), the full enumeration tree of B’ is the subtree
induced by S in 7, implying that B’ will process node b at some point, yielding
the same optimal value as the one returned by B. a

When solving a subproblem a, it is sometimes possible to identify variables
that may be set to 0 without affecting the optimal solution returned by a B&C
using MIB and IP. Consider the following operations:

(i) Let b be the father of a in the enumeration tree and let ; the branching
variable at b. If a is the son of b where z; is set to 0 then set to 0 all free
variables in orbd(f, stab(F{, G)).

(ii) Let f = min {r € F*}. If F{* U f is not a representative, then fix to 0 all
free variables in orbd(f, stab(F¥, G)).

Applying these operations (repeatedly for (ii) if possible, i.e. until no free
variable exists or until F{*U f is a representative) is called a 0-fizing. The output
of the 0-fixing is the value f in (ii) for which F{* U f is a representative, or n+ 1
is no such f exists.

Remark 1. Trivially, the variables set to 0 during a O-fixing at node a have all
an index larger than the maximum index M in F}, since all variables in F'* have
index larger than M. ad

Lemma 3. Consider a B&C B using MIB and IP and let B’ be the B&C ob-
tained by adding 0-fizing in B. Then the optimal values returned by B and B’
are equal.

Proof. Let a be a node of the full enumeration tree 7 of B for which F{' is an
optimal solution to ILP (). Then F{ is a representative. Assume that no node
b in the full enumeration tree 7/ of B’ has F¥ = F. Hence there exists a node
¢ € 7/ such that Ff contains the |Ff| smallest indices in F{* and, during the
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0-fixing at ¢, one of the variables in F{* — FY is fixed to 0. Assuming that c is
chosen as close as possible to the root, we then have j € orb(f, stab(Ff,Q)) for
some j € F{' — Fy and f € F§ with

max{r € F{} < f <m:=min{r € (F}* —F)} <j.

The first inequality comes from Remark [[] and the second one from the fact that
FFUm is a representative: If m is fixed to 0 during the O-fixing at ¢, then it is
from a f < m and if m is not fixed to 0, then all f considered during the 0-fixing
are smaller than m.

Thus there exists g € stab(Ff,G) such that g[j] = f. Then g(Ff U j) =
FY U f which is lexicographically smaller than Fy Um, proving that F}* is not a
representative as FY U j C F}, a contradiction. a

It remains to show how to compute orb(f, stab(F{, G)) and how to test if a
set is a representative or not. This will be covered in Section[4]. In the remainder
of the paper, the B&C is assumed to use MIB, TP and 0-fixing. The operations
performed at node a in the enumeration tree are thus:

r := O-fixing(a);
Repeat until a criterion is met
solve the LP relaxation;
generate cuts;
If » < n+ 1 then create two sons of a by fixing z,. to 0 or 1;

3 Group Representation and Basic Algorithms

Essentially two options are available to represent a permutation group G: The
explicit representation or a representation by generators. The explicit representa-
tion simply store in a list each permutation in G. A representation by generators
store only a subset {g1, ..., gk} of the permutations in G, with the property that
any permutation in G can be written as a product of permutations in the subset.
If |G| is small, the explicit representation might work well, but in most cases of
interest a representation by generators is required. The operations of interest
listed above are also, usually, faster with the representation by generators.

We use the Schreier-Sims representation of G (also called strong generators)
I, 21, 8], [, [10], [, [12). Let

Go=G
Gi={g9eGo|gll]=1
Go={g€G1]g[2] =2

Gn = {gEanl |g[n] :n} .

(G1 is simply the stabilizer of 1 in G and G; is the stabilizer of ¢ in G;_1. It
follows that Gy, G1,...,G, are nested subgroups of G.
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For k = 1,...,n, let orb(k,Gx—1) = {j1,...,Jp} be the orbit of k under
Gr—1. Then for each 1 <7 < p, let h ;, be a permutation in G_; sending k on
Ji> 1.e. hyj, [k] = ji. Let Up = {hpj,, ..., hrj,}. Note that Uy is never empty as
orb(k,Gj_1) always contains k.

Arrange the permutations in the sets Ug, Kk = 1,...,n in an n X n table T,

with
T . — hkﬂ' ifj S OTb(k',Gk_1),
kg = (0 otherwise.

The table T is called the Schreier-Sims representation of G. This table is not
uniquely defined, as there is usually a choice for the permutations included in
the sets Uy. However, the general shape of the table (i.e. which entries are empty
or not) is fixed.

Remark 2. Tt is more efficient to implement the table as a vector of ordered
lists instead of a 2-dimensional table, as most entries in the table are usually
empty. However, algorithms are simpler to describe and understand for the 2-
dimensional table. The actual implementation uses a vector of ordered lists. O

Remark 3. The most interesting property of this representation of G is that each
g € G can be uniquely written as

g = gl . 92 ..... gn (2)

with ¢g; € U; for ¢ = 1,...n. Hence the permutations in the table form a set
of generators of G. It is called a strong set of generators, since the equation (2
shows that g € G can be expressed as a product of at most n permutations in
the sets.

Given a permutation g € G, it is easy to find the n permutations g1, ..., g,
of equation (2)): the permutations ga, ..., g, all stabilize point 1, forcing ¢, to be
T[1,g[1]]. Then, as gs, .. ., g, all stabilize point 2, we must have (g1 -g2)[2] = ¢[2],
ie. g2[2] = (97" - 9)[2] and thus go = T[2, (97 " - 9)[2]]. A similar reasoning yields
g3,y 9n- O

It is possible to make a small generalization of the presentation by ordering
the points of the ground set in an arbitrary order (3, called the base of the table.
In that case, the subgroups G(3), for k = 1,...,n are defined as the stabilizer of
Blk] in G(B)k—1, with G(8)o = G. The corresponding table is denoted by T'(3).
Row k of T'(3) corresponds to the element k, U ()}, is the set of non empty entries
in row k of T(8) and J(3), denotes the set of indices {j € I | T(8)[k, j] # 0},
also called the basic orbit of k in T, following the terminology of [12]. When the
base [ is fixed, we sometimes drop the qualifier (5) in these symbols, but from
now on each table T is defined with respect to a base.

Remark 4. For any k € {1,...,n}, replacing rows G[1],...,0[k — 1] in T(B)
by identity rows yields a Schreier-Sims representation of G(3),—1. Hence the
permutations on rows S[k], ..., B[n] of T(3) form a set of generators of G(8)x—_1.
O
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Two natural questions arise: How can we create the table T'(3), knowing the
group G either explicitly or by a family of generators, and how can we change
the base 3 of the representation. Algorithms for performing these operations
can be found in [1], [3], [4], [10], [11], [12]. The implemented algorithm to create
the table is closest to [10], with worst case complexity in O(n°). The algorithm
for changing the base is essentially the algorithm in [4], blended with basic
algorithms of [10], taking advantage of the fact that the base changes that arise
during the course of the B&C are of a particular kind: Suppose that T'(3) is
the table at a node of the enumeration tree. As we will see in Section Hl the
base (3 for any of its sons can be obtained through a few applications of the
following operation (called downing of a point v): Assume that v = G[k] and let
k <r < n. Let §' be the permutation obtained from 3 by moving the entry v to
position r of 3, keeping the other entries in the same order as in 3. The worst
case complexity of this modified base change algorithm is in O(n?*) for downing
a single point.

An algorithm with worst case complexity of O(n®) or even O(n*) might
seem impractical for values of n > 100. It turns out that these bounds are
very pessimistic and that the amount of time spent in performing these group
operations during the B&C stays well below 5% of the total cpu time in typical
applications.

4 Orbits, Stabilizers, and Representatives

We are interested in performing the following operations that were mentioned in
Section 2} Computing the orbit of a point in the stabilizer of a set and deciding
if a set is lexicographically minimum in its orbit under G.

Standard algorithms for computing orbits under a group G’ [2], [I0] usually
return a partition of the ground set into orbits. Here, we only need the orbit of a
particular point v and it seems a waste of effort to compute all the disjoint orbits
and keep only the one we are interested in. If G’ was given by a Schreier-Sims
table, it would be of course possible to make a change of basis so that v becomes
the first entry of the basis, since, by definition, non empty entries in row v of
the table will be the orbit of v under G, = G’. In our particular case, however,
G’ is the stabilizer of a set in G and building the table for G’ would be quite
expensive.

We thus devised a backtracking algorithm for computing the orbit of a single
point in the stabilizer of a set in G. It takes advantage of the fact that we might
assume that the basis § of the group at node a of the enumeration tree has the
following structure: Variables set to 1 at a (i.e. F{*) come first in 3, then the free
variables (F'*), and then the variables set to 0 at a (F§).

The data structure associated with group G at node a of the B&C is the
following:

table: T base: [
integer: fized_one vector: part_zero
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The table T is just a Schreier-Sims representation of the group with base (.
The variable fized_one gives the number of variables in F}* and

F = B[1..fized_one] with Bl] < --- < B|fized-one] .

The vector part_zero is used to store information about variables fixed to 0. For
i=1,..., fized_-one, B[part_zeroli]..n] are the variables that have been fixed to
0 before ([i] was set to 1. For ¢ = fixzed_one + 1, B[part_zeroli]..n] = F§, i.e. all
the variables currently fixed to 0 at a. The remaining variables (the free ones)
appear in 0 in increasing order of their index, after variables in F}* and before
variables in Fi§'. Note that this structure of ( is easy to maintain throughout the
B&C: When the 0-fixing is performed (or a variable is set to 0 by branching),
free variables in a set U become fixed to 0. To update the table, simply use
the procedure for changing the base by downing a point, moving one by one
the variables in U. When a variable is fixed to 1 by branching, it is always the
free variable with smallest index, and the basis (and thus the table) remains the
same.

The backtracking procedure computes the orbit of S[k] in the stabilizer of
the points in G[1..k — 1]. Due to the particular structure of the base 3, this is
exactly the operation of computing orb(f, stab(F{,G)) with f = min {r € F%}
needed in Section[2 if we use k = |F{| + 1.

The procedure is a recursive procedure orb_in_stab() (described below) called
from the following initializing procedure:

orbit_in_stabilizer(n,T, (3, k)

/* Returns the orbit of ([k] in stab(f[l..(k —1)],G) where G
is the group represented by 7 with base [ */

Jr = basic orbit of ([k] in T;

ident = identity permutation in II";
remain := B[1..k — 1];

orbit := Jy;

orb_in_stab(n,T, 3, k, Ji, ident, remain, orbit, 1) ;
return (orbit) ;

The parameters of the call to orb_in_stab() have the following interpretation:
perm is a permutation in G sending ([1..ind — 1] on a subset B C p[1..k — 1];
remain is the set perm~='(B[1..k — 1] — B); Ji is the basic orbit of 3[k] in T'; orbit
is the set of points currently known in the orbit of Sk] in stab(8[1..(k — 1)], G);
(orbit is passed by reference during the recursive calls;) ind refers to the point
Blind] being treated during the current call.
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orb_in_stab(n,T, (3, k, Ji, perm, remain, orbit, ind)

For each i € remain do
h := T[B[ind],1];
If h# 0 then
loc_remain = remain — i;
loc_remain := h=(loc_remain);
loc_perm := perm - h;
If ind < k—1 then
orb_in_stab(n, T, 3, k, Ji, loc_perm,loc_remain, orbit,ind + 1) ;
else
For each j € Ji do orbit := orbit U perm|j|;

Proposition 1. The algorithm orbit_in_stabilizer() is correct.

Proof. Let S = B[1..(k — 1)]. If k = 1, stab(), G) = G and the orbit of $[1] in
G is Ji, as returned by the algorithm. Otherwise, we have k > 2. By Remark [2]
stab(S, G) is generated by all permutations g such that g(S) = S with

and g; € Ugp fori = 1,...k, h € Gy. Since h[B[k]] = B[K],

orb(B[k],stab(S, G)) =
fvel"fv="_(g1- - gr)1Bk]], gi € Ugpy for i = 1,.. .k, g(S) = S} .

Assume that g; = T[B[i],j;] for ¢ = 1,...,k — 1. The condition ¢(S) = S
implies j; € S. Moreover, if k > 3 then (g1 - g2)[2] € S — j1 and thus g2[2] €
g7 (S — j1). In general, for index 2 < ind < k — 1, we have

ginalind] € (gik 1 (. (97 (g7 (S = 1)) — j2)) =+ — Jina—1)) - (3)

Note that the set in (@) is exactly the parameter remain of the call to
orb_in_stab() with value ind as last parameter. That procedure simply selects
an index in this set, update perm and remain and calls itself recursively with
ind + 1 until ind = k — 1 or no permutation h is found. In the former case,
greeoe gi—1(S) = perm(S) = S and it adds perm|j] for all j € Jy. This amounts
to compute (perm - gi)[B[k]] for all g, € Ugpy). In the later case, the algorithm
backtracks to ind — 1, since no permutation in G stabilizes S with the current
choice of permutations ¢i, ..., ginq—1- Since at each level in the recursion, all
possible choices for g;,q4 are explored, the algorithm indeed returns the desired
orbit. ad
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Remark 5. As observed in the justification above, the set in (3]) is the current
set remain. A weaker statement about this set is that remain C perm=1(S), as

-1 -1 -1 -1
perm” =g, 4 193 ‘91
O

Let us now turn to the question of deciding if set S = B[1..k] is the lexico-
graphically minimum set in orb(S, G). Note that for k = |F*| 4 1, this is exactly
the same question as deciding if F{*'Uf is a representative, with f = min {r € F%}
mentioned in Section 2l We assume that § has the structure stated at the be-
ginning of this section.

first_in orbit(n,T, k)

/* Returns ‘‘true’’ if and only if f[l..k] is
lexicographically minimum in orb(g[1..k],G) *

ident := identity permutation in II";
remain = B[1..k];
is_first := true;

f_in_orb(n, T, k,ident, remain, 1,is_first) ;
return(is_first) ;

The parameters perm, remain and ind in the call to f.in_orb() are similar
to the same parameters in the call of orb_in_stab(). The parameter is_first is
passed by reference and is used to stop the procedure as soon as it is known that
B[1..k] is not lexicographically minimum in orb(8[1..k], G).

f_in orb(n, T, k, perm, remain,ind,is_first)

If is_first = false then return;
For each i € remain do
h:=T[B[ind],i];
If h#( then
loc_remain := remain — i;
loc_remain := h=(loc_remain);
loc_perm := perm - h;
For each j € loc_remain do
If B7Yj] > part_zerolind + 1] then
is_first := false;
return;
If ind < k then
f_in orb(n, T, k,loc_perm,loc_remain,ind + 1,is_first) ;

Proposition 2. The algorithm first_in_orbit() is correct.
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Proof. Suppose that the condition
B 4] > part_zero[ind + 1]

in procedure f_in_orb() is satisfied. This condition means that there exists a point
J in loc_remain that has been fixed to 0 before fixing S[t] to 1 and (if ¢t > 2)
after fixing B[t — 1] to 1, for some ¢ < ind + 1. Let

S := perm(B[1..ind)) C B[1..k] ie. perm~(S) = B[1..ind] .

Moreover, as pointed out in Remark[Hl (the algorithms are similar, so this remark
holds here too), loc_remain C perm~=1(B[1..k]) and since it is disjoint from S,
we have

j = perm™[B[s]] for some s € {ind+1,...,k} .

Since j was fixed to 0 before setting 3[t] to 1, we have, for some w < S[t],
j € orb(w, stab(B[1..t — 1], G)) .
Hence there exists a permutation
p € stab(B[1..t — 1], G) with p(j) =w.
Let T := perm(B[1..t — 1]) C S. As p(B[1..t — 1]) = B[1..t — 1], we have
(p-perm™)(T) = B[1..t — 1] and (p-perm™H)[B[s]] = w < Bt] .

Thus (p - perm™1)(B[1..t — 1] U B[s]) = B[1..t — 1] U w is lexicographically
smaller than fS[1..t]. It follows that when the algorithm returns “false”, the set
B[1..k] is indeed not lexicographically minimal in its orbit under G.

Suppose now that the set B[1..k] is not lexicographically minimal in its orbit
under G. Hence, there is a smallest index 1 < ¢ < k such that §[1..t — 1] is
lexicographically minimal in its orbit under G, but 3[1..t] is not. Let p € G such
that p(B[1..t]) is lexicographically smaller than 3[1..t]. By Remark Bl we can
write
with h; € Ugy for i =1,...,n. Observe that the choice of ¢ implies that

p(B[1..t])) = B[l.t —1JUw for some w < S[t]
and w fixed to 0 before setting 3[t] to 1. We have
p Y(Bl.t—1)uw) = B[1..t] and thus  p '[w] = B[s] for some s € {1,...,t}.

During the recursive calls to f_in_orb(), a permutation perm will occur with
perm|B[i]] = p~1[B[i]] for i = 1,...,t — 1, namely

perm =hy - hi_q
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with h; = T[Bi],p~ [Bi]]] for i = 1,...,t — 1. Let z := perm~[3[s]]. Observe
that

(perm™' - p~[w] = 2 and perm™' - p~t € stab(B[1..t — 1],G) .

Hence z € orb(w, stab(B[1..t — 1],G)) and z was fixed to 0 with w (or earlier).
It follows that loc_remain contains z and that 371[z] > part_zero[t], implying
that the algorithm will return “false”. ad

Crude bounds on the worst case complexities for these two backtracking
procedures are O(n - k!) and O(n - (k 4+ 1)!), respectively, but they turn out to
be orders of magnitude faster on average, making them practical. (Values of k
in the range of 20 to 40 with n > 200 appear routinely in applications and are
handled efficiently).

Remark 6. For clarity, the algorithms orb_in_stab() and first_in_orbit() were pre-
sented separately, but it is possible to take advantage of their similarities to
merge them into one single recursive procedure. O

5 Isomorphism Inequalities

Let a be a node of the enumeration tree and H® be the set of variables that
are not fixed to 0 at node a. Suppose that there exists J C H® such that the
representative J* of the orbit of J under stab(Ff, G) is lexicographically smaller
than FY'. Then if a node b in the descendants of a with J C Flb exists, this node
will be pruned by IP. Hence, the isomorphism inequality

Sy <|a -1 (4)

jeJ
is valid in the subtree rooted at a. Moreover, if the whole restricted enumeration
tree is explored by a depth-first search, always selecting first the son d where the
branching variable is set to 1, then the sets F{! are enumerated in lexicographic
order, starting with the smallest one. It follows that if an inequality (@) is gen-
erated at a, it is valid for the rest of the enumeration, i.e. it can be considered
global.

The (exact) separation algorithm for the isomorphism inequalities is similar
to the backtracking procedure for testing if a set is lexicographically minimal
in its orbit under a stabilizer. Crude estimates for its worst case complexity is
in O(n - |[H*|!) but, in practice, it is able to handle efficiently instances with
|[H*| > 100 and n > 200. The algorithm can also be turned to an heuristic
separation algorithm by working with a subset H C H® instead of H®, if needed.

6 Applications

We use the software ABACUS (version 2.2) developed by Thienel [9] as generic
implementation of all B&C steps (isomorphism pruning excepted) and the LP
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solver is CPLEX6.6. We briefly describe preliminary results obtained on two
applications: covering designs and error correcting codes.

Let V be a set of elements of cardinality v and let & and ¢ be integers such
that v > k >t > 0. Let K be the set of all k-subsets of V' and 7 be the set of
all t-subsets of V. A (v, k,t)-covering design is a collection C of sets in IC such
that each ¢ € T is contained in at least one set of C. A (v, k, t)-covering design
C is minimum if the cardinality of C is as small as possible.

Covering designs have a long history and have applications in statistics, cod-
ing theory and combinatorics, among others. Numerous theorems give the value
of a minimum covering design under certain assumptions on the parameters (see
the survey [16]). Yet, for particular values of the parameters, only lower and up-
per bounds are available. A case point is the (10, 5, 4)-covering design, for which
a lower bound of 50 and an upper bound of 51 are known [6].

Running the described B&C algorithm for the (10, 5, 4)-covering design prob-
lem, pruning nodes as soon as their associated LP relaxation has value strictly
larger than 50, we obtain a proof that no solution better than the best known so-
lution of 51 exists (see [14] for the ILP formulation and details). The ILP has 252
variables, 384 inequalities and the symmetry group G has order 10! = 3'628'800.
The average number of non empty entries in the Schreier-Sims table over all
nodes of B&C is about 550. There are only 313 nodes in the enumeration tree
and the cpu time (in seconds) is distributed as follows (the machine used is an
HP-J5000 running HP-UX10.20 with two 440MHz PA-8500 RISC CPUs): Total
cpu time: 75.99, LP cpu time: 66.13, Pool separation for inactive inequalities:
0.97, Separation for isomorphism inequalities: 4.72, Representative test algo-
rithm: 2.34.

Although the separation for isomorphism inequalities might seem time con-
suming, this should be balanced with the fact that not using these inequalities
makes the B&C enumeration tree grow from 313 nodes to well above 400. (These
numbers and running times are better than those in [14] where no 0-fixing and
a less general isomorphism pruning were used). It is worth noting that prov-
ing that this ILP has no solution with value 50 is not doable by the B&C of
CPLEXG6.6.

An error correcting binary code with distance d and word length w is a
collection C of binary w-vectors such that the Hamming distance between any
pair of vectors in C is at least d [5]. The maximum number of vectors in C is
denoted by A(w,d). Here also, for small values of w and d, only bounds on
A(w,d) are known. For example, 72 < A(10,3) < 79. A simple set partitioning
problem with one variable per binary w-vector with at least three 1’s yields an
ILP with a group of order w!. This ILP for finding A(8, 3) is difficult for the B&C
of CPLEXG6.6 as it needs about half a million nodes and 4 hours CPU to prove
optimality of a given solution. The isomorphism pruning algorithm described in
this paper, however, does it in 95 nodes and 13 seconds CPU. The ILP has 219
variables, 347 inequalities and the symmetry group G has order 8! = 40'320.
The average number of non empty entries in the Schreier-Sims table over all
nodes of the B&C is about 315. The cpu time (in seconds) is distributed as
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follows: Total cpu time: 13.46, LP cpu time: 11.80, Pool separation for inactive
inequalities: 0.04, Separation for isomorphism inequalities: 0.04, Representative
test algorithm: 0.79.

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

. Butler G. “Computing in Permutation and Matrix Groups II: Backtrack Algo-

rithm”, Mathematics of Computation 39 (1982), 671-680.
Butler G., Fundamental Algorithms for Permutation Groups, Lecture Notes in
Computer Science 559, Springer (1991).

. Butler G., Cannon J.J., “Computing in Permutation and Matrix Groups I: Normal

Closure, Commutator Subgroups, Series”, Mathematics of Computation 39 (1982),
663-670.

Butler G., Lam W.H., “A General Backtrack Algorithm for the Isomorphism Prob-
lem of Combinatorial Objects”, J. Symbolic Computation 1 (1985), 363-381.
Conway J.H., Sloane N.J.A., Sphere Packings, Lattices and Groups, Springer
(1993).

Etzion T., Wei V., Zhang Z., “Bounds on the Sizes of Constant Weight Covering
Codes”, Designs, Codes and Cryptography 5 (1995), 217-239.

Gibbons P.B., “Computational Methods in Design Theory”, in: The CRC Handbook
of Combinatorial Designs, Colbourn C.J., Dinitz J.H (eds.), CRC Press (1996),
718-740.

Ivanov A.V., “Constructive Enumeration of Incidence Systems”, Annals of Discrete
Mathematics 26 (1985), 227-246.

Jiinger M., Thienel S., “Introduction to ABACUS — A Branch-And-CUt System”,
Operations Research Letters 22 (1998), 83-95.

Kreher D.L.; Stinson D.R., Combinatorial Algorithms, Generation, Enumeration,
and Search, CRC Press (1999).

Leon J.S., “On an Algorithm for Finding a Base and a Strong Generating Set
for a Group Given by Generating Permutations”, Mathematics of Computation 35
(1980), 941-974.

Leon J.S., “Computing Automorphism Groups of Combinatorial Objects”, in Com-
putational Group Theory, Atkinson M.D. (ed.), Academic Press (1984), 321-335.
Luetolf C., Margot F., “A Catalog of Minimally Nonideal Matrices”, Mathematical
Methods of Operations Research 47 (1998), 221-241.

Margot F., “Small Covering Designs by Branch-and-Cut”, Research report 2000-
27, Department of Mathematics, University of Kentucky.

McKay D., “Isomorph-free Exhaustive Generation”, Journal of Algorithms 26
(1998), 306-324.

Mills W.H., Mullin R.C., “Coverings and Packings”, in: Contemporary Design The-
ory: A collection of Surveys, Dinitz H., Stinson D.R. (eds.), Wiley (1992), 371-399.
Read R.C., “Every One a Winner or How to Avoid Isomorphism Search When Cat-
aloguing Combinatorial Configurations”, Annals of Discrete Mathematics 2 (1978),
107-120.

Seah E., Stinson D.R., “An Enumeration of Non-isomorphic One-factorizations
and Howell Designs for the Graph K1 minus a One-factor”, Ars Combinatorica
21 (1986), 145-161.



Facets, Algorithms, and Polyhedral
Characterizations for a Multi-item Production
Planning Model with Setup Times*

Andrew J. Miller', George L. Nemhauser?, and Martin W.P. Savelsbergh?

1 CORE, 34 Voie du Roman Pays, 1348 Louvain-la-Neuve, Belgium,
miller@core.ucl.ac.be
2 Georgia Institute of Technology, School of Industrial and Systems Engineering,
Atlanta, GA 30332-0205, USA, {george.nemhauser ,mwps }@isye.gatech.edu

Abstract. We present and study a mixed integer programming model
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of the convex hull of this model; among other results, we present valid
inequalities that induce facets of the convex hull in the general case,
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1 Introduction

One of the most successful techniques that has been used to solve integer pro-
gramming (IP) and mixed integer programming (MIP) problems is the applica-
tion of polyhedral results for structured relaxations of these problems. Pioneering
work in this area includes Crowder, Johnson, and Padberg [1983], who showed
that valid inequalities for knapsack sets defined by single rows can be used to
solve IP’s; and Padberg, Van Roy, and Wolsey [1985], who showed that valid in-
equalities for single—node fixed charge (SNFC) flow models can be used to solve
structured MIP’s.
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In this paper we introduce a model that occurs as a relaxation of many
structured MIP problems. We derived this model from a single period of the
multi-item capacitated lot—sizing problem with setup times (MCL), studied by
Trigiero, Thomas, and McClain [1989], among others. In this relaxation the
decision variables considered include those that represent inventory carried over
from the preceding period; therefore we call this relaxation PI, for preceding
inventory. PI can be formulated

P P P
min Zpixi + Z 'yt + Z h's (1)
i=1 i=1 i=1

subject to
i+st>di=1,..,P, (2)
P P
D rHd <. (3)
=1 =1
' <(c—thy'i=1,..,P, (4)
zh,st>0,i=1,..,P, (5)
y' e {0,1},i=1,..,P. (6)

PI can be viewed as a singlenode, multi-item fixed charge flow model with
two inbound arcs (see Figure [l). The first of these arcs has a capacity ¢ jointly
imposed on P items. A fixed capacity usage t* > 0 is incurred if any amount of
item i is shipped along this arc. (If capacity is measured in time units, then t*
can be considered a setup time for item i.) The variable 2% is the flow along this
arc, with unit cost p’; * is the setup variable for i, and the setup cost is ¢*. The
second arc can also be used by each item. This arc is uncapacitated, and there
are no fixed costs associated with flow on it. The variables s’ represent flow on
this second arc; the unit cost for shipping i along this arc is h*. The total amount
of flow shipped along these two arcs must be at least d*,i = 1,..., P. Let P =
{1,..., P}; if h* < 0 for any i € P, PI has unbounded optimum. We will therefore
assume that h* > 0,7 = 1,..., P. Also, we assume that ¢ > 0,7 = 1, ..., P, which
ensures that in every optimal solution, y* = 1 if and only if ' > 0. Thus, a setup
in PI occurs if and only if there is flow or production, which is also generally
true in industrial applications.

In addition to MCL, PI provides a relaxation for other production planning
problems, as well as for other structured MIP’s, such as fixed charge network
flow problems. When ¢! = 0,7 = 1, ..., P, PI resembles SNFC, though even in
this case PI has a different, more complicated structure than SNFC, due to the
demand constraints () and the slack/inventory variables s. The possibility of
having strictly positive setup times in PI allows it to provide a tighter relaxation
of many structured MIP’s. The results for PI presented here are valid for the
case when setup times are 0 for all items, as well as for the case when they are
strictly positive for some or all items. In both cases the results are new, to the
best of our knowledge.
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A
1
2i=1..P v
P ’ .z :
Z(xi_i_tiyi) <e di=1...P
i=1

Fig. 1. Singlenode multi-item flow model with two arcs

PI is N"P-hard, but the special case of PI in which setup times and demand
are constant for all items, called PIC, is polynomially solvable. PI remains N'P—
hard if either setup times or demand, but not both, are constant for all items.

We now summarize the contents of this paper. In Section [2, we give basic
polyhedral results that will be used in the development of later sections. In
Section [3] we define new, facet—defining valid inequalities for PI. In Section []
we discuss polynomial reductions from other A/P—hard problems to PI, and we
define a polynomial algorithm for the special case PIC. In Section[5], we give an
integral extended formulation for PIC that is related to the algorithm defined
in Section [ By considering the projection of this formulation onto the (x,y, s)
space, we show that the valid inequalities that we define for the general case of
PI suffice to solve the special case PIC by linear programming (LP). We define
combinatorial separation algorithms for these inequalities for PIC in Section

Throughout, many proofs are omitted or summarized. Detailed proofs for
many of the results in Sections [ and Bl can be found in Miller et al. [2000al;
detailed proofs for many of the results in Sections @l and Blcan be found in Miller
et al. [2001]. Even more detail can be found in Miller [1999].

Finally, we remark here that computational experience using the inequalities
presented for PI in solving MCL confirms the expectation that they should be
effective in solving MIP problems that have substructures of the form PI (Miller
et al. [2000b]).

2 Basic Polyhedral Results

Denote the set of points defined by (E)-(6) as XTI If ¢ > t'i = 1,.... P,
conv(X F1) is full-dimensional; under similarly mild conditions, constraints (Z),
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@), and @), as well as the bounds x* > 0,i = 1,.., P, and y* < 1,i = 1,..., P,
yield facets of the convex hull. One family of nontrivial facet-inducing inequali-
ties is given by

Proposition 1. If ¢ > t' + d°, the valid inequalities

sCHdiyt > d (7)
induce facets of conv(XT1) i=1,...,P.

These inequalities correspond to the (I, .S) inequalities for the uncapacitated lot—
sizing problem, introduced by Barany, Van Roy, and Wolsey [1984]. Moreover,
they imply the bounds s’ > 0,7 = 1,..., P, which therefore never induce facets
of conv(X 7).

We now characterize the extreme points and rays of conv(X1). Given an
extreme point (Z,9,5) of conv(XFT), let Q = {i € P : ¢° = 1}. Also, let
Qu=1{iecQ :2=d,58 =0} let Q ={i € Q:2 =0,5 = d'}, and let
Qr={icQ:z" >0,z #d}.

Proposition 2. In every estreme point (7,7, 5) of conv(XF1), Q = Q. UQ,UQ,.,
and #* = 0,7° = 0,58 = d',i € P\ Q. Moreover, either (i) Q, = 0; or (ii)
Q=1 and 3" =c— 3 ,cq (' +d') =20, t' =17, = 1,5 = (d" —3")F,
where Q, = {r}.

It is clear that the extreme rays of conv(X*7) are s* = 1,7 = 1,..., P. Thus,
we can characterize conv(X 1) by its extreme points and rays. We now discuss
which extreme points are possible optimal solutions of X 1.

Definition 1. The point (Z,7,5) is a dominant solution of X1 if there ea-
ists some cost vector (p,q,h), such that ¢¢ > 0,h* > 0,i = 1,..., P, for which
optimizing (1)) over XT1 yields (Z,y,3) as the unique optimal solution.

This following result is crucial for the development in Section [l

Proposition 3. The point (z,v,s) is a dominant solution of X1 for PI if and
only if (i) (x,y,s) is an extreme point of conv(XT1): and (ii) y* = 1 if and only
ifz* >0,i=1,...,P.

This proposition says that a setup for an item does not take place unless pro-
duction of that item also occurs. It also implies that Q; = @ in every dominant
solution.

3 New Valid Inequalities for PI

Define a reverse cover of PI to be aset S # () such that p = ¢—>", o (t'+d") > 0.
Note that a reverse cover S does not have to be maximal in any sense, merely
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non-empty. Similarly, define a cover of PI to be a set S such that A = >, _o(t'+
d) —c>0.

We present inequalities derived from reverse covers first because they are
simpler. Given (z,y,s) € XTI, let S be a reverse cover, and let i’ be some
element not in S. If 7' = (¢ —t)y", either (i) y* = 1, and no capacity is left
for i € S, thus implying that y* = 0,4 € S, and that Y, ¢s" > >, d'; or (i)
y"" = 0. Such reasoning yields

Zsiz(z tz+dz z thl_ (C—tz)yi/—l’i/),

i€S i€S i€S
which is generalized in the following proposition.

Proposition 4. (Reverse Cover Inequalities) Let S be a reverse cover of PI, let
T=P\S, and let (T',T") be any partition of T. Then

S > (W +d) Yy - Sy - Y (et o) ()

i€S i€S ieT’ i€S i€T”
is valid for X 1.
Note that T’ can be seen as a candidate set for the choice of the element i’ ¢ S

mentioned in the paragraph motivating Proposition 4l Under general conditions,
reverse cover inequalities define facets of conv(XF7T).

Proposition 5. If S # 0, T' # 0, and t* < p,i € T, () induces a facet of
conv(XFT).

This proposition can be proven by exhibiting 3P — |T'| points that lie in the
hyperplane defined by Bl and that are linearly independent of each other and of
the |T| extreme rays s = 1,i € T

Now consider a given (z,y,s) € X! and a cover S of PL. If y* = 1,i € S,
then 37, s" > Zies d' =Y eg ' = ZZES d'—(c—Yest') = Ezes(ti +d') -
¢ > A. Moreover, if y = 0 for exactly one 7’ € S, then both (i) Y ;g 8" > A—t'
and (ii) Y ,cg8" > 8 " > d" must hold. From such reasoning we can derive

Proposition 6. (Basic Cover Inequalities) Given a cover S of PI, the inequality
st = A+ > max{—t',d — A1 -y (9)
€S i€S

1s valid for PI.

Under general conditions, these inequalities also induce facets of conv(XF7T).

Proposition 7. Given an inequality of the form (4), order the i € S such that
thh gl > > IS4 gliSl et pt = #11  d1 — X, and define T =P\ S. If
A>0, t2 4 d? >\ and t' < p',i € T, then (@) induces a facet of conv(XTT).
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This proposition can be proven by exhibiting 2P + |S| points that lie in the
hyperplane defined by (), and that are linearly independent of each other and
of the P — |S| extreme rays s' = 1,i € P\ S.

We can expand this class by incorporating items not in .S into the inequality.
Order the i € S and define u' as in Proposition[@l Let k' = [{i € S : t'+d* > \}|,
and define the lifting function

—d° if ﬂ+£<u
OG- DA [+ L+ d] it (00 4 a)
§#+f_
ph A A i, (# + d),
j<k —1;
F(t0,d0) = jA—d° if it 4 A 4+ 300, (¢ + dl)
<t'+d’ <
pt 4 0125 (e 4 at),
j<k -1
10+ (K — DA — [t 4+ 0, (tl] + aly] if £+ d >
e+ Zf:z(t[i] +d).

We define f(-,-) so that the function ¢(t' + d') = f(t',d") + d’ is superadditive.
It can be checked that

0 if u < JTAs
(G = DA+ (u— [t + XL ,00 +di)]) it pb + 37, T+ dl)
<u<
X+ St 4 ali),
_ 1§J§H—1
Plu) = JA if gt + A+ 300, (¢l 4 gl
<u<
p+ S 4 ),
1<y < kK -1
(K = )A+ (u— [p! Jrz (t[Z + di)]) if u > pt +Z ( 14 dli).

Figure [2 shows an example of ¢(-) in which &’ = 3. The superadditivity of ¢(+)
is crucial to the proof of the next proposition.

Proposition 8. (Lifted Cover Inequalities) Given a cover S of PI, order the
i € S and define p* as in Proposition[]. Let (T,U) be any partition of P\ S, let
(T",T") be any partition of T, and define D' = max{t??! +dP max;cp {t' +d'}}.
If u* > 0 and |S| > 2, then
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(K= 1)\

[ pred? | _g)(tm +di)
p+A a
Rl 4 gl
L+ A+ _Zz(tj +advl)
=

Fig. 2. A graphical example of the function ¢(-) with k =3

ZiESUU 5" > A+ Zies max{—ti,di A1 - Z/l) +
ZieU f(tzv dz)yl + ZieU d' +

ses min{t +dP A}, Gt 4dP) -2 i i\, i
e A Y @ — (u = )y (10)

is valid for X 1.

Note that in lifting an item i € U into (I0), we lift two variables, both s and
y'. Also note that the constant term on the right hand side of (I0) changes with
every ¢ € U that we lift into it. Note further that, given i’ € T’, when 2% is much
larger than (u' — ti,)yi, and uses up so much capacity that y° = 0 for several
i € S, incorporating 4’ into () provides a valid lower bound on ), ¢ s s* that
is much tighter than the same inequality in which ¢’ is not present.

Under general conditions, inequalities of the form (I0) induce facets of the
convex hull. For example, we have

Proposition 9. Given an inequality of the form (I0), let X > 0, t2l + a2 > X,
T =0, and t* < p',i € T". Also, let k' be defined as in Proposition[8; for each
i € U, assume that t* +d' = Z?Zl(tm +dVl), for some k:1 <k <k —1. Then
(I0) induces a facet of conv(XT).

There are facets induced by inequalities of the form () with 77 # 0, U # 0.
For example, we have
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Proposition 10. Given an inequality of the form ({I0), let A > 0, ti21 +4dl2 > X,
and t' < p*,i € T. Assume also that t' 4+ d* =t} +dP? i € {S\[1]} UU. Then
(I0) induces a facet of conv(XTT).

Finally, we remark here that the extension of ([{) to (I0) is critical for Theorem
[ to hold.

4 Complexity of PI and PIC

Proposition 11. If either setup times or demand, but not both, are constant,
then PI is N'P-hard.

For the case in which setup times are all 0 and h' =h >p=p' =0,i =1, ..., P,
there is a reduction from the continuous 0-1 knapsack problem (see Miller [1999],
Marchand and Wolsey [1999]). For the case in which d' = 1,i = 1,..., P, and
ht > 0,p = p* = 0,5 = 1,..., P, there is a reduction from the 0-1 knapsack
problem (see Miller [1999]).

Note that this result implies that the general case of PI is NP-hard. Since
PI is N"P-hard, we cannot expect to find an explicit description of the convex
hull in general, or expect to solve PI by optimizing () over a specific set of
linear inequalities. Now we consider the case when demand and setup times are
constant for all 7, i.e., PIC.

Proposition 12. PIC is polynomially solvable.

Proof: We describe an O(P?) algorithm for PIC. To initialize the algorithm, we
sort the items so that dp!l 4+ ¢ —dnlt < ... < dplP1 4¢Pl — gnl[P]. Then, for each
i’ € P, we find an extreme point solution with @, = {4’} that has the minimum
objective function value among all extreme points with @, = {i'}, where Q, is
defined as in Proposition Bl

To do this, for each i’ € P, we first set y* =1, ¥ =c—t, and s = 0, and
we also set y* =0, 2° =0, s° = d, i € P\ i'. Then we put i € P\ 4’ greedily into
Qu = {i : y* = 1,2° = d}, proceeding in the order in which we have sorted the
elements, decreasing 2" by t + d for each element we put into Q,. We continue
until doing so no longer decreases the value of the objective function (), or until
we do not have enough capacity left to include any more items in Q,,.

We then find the extreme point solution with @, = @) that has the minimum
objective function value among all such extreme points, using a similar greedy
procedure. Because of Proposition B, the solution having the minimum value
among these P + 1 points must be an optimal solution. O

5 An Extended Formulation for PIC

Recall that in PIC ## = ¢ > 0,d* =d > 0,i = 1,...,P. Let M = Lt_%dj; to
avoid uninteresting cases, we assume throughout that ¢ > M(¢ 4+ d). Let A =



326 A.J. Miller, G.L. Nemhauser, and M.W.P. Savelsbergh

(M +1)(t + d) — c; observe that A > 0, and that A = >, _¢(t + d) — ¢ for any
minimal cover S. Now for PIC cover inequalities take the form

s 2 (8] - MDA+ Y@= + e 3 = (d - ),
1€S* i€S* ieT’

(11)

for any S* such that |[S*| > M + 1. (Note that S* corresponds S U U, rather
than to S, in (I0)). Reverse cover inequalities take the form

dostzISlt+ad) Yy => ti—y) =D ((c—ty' —a'),  (12)
€S €T’ €S €T’
for any S such that S| < M.
Given an instance of PIC, let X be the set of dominant solutions of X1,
In defining new variables to reformulate PIC, we say that capacity is met if (3]
is tight, and we say that ¢ is produced at demand if exactly d units of 7 are
produced. The variables are

A - 1 if m items are produced at demand
m 0 otherwise

5i— 1 if m items are produced at demand, and ¢ is produced at demand
0 otherwise

1 if m items are produced at demand, and i is produced but not at
P = demand
0 otherwise

ol — 1 if m items are produced at demand, and ¢ is not produced at all
™ 7 1 0 otherwise

In addition, we define the continuous variables 7%, i = 1, ..., P to be the amount of
inventory of item 4 that is carried in excess of what is needed to satisfy demand.
We call the set of points defined by the following set of constraints X/ (A g )’

M M
2 =d Y 0+ Y ([d—A+(M-m)t+d)ph,.i=1,.,P (13)
m=0 m=0
M
y' = (8, +phy)yi=1,...,P (14)
m=0
M
s'=d(>_ al)+ M+ i=1,..,P (15)
m=0
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§Lo4pl +al =Ani=1,...,Pm=0,.,M (17)

P

Zéin =mA,,m=0,...M (18)

=1

P .

> ph < Ap,m=0,.., M (19)

=1

vi>0i=1,.., P (20)

Ae BMTL 5 e BPMAD ¢ BP(MHD) ¢ gPIMHD), (21)
Also, let X(PAI)%’W’P’Q) = {(z,y,8,4,0,p,a) € X(PAI,%;,P,QW) cyt =00 =1,..., P},

and define Proj,,, X to be the projection of a set of points X onto the space
of the (x,y, s) variables.

Proposition 13. Proj(wyy’s)X(PA{%:p’a) = XPIC,

This follows from Proposition Bl and from the variable definitions. In fact, the

algorithm in Proposition [I2] can be seen as identifying the solution to X (PAI,%: i)

that minimizes ([) by searching among the O(P?) possible choices for values of
P

To see this, let (Z, 7, §) be the optimal solution to PIC identified by the algo-
rithm; clearly (,7,5) € XFPIC. If Q, = {i'} for this solution, this corresponds
to setting ng = 1, where m’ is the cardinality of Q,, for (Z,7,3). Moreover,
we can set A,y =1,8!, =1,i € Qu, and §', = 0,i ¢ Q, U {i'}. If Q, =0
for (,7,3), this corresponds to setting pi, = 0,i = 1,....,P,m = 0,..., M. As
before, letting m’ be the cardinality of Q,, for (Z, 9, §), we can also set A, =1,
8t =1,i € Qu, and &', = 0,i € Q,. Given the above specifications for the
values of the variables pi , A, and 6%/, the rest of the variables are uniquely

determined by the constraints of X(PAIEP,O{). Thus, the feasible points of X(PAI_%VVPVQ)

correspond to the points in XPIC,

Corollary 1. The projection onto the (x,y,s) space of the dominant solutions
PIC . wPIC
ofX(A’&p_’aW) is X .

This follows from Proposition [[3] and from the fact that v* = 0,5 = 1,..., P, in

every dominant solution of X(F’A{%:paﬁ). Let XfIID(CVA757p7a7,Y) be defined by replacing

@D in X5, ) with
8 ptak >0i=1,..,Pm=0,..M. (22)
Note that these bounds imply 0 < A, <1,m =0,..., M.

Proposition 14. The polyhedron associated with ({18)-(19), (22) is integral.

The proof proceeds by considering the M + 1 submatrices defined by the con-
straints (IT)—(Td) for m = 0,..., M. If A,, is fixed, each of these submatrices
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can be shown to be a network flow matrix. Then, using (6], every fractional
solution of (I6)—({9), @2) can be shown to be convex combination of M + 1
solutions to the network flow subproblems indexed by m = 0, ..., M. Thus no
fractional solution can be an extreme point.

Corollary 2. The polyhedron associated with (18)—(20), (23) is integral.

Proposition 15. Proj(w)y’s)XféfA 5pa) = conv(XPIC).

Proof: From Proposition [[4] XE{.?A bpa) = COHV(X(PAIgP o))~ From Proposition

[[3] the projection of conV(X(PAIgp a)) onto the (z,y, s) space is COHV(XPIC). 0

Corollary 3. The projection of the dominant solutions of Xfé,?A S.pray) OTEO
the (x,y,s) space is XP1C, and thus optimizing () over Xflg(CA’&p’aﬂ) solves
PIC.

Thus we have shown how to solve PIC by LP. Moreover, since (I3)-0), [22)
has O(P?) variables and constraints, we have shown how to solve PIC by LP in
polynomial time. We still seek to show that the set of inequalities that we have
defined for PI suffices to solve PIC by LP in the (x,y,s) space. To do this, let

Xfl—{,(CA 5,p.) t0 be the polyhedron defined by (I4), (I6), [I8)-(0), [2), @)-@),
@, @), @), the bounds y* < 1,i = 1,..., P, and the constraints

Y@ < (A g O+ Co(d = A+ (M = m)(t+d)ph,)  (23)
Zz 1(5 +dy' — )<)‘Zz 1PM+Zz 17 i=1,.., P (24)
T+ —d>2 (A (M —m)(t+d)ph, +%i=1,..,P  (25)
St +pl < Ap,i=1,..,Pm=0,..,M. (26)

Define X 1€ = Proj(myy,s)Xflﬁf’Zﬁ’pﬁ). By extensive algebraic manipulation we
can show that

Proposition 16. X"/¢ = Proj(z’y’s)XfI{,?A S.pa)

Let )A(PIC_V to be the polyhedron defined by (@)- (E) (IE) (@), and the
bounds 3* < 1,4 = 1, ..., P. We see immediately that X c XPIC Moreover,
we have

Proposition 17. Giwen any (z,7,5) € XPI¢, (z,3,5) € XPIC if and only if

77+Z W yz—l—ozl (5" + dy —d)—zilwi(fi—l—?— )+E Bz <0
holds for all extreme rays of the dual cone
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(60) wHdB+T, —v, <0i=1,...,Pm=0,...,M (27)

(pi) W (d=A+(M—-m)(t+d)B— (=A+ (M —m)(t+d)r" (28)

—fgy — Ve <0,i=1,...,Pm=0,...M—1 (29)

(phy) W'+ (d=NB+ o —ky —viy <0,i=1,..,P (30)

(YY) o—-n'<0,i=1,..,P (31)
P

(Ap) n=mTy — Ky — Zyrin,m =0,...M (32)
=1

8>0,0>07>0,i=1,...,P;km >0,m=0,.., M;
vi >0,i=1,...,P,m=0,.., M. (33)

To prove this proposition, for a fixed (z,y,5) we take the dual of (Idl), (IG),
(®)—0), 22)-(26) and apply Farkas’ lemma. The next lemma is crucial to the
main result of this section.

Lemma 1. Let (z,y,3) be a dominant solution of XPIC Then 77—}—2{;1 Wiyt +
o Zle(? +dyt —d) — Zle 7z 45 —d)+ Zil Bxt < 0 holds for all extreme
rays of the dual cone ([27)-(33).

The proof of Lemma ] follows from a detailed analysis of the rays in question.
This analysis proceeds by cases, which are defined by values of § and o.

Proposition 18. XPIC gnd of XPIC have the same dominant solutions.

The proof proceeds by considering any dominant solution (Z,¥,35) of Xr e
and using Lemma [ to show that (z,7,5) € XTIC. It is straightforward that
if (Z,7,5) is a dominant solution of XPIC and (%,7,5) € XPIC then (7,7, 5)
is also a dominant solution of XPZ¢; thus every dominant solution of XF7¢
is also a dominant solution of XF/¢. We can use this fact, and the fact that
XPIC c xPI € to show that every dominant solution of X /€ is also a dominant
solution of XP1C.

Theorem 1. XPIC consists of the dominant solutions to the polyhedron defined
by (A)-(3), (A), (I1), ({I3), and the bounds y* < 1,i =1, ..., P. Thus, given that
¢ > 0,ht > 0,i = 1,..., P, optimizing () over this set of linear inequalities
solves PIC.

This follows from Corollary [3 and Propositions [I6] and [[8 Thus the set of facet—
defining inequalities we presented for the general case of PI suffice to solve the
special case PIC by LP in the original space of variables.



330 A.J. Miller, G.L. Nemhauser, and M.W.P. Savelsbergh

6 Separation for Cover and Reverse Cover Inequalities
for PIC

While separation for inequalities of the forms @)-(l), (7)), is trivial, there are
an exponential number of both cover and reverse cover inequalities. As a conse-
quence of our results in the previous section, separation for PIC can be performed
in polynomial time by solving an LP in a higher-dimensional space. However, it
would be preferable to have fast combinatorial algorithms to separate for cover
and reverse cover inequalities for PIC. In this section we describe such separation
algorithms.

Proposition 19. (Separation for Cover Inequalities) Given a point (Z,7,3),
there exists a violated inequality of the form (Idl) if and only if the optimal
solution to the IP

P P
max Z((dq)(k 7))+ A —5)x Z (d—Ny")E'

(34)

subject to x' +¢ <1,i=1,...,P (35)
P

X' =M+1 (36)
=1

e e{o1}li=1,..,P (37)

1s strictly greater than MA. Moreover, if the optimal solution is strictly greater
than M, then a most violated inequality of the form (1) is obtained by taking
S*={ieP:x*'=1},T"={{eP:& =1}, andT"={i eP: x' =¢ =0}.

The IP (34)—(B2) can be solved by finding a maximum weight perfect match-
ing on a complete bipartite graph G. In G the vertex set V is partitioned into
(A, B), with |A] = |B| = P. The nodes in A represent items in P, while the
nodes in B are used to represent positions in S*, T" or T".

We partition B further into B’ and B” such |B'| = M + 1. For each i € A
and j € B’, we let the edge weight w;; be

wij = (d =N (1 =F) + A -5

that is, w;; is the value added to the objective function ([B4) by setting x* = 1.
For each i € A and j € B”, we let the edge weight w;; be

Wi zmax{(d—)\)(l—gji)—|—)\—§i, (ji - (d_)‘)gi70};

t+d
that is, w;; is the value added to (34) by setting to 1 the choice between x* or
£ that increases the value of (BI) ‘the most, or by setting X' = ¢ = 0 if both

(d—=XN(1—7")+A—35 and 25(z' — (d — \)j') are nonpositive.
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A maximum weight perfect matching in G yields the optimal solution to (34])—
BD). A most violated cover inequality is then defined as prescribed in Proposition
@9l

It is well known that finding a maximum weight matching in a bipartite
graph can be accomplished by using a maximum flow algorithm (see e.g. Cook
et al. [1998]). For a general graph with unit capacities, it is possible to solve
the maximum flow problem in O(E?), where E is the number of edges (see e.g.
Even and Tarjan [1975]). Since G has P? edges, we have

Proposition 20. The separation problem for cover inequalities for PIC can be
solved in O(P3) time.

Separation for reverse cover inequalities can be accomplished in a manner
similar to cover inequality separation.

Proposition 21. (Separation for Reverse Cover Inequalities) Given a point
(z,7,5), there is a violated inequality of the form ({I4) if and only if, for some
m, 1 <m < M, the value of the optimal solution to the IP

max zpj(tgi — 5" + i((m(t +d) —c+ )y + 3¢ (38)
subject to ;;1+ <1 - (39)
zP: X' =m (40)

;715" €{0,1}, (41)

is strictly greater than tm. Moreover, if the optimal solution is strictly greater
than tm for some such m, then a most violated inequality of the form (I2) with
|S| = m is defined by putting i into S if X* = 1, putting i into T' if & =1, and
putting 1 into T otherwise.

The separation problem for all reverse cover inequalities amounts to solving
M IP’s of the form (B8)—(41l), which are identical except for the value of m.
Each of these IP’s can be solved by finding a maximum weight perfect matching
in a complete bipartite graph similar to the graph described in the discussion
on cover inequality separation. Therefore, for each m =1, ..., M, the separation
problem for reverse cover inequalities in which |S| = m can be solved in O(P?)
time. This fact yields

Proposition 22. The separation problem for reverse cover inequalities for PIC
can be solved in O(P*) time.

Given the separation algorithms that we have described in this section, we
can now define an ellipsoid algorithm for PIC that runs entirely in the space
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of (z,y,s) variables. In addition, these separation algorithms can clearly be ap-
plied to problems for which PIC is a substructure. Moreover, while they are not
directly applicable to the general case of PI, it may be possible to use the results
of this section to help to develop separation heuristics for PI, and for problems
for which PI provides a relaxation.
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Abstract. We study polyhedral relaxations for the linear ordering prob-
lem. The integrality gap for the standard linear programming relaxation
is 2. Our main result is that the integrality gap remains 2 even when the
standard relaxations are augmented with k-fence constraints for any k,
and with k-Mobius ladder constraints for k up to 7; when augmented with
k-Mobius ladder constraints for general k, the gap is at least ‘;’—? ~ 1.94.
Our proof is non-constructive—we obtain an extremal example via the
probabilistic method. Finally, we show that no relaxation that is solv-
able in polynomial time can have an integrality gap less than % unless
P=NP.

1 Introduction

Given a complete weighted directed graph, the linear ordering problem is to find
a linear ordering of the vertices that maximizes the weight of the forward edges
(edge (i,7) is a forward edge if i precedes j in the ordering). This problem is
equivalent to finding a maximum acyclic subgraph of a given graph.

The linear ordering problem is NP-hard [§], motivating the question of poly-
nomial time approximation algorithms. It is in fact easy to find a solution with
weight at least half the optimum: take any linear ordering of the vertices; par-
tition the edges into two sets, those going forward in the ordering and those
going backward. Both sets are acyclic; one of these sets has weight at least half
the total weight of all the edges in the graph (and hence at least half the opti-
mum). This simple algorithm gives the best-known polynomial-time computable
approximation factor for the problem (namely %)

In this paper, we study the quality of polyhedral relaxations for this optimiza-
tion problem [4/5]. The quality of a relaxation can be measured by the integrality
gap, the maximum possible ratio between the linear programming optimum and
the true integral optimum. A well-known linear programming relaxation for the
problem is based on the simple idea of requiring that from every directed cycle
C, a solution contains at most |C|—1 edges. The corresponding linear constraints
are exponential in number (one for each cycle), but can be solved in polynomial

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 333-347] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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time via an efficient separation oracle. This and another well-known relaxation
are described in Section [2. How good are the relaxations? The integrality gap
for both of these standard relaxations turns out to be at least 2— ¢ for any € > 0.
Thus, the estimate they provide on the optimum is no better (in the worst-case)
than the trivial upper bound of the total edge weight.

A natural next step is to strengthen these standard relaxations by adding
constraints. To this end, a promising set of constraints are the k-fence constraints
HI5]. Although these constraints are NP-complete to separate in general [9], they
can be separated in polynomial time for any fixed k. Another set of constraints
that have been proposed are the k-Mdbius ladder constraints [4)5]. These are
known to be separable in polynomial time [1[T2]. In Section [ we present our
main result: the integrality gap is 2 even with k-fence constraints for any k& and
with k-Mobius ladder constraints for & < 7; when augmented with k-Mobius
ladder constraints for arbitrary k, the gap is at least i’—? ~ 1.94. Our proofs
of the integrality gap start with a probabilistic construction which is molded
to have the desired structure (thus we demonstrate the existence of extremal
graphs without explicitly describing them).

Finally, we establish a concrete lower bound on approximability: it is NP-
hard to approximate the optimum to within a factor better than $2, i.e. no

66°
polynomial-time solvable relaxation can have an integrality gap less than %.
The reduction, described in Section[d], is from the problem of finding a maximum

satisfiable subset of a given set of linear equations modulo 2.

2 Standard LP Relaxations

In this section, we describe two standard linear programming relaxations, prove
that they have the same optimal value for any graph, and show that both relax-
ations can be arbitrarily close to twice the value of the optimum in the worst
case.

2.1 LP,

The maximum acyclic subgraph problem can be viewed as maximizing the num-
ber of edges subject to a constraint for every cycle. Grotschel, Jiinger, and Reinelt
refer to these constraints as dicycle inequalities [4]. We will call them cycle con-
straints. The constraints specify that the sum of the edge variables on any cycle
C'is at most |C| — 1.

maximize Z(i,j)GE Wi Ti;

subject to:
Zz’jEC z; <|C[—=1 VC
Tij € {0, 1} Vije E

The solutions to this integer program are acyclic subgraphs. It is NP-hard to
solve this integer program. However, we can relax the requirement that the z;;
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are in {0, 1} and replace it with the requirement that 0 < z;; < 1. We refer to
this linear programming relaxation as LP;. We can solve LP; in polynomial time
using the Ellipsoid Algorithm [6] via the following polynomial-time separation
oracle. Given an assignment for the variables x;;, we consider the graph with
each edge (7, j) assigned a weight of 1 — z;;. In this graph, we find the minimum
weight cycle. If there is any cycle with weight less than 1, then the corresponding
cycle of length C' actually has weight more than C'—1, which highlights a violated
constraint.

2.2 LP,

Another integer program is based on the linear ordering problem. It has a variable
for every pair of vertices i, j € V. In this program, there are only constraints for
2- and 3-cycles. This set of constraints is discussed by Groétschel, Junger, and
Reinelt [5].

maximize Zij Wi T55

subject to:
xij—i—xﬁ:l VZ,]GV
Tij + Tk + T8 <2 Vi, g, keV
Tij; € {0,1} Vi,jeV

Solutions for this integer program correspond to linear orderings. Again, it is
NP-hard to solve this integer program. We refer to the corresponding relaxation
as LPy. Although LP5 only contains constraints for 2- and 3-cycles, we can show
that a valid solution for LPs does not violate any cycle constraints.

Lemma 1. A solution for LPy does not violate any cycle constraints.

Proof. We will prove by induction on k that a solution for LP, does not violate
any k-cycle constraints. Clearly, a valid solution for LP5 does not violate any 2-
or 3-cycle constraints. Assume all k-cycle constraints are satisfied. Then we will
show that all (k+ 1)-cycle constraints are satisfied. Consider a cycle C' of length
k+1. Choose two non-adjacent vertices , j in C. Now consider the following two
edge-disjoint cycles: C; is composed of edge (4, j) and the path from j to i in C
and Cs is composed of edge (j,4) and the path from 7 to j in C. By induction,
we have Zeecl Te + 26602 Te < |C’1| -1+ |02‘ -1 < ‘Cl and Tij +xji = 1.
Thus, Y ccTe = ZeECl Te + ZCECQ Te — i — x5 <|C|—1. O

A maximum acyclic subgraph has the same weight as a maximum linear or-
dering, i.e. the optimal integral solutions for the two integer programs above are
equal. We now prove that the optimal solutions for the two linear programming
relaxations are equal. For some graph G = (V, E) with edge weights w = {w;;},
let OPT(LP;) denote an optimal solution for LP; and |OPT(LP;)| denote its
objective value. Define OPT(LP;) similarly with w;; = 0 for all (¢,7) ¢ E.

Theorem 1. |OPT(LP,)| = |OPT(LP,)|.
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Proof. First, we will show that |OPT(LP;)| > |OPT(LP2)|, i.e. given an optimal
solution for LP,, we can find a solution for LP; with the same value. We simply
let the solution for LP; be the subset of {z;;} such that (i,j) € E. By Lemma
[[l this solution does not violate any cycle constraints and is therefore a valid
solution for LPy.

Second, we will show that |[OPT(LP)| > |OPT(LP,)]|, i.e. given an optimal
solution for LP;, we can construct a solution for LP, with the same objective
value. Assign all edges in E value x;; where x;; is taken from the given solution
for LP;. Since this is a valid solution for LP;, no cycle constraints have been
violated thus far. Now consider an arbitrary order for the pairs (j,7) such that
(1,j) € E and (j,7) ¢ E and assign xj; = 1 — x;; in that order. Let (j,7) be
the first edge causing a violated cycle constraint. Then there is some path p;; of
length ¢ from ¢ to j such that the total value of the edges in p;; is more than
C—uaj;. Since (i,7) € E, and the solution for the edges in F is optimal, it must be
the case that there is some path pj; of length ¢’ such that the value of the edges
in pj; equals to ¢ —x;;, i.e. a cycle constraint for some cycle containing edge (i, 5)
must be tight, otherwise we could increase the value of x;;. Thus, p;; and pj;
form a cycle of length ¢+¢' of value more than ¢+ ¢ — (z;;+xj;) = £+£' —1. So it
is a contradiction that this edge is the first to cause a violated cycle constraint.
Also note that all 2-cycles in E have total value exactly 1. Otherwise, for some
z;j + x5 < 1, we can find a cycle composed of the paths p;; and p;; which
violates a cycle constraint. Simply let p;; be the path in the cycle with x;; for
which a cycle constraint is tight, and define p;; similarly.

Let G = (V, E) be the graph with edge set E = {(i,5)} such that (i,j) € E
or (j,4) € E. By the argument above, all 2-cycles in G have value exactly 1 and
no cycle constraints are violated. Now we will assign values z;; to all edges (i, 5)
such that i,7 € V and neither (7,7) nor (j,7) are in E. We define the shortest
path between i and j to be the path with the least total value, where x;; is the
value of an edge. Let a;; be the length of the shortest directed path from i to j
in G. Define aj; similarly. For any i, j the shortest paths from i to j and from
J to i form a cycle in the current graph. Therefore, a;; + a;; > 1. Without loss
of generality, assume «;; < aj;. Then let z;; = min{%,aij} and z;; = 1 — x45.
Thus, every cycle that includes edge (7, 7) or edge (j,7) will have value at least
1, which implies that every cycle C' will have value at most |C| — 1. This implies
that all 3-cycle constraints are satisfied and all 2-cycles have value exactly 1. 0O

2.3 Integrality Gap

The integrality gap of a linear program is the worst case ratio between the value
of an optimal fractional solution and the value of an optimal integral solution
over all weight functions w = {w;;}. Formally, the integrality gap is defined as,

|OPT(LP)|
wed [OPT(IP)]

In this section, we show that the integrality gap for both LP; and LP5 is 2 — ¢
for any € > 0. As the basis of the construction, we use the fact that there exists a
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class of undirected graphs with girth g and ©(n'*1/9) edges. This result is due to
Erdos and Sachs [2]. Graphs from this class have been used to prove integrality
gaps for the maximum cut problem [11]. Based on these graphs, we define G(n)
to be a family of graphs with the following properties. A graph G € G(n) has
n vertices, girth g = @(lolgoi gn), and n't1/9 edges. Then we have the following
lemma.

Lemma 2. For any € > 0, there exists an n > f(e) such that at least one
directed orientation of G = (V, E) € G(n) has the following property: for any
ordering of the vertices, the number of forward edges is at most (1 + €)|E|/2.

A proof of Lemma B can be found in [I0]. We now define G(€) to be the
family of directed graphs on n > f(e) vertices whose underlying undirected
graphs belong to G(n) and which have maximum acyclic subgraphs of size at
most (1 + €)|E|/2. All edges in G € G(e) have weight w;; = 1. We use G(e) to
prove the following theorem.

Theorem 2. The integrality gap of LPy is at least 2 — € for any € > 0.

Proof. For a graph G = (V,E) € G(¢), we assign z;; = 1 — 1/g for every edge
in G, where g is the girth of G. This is a feasible solution for LP; since there
are no cycles of length less than g. Thus, the optimal solution of LP; has size
at least |E|(1 —1/g). The ratio of the optimal fractional solution to the optimal
integral solution is at least (1 —1/g)/(5(1+ €)). Since g = Q(blgol%), then for

any ¢ > 0, we can choose € and n so that 2(1 —1/g)/(1+¢€) >2—¢€. O
Theorem [B] follows from Theorem [2 and Theorem [I]
Theorem 3. The integrality gap of LPs is at least 2 — € for any € > 0.

3 Augmented LP Relaxations

In the previous section, we saw that a rather non-trivial LP has an integrality
gap arbitrarily close to 2, thus providing an upper bound that is no better than
the total weight of the edges in the worst case. How can we get a better upper
bound? One way would be to add new constraints to this LP. Some well-known
constraints for this problem are the so-called fence constraints and Mabius ladder
constraints presented by Grotschel, Jiinger, and Reinelt [45]. In this section, we
will show that that if we augment LP, with k-fence constraints for any k& and
with k-Mobius ladder constraints for k = 3, then the integrality gap remains 2.
This is also true for 5, 7-ladders, but the proofs are omitted here. For k > 9, the
integrality gap of LP5 augmented with k-Mobius ladder constraints is at least %
(Note that the integrality gap of LP; augmented with these constraints trivially
remains 2: a graph belonging to G(e¢) has girth greater than 4 for sufficiently
small € and therefore does not contain any k-fences or k-Mobius ladders.)

Throughout this section, it will be convenient to have the following defini-
tions. An edge (i,7) is the complementary edge to edge (j, 7). The value of a set
S of edges is defined to be z(S) = 3_; ;e g ij- We define the shortest path from
1 to j in a graph G as a path from ¢ to j with the least total value.
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3.1 The Bad Example Graph

We will now describe the bad example graph—the graph which we use to prove
our lower bound on the integrality gap of the augmented LP relaxation. We
use the family of graphs G(e) defined in Section [2:3 We begin with a graph
G = (V,E) € G(e). (We used this graph to prove Theorem 2. However, now
we need to an assign a value to every edge in the complete graph.) For every
(4,7) ¢ E, assign w;; = 0. For every edge (¢,j) € E, we assign x;; value 1 —1/g
and x;; value 1/g, where g is the girth of G. For all 4, j such that neither (¢, j)
nor (j,i) are in E, we assign a value to x;; using the rule given in the proof of
Theorem [l We will restate this rule here for the sake of convenience. Define G
to be the graph consisting of the edges in £ and their complementary edges. Let
a;; be the shortest path from 7 to j in G. Define aj; similarly. Without loss of
generality, assume «;; < oj;. Then assign x;; and x;; using the following rule.

Edge Assignment Rule: z;; = min{}, a4}, a5 =1—

The following corollary holds for the complete directed graph G in which every
edge has been assigned a value.

Corollary 1. If the shortest path from i to j in G is a < %, then the value of
the shortest path between i and j in G is . If the value of the shortest path from
i toj in G is at least %, then the value of the shortest path from i to j in G is
at least %

Recall that the optimal objective value of LPy for G is at least |E|(1 —
1/g). Therefore, if we can show that the edges of G also satisfy other specified
constraints, then we can show that the integrality gap of LP, augmented with
these constraints remains the same as LPs.

3.2 Mo6bius Ladders

A Moébius ladder for an odd integer k (a k-ladder) is defined to be a set of 2k
vertices {a1,b1,- - ,ax,br} and 3k edges such that each vertex a; has a directed
edge to bj41 and b;—1,1 < i < k. (We define by = by and bi41 = by.) There
is also an edge from b; to a;. A 5-ladder is shown in Figure [l (A 3-ladder is
isomorphic to a 3-fence, which will be defined later on.)

An acyclic subgraph of a 5-Mobius ladder includes at most 12 of the 15 edges.
However, there is a fractional solution of 12% that satisfies LPs: each edge from
b; to a; is assigned a value of % and all other edges are assigned value 1. In
general, an acyclic subgraph of a k-ladder includes at most 3k — (k—;rl) of the
edges. However, we can always find a fractional solution with value 2%]{3 that
satisfies every cycle constraint. So we add the following constraint to LPy for
every subset of edges that forms a k-ladder.

> wy <k (ST )

2
(i,5)€k—ladder
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lll (12 03

by b, by

Fig.1. A 3-ladder (or 3-fence) and a 5-ladder.

Recall that LPs yields an assignment for the complete graph. Therefore, in
order to show that the total value of the edges in any k-ladder is at most 3k— k"; ,
it suffices to show that the total value of the edges in any k-ladder is at least
%. This is because the set of edges complementary to a k-ladder also form a
k-ladder and the sum of the values of both k-ladders is exactly 3k.

Now we will show that constraint () is satisfied for all 3-ladders in G, which
we defined in Section [3] Let M be the set of 3k edges in a k-ladder and let C
be the subset of edges (a;,b;+1) and (a;,b;—1) for i € {1,...k}. The edges in C
make up an undirected cycle of value 2k. For example, in the 5-ladder shown in
Figure[, C is the set of all edges expect for the 5 vertical edges. Furthermore,
define T to be the set of edges in G (each graph G has a corresponding G, which
is also defined in Section B) that belong to the shortest paths for each pair of
vertices i,j such that edge (i,j) € C. If there are multiple shortest paths for
some pair, only one of these paths is included in T. The edges in T will play a
key role in our proof.

We say that T' contains an undirected cycle if the underlying undirected graph
contains a cycle. There are two cases to consider: T' can either be a tree or contain
an undirected or directed cycle. In the case that T' contains a cycle, we will show
that constraint ([I)) is satisfied, and when T is a tree, we will show that constraint
(@ is satisfied for k = 3. Constraint () is also satisfied for k& = 5,7, but the
proofs are omitted. However, this constraint is not necessarily satisfied when
k = 9. In other words, our edge assignment rules could violate some k-ladder
constraints for k£ > 9.

Case 1: T Contains a Cycle. We consider two subcases based on the values
of the 2k paths in T from a; to b;41 and from a; to b;—1 for i € {1,...k}. For
each of these cases, we will show that the total value of the edges in M is at
least % In the proof, we will use the following lemma.

Lemma 3. If the value of C is at least 1, then the total value of the edges in M
s at least %

Proof. If the total value of C' is 1 + ¢ for some € > 0, then we will show that the
total value of the other k edges in M is at least % This would imply that
the total value of the edges in M is (1 + €) + (E=3=¢) = EtE< a5 required. We
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just need to show that z(M \ O) is at least 2=1=<. Consider the equations for
each of the directed 4-cycles in M. There are k such 4-cycles, which by Lemma
[[ each have value at least 1. Note that each edge in C' appears in exactly one
equation, and each edge of M \ C appears in exactly two equations. Adding
these k equations, we have: (C) +2x(M \ C) > k. By assumption, z(C) = 1+e.
Therefore, we have: z(M \ C) > &=1=¢ O

Lemma 4. IfT contains a cycle, then the total value of M is at least %

Proof. Note that if two or more of the 2k paths in C have value at least %, then
by Corollary [[land Lemma [3] the total value of M is at least % Now we will
consider two remaining cases.

(i) All 2k paths in T have value strictly less than % By Claim [l all edges in
C have value equal to the value of their respective paths in T'. Since some subset
of the edges in T form a cycle, the total value of the edges in T is at least 1.
Since every edge in T', by definition, belongs to at least one of the 2k shortest
paths, the total value of C is at least the total value of T', which is at least 1.
By Lemma [3] the total value of M is at least 2.

(ii) Only one of the 2k paths in T has value at least % We can assume the
total value of the other 2k — 1 edges in C is less than % In this case, note that
T does not contain a directed cycle. If it did, the total value of the edges in C
would be at least 1. Thus, if we removed the edge with value at least %, the
remaining edges would sum to at least %

Without loss of generality, assume that edge (a1,b2) in C is the edge with
value at least % Consider the 4-cycle {a1, ba, az, by } in M that contains this edge.
Since T' contains a path from as to b; and a path from a; to bo, it cannot contain
a path from by to ay and from b to aso, since then it would contain a directed
cycle. Without loss of generality, assume T does not contain a path from b; to
ay. Let T" be the set of edges in G that correspond to the shortest paths for
all edges in C except (aj,bs). Then T” contains a directed or undirected path
from a; to by. Since the total value of the edges in T is less than %, there is
a directed or undirected path from a; to b; in G with value less than % Thus
the shortest path in G from b; to a; must have value at least % Consider the
% edge-disjoint 4-cycles in M that remain when we remove edges with either
endpoint in the set {a1,b;}. Then, since edges (b1,a1) and (a1, bs) each have
value at least % and the 4-cycle has value at least kgl, then the total value of

the edges in M is at least % a

Corollary 2. For a 3-fence in which the corresponding T contains a cycle, ei-
ther x(C) is at least 1, or C' contains an edge of value at least .

Case 2: T is a Tree. We will consider two subcases based on the total value
of the edges in T'. For these subcases, we will use the following two lemmas.

Lemma 5. IfT is a tree, then every edge in T is included in the shortest paths
corresponding to at least two edges in C.
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Proof. Assume there is an edge e in T' that belongs to only one shortest path
corresponding to an edge in C'. Consider the set of edges that corresponds to the
2k—1 shortest paths corresponding to the other 2k—1 edges in C. By assumption,
this set of edges does not include edge e. This set forms a connected graph, since
the 2k — 1 corresponding edges form a connected graph. It also contains all 2k
vertices in M. Thus, if we add edge e to this graph, it will contain a cycle,
implying that T contains a cycle, which is a contradiction. a

Lemma 6. IfT is a tree corresponding to a 3-ladder, then for somei € {1,2, 3},
T contains a directed path from a; to b; and from a;11 to bi41.

Proof. First we will show there is a path from a; to b; for some i. Let p(j, k)
denote the set of edges in the directed path from j to k in T'. Since T is a tree,
if p(j, k) exists, it is unique. Assume there is not a path from a; to b; for any
i. We will show that this leads to a contradiction. Consider the paths p(aq,bs)
and p(aq,bs). The first case is that, without loss of generality, bs is in p(aq, bs).
Since there must be a directed path from ags to by and there is a directed path
from by to bs, there is a directed path from a3 to b3. The second case is that by
is not in p(a, bs) and bs is not in p(aq, b2). Let v be the vertex that belongs to
both p(as,b2) and p(aq,bs) and is farthest from aq, as shown in Figure 2

a

\ b,
/

\
P

\ bl
Fig. 2.

There must also be a path from as to b3 but not from as to by. Thus, there must
be a path from as to some vertex w # v in the path p(v, b3). Similarly, since
there is no path from a; to by, there must be a path from some vertex x # w in
p(ag,w) to by. There is also a path from ag to a vertex y # v in p(v, by), since
there is a path from a3 to by but not from a3 to bs. Thus, T contains a simple
undirected path from a3 to b;. But T also contains a directed path from az to
b1. So T contains a cycle, which is a contradiction.

Now, without loss of generality, assume there is path from a; to by in 7" and
assume all the vertices on this path are numbered in increasing order. Consider
the vertex v; and vy where paths from ao and to bs, respectively, intersect the
path from a; to by. If vy is less than vy, then p(ay, b1) and p(asg, be) intersect and
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we are done. So assume v is greater than vy. But then the path from as must
intersect p(a1,b1) at a point before ve and the path to b3 must intersect p(as, b1)
at a point after vy, so the paths p(aq,b;) and p(as, bs) intersect. O

Lemma 7. The total value of a 3-ladder is at least 2.

Proof. By Lemma/[d], this is true for the case when T' contains a cycle. If T' is a
tree such that the total value of the edges in T is at least %, then by Lemma [l
every edge in T belongs to the corresponding path for at least two edges in C.
Thus, the total value of C is at least 1. By Lemma [3] the total value of M is at
least *FL.

If the total value of the edges in T is less than %, then by Lemma [@6 and
without loss of generality, assume 7' contains a directed path from a; to by and
from as to by. Let s be the value of the directed path from a; to by in T, i.e.
5= Zijep(al,bl) 2;5. Note that s < % since the total value of the edges in 7' is

less than % The value of xp,,, is at least 1 —s and each edge in the path from a;
to by is on a path from a; to by or from as to by, so the sum of 4,5, and z4,p, is
at least s. Therefore, the total value of the edges (b1, a1), (a1,b2), and (az, by) is
at least 1. The 4 edges in M that have neither endpoint in the set {a1, b1} make
up a directed 4-cycle, so they have total value at least 1. Thus any 3-ladder has
value at least 2.
O
For k = 5,7, it is also the case that the total value of the edges in M is at
least % These proofs are omitted here. For k = 9, it is not necessarily the case
that the total sum of the edges in a Mobius ladder is at least 5. We conclude
this section with a bound for the general case.

Theorem 4. The integrality gap of LP> augmented by Mobius ladder constraints
1s at least % —¢€ for any € > 0.

Proof. When £ is at least 9, then T is a tree with at least 18 unique vertices and
at least 17 edges. If every edge original edge in G is assigned value g—i and every
complementary edge is assigned value 3%1, then the total value of the edges in
T is at least % Thus, the objective value of the LP relaxation augmented with
constraint () for all k£ will be at least 33| F|/34. Since the optimal integral value
is arbitrarily close to |E|/2 for sufficiently large n, the integrality gap of LPs

extended by Mdbius ladder constraints is at least ?—? — ¢ for any € > 0. O

3.3 Fence Constraints

A k-fence is obtained by directing the edges of a complete undirected bipartite
graph on 2k vertices as follows: the 2k vertices are divided into two sets, A and
B, of k vertices each. Each vertex from set A is paired with a vertex from set B
and each of these pairs is connected with a up edge. All other edges are directed
down. A 3-fence is shown in Figure [I
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An acyclic subgraph of a 3-fence includes at most 7 of the 9 edges. However,
there is a fractional solution of 7% that satisfies LP5: each down edge is assigned
a value of 1 and each up edge is assigned % In general, an acyclic subgraph of a
k-fence includes at most k2 — k + 1 of the edges. However, we can always find a
fractional solution with value k2 — % that satisfies every cycle constraint. Thus,
if we add fence constraints to the LP relaxation, we may get a fractional solution
that is a better approximation of the integral solution. Fence constraints state
that the total value of the edges in any k-fence cannot exceed k% — k + 1.

injSkQ_k—’_l (2)
(i,7)€Ek—fence

We will show that despite the fact that LPs is strengthened by adding con-
straint (2]), the integrality gap of this augmented LP relaxation remains 2. To
show this, we will again use the graph G discussed in Section Bl Since a 3-
ladder is also a 3-fence, we know that the total value of any 3-fence is at most
7 in this solution. Thus, we can show that the total value of any k-fence is at
most k2 — k + 1.

Lemma 8. The total value of any k-fence is at most k2 — k + 1.

Proof. The set of complementary edges of a k-fence also form a k-fence and
hence (2)) is equivalent to the condition that the total value of edges in a k-fence
is at least k — 1. In Lemmal[7], we showed that the lemma, is true for k = 3, which
will be the base case for our inductive proof. We will assume that the total value
of any (k — 1)-fence is at least k — 2 and show that the total value of any k-fence
is at least k — 1.

A k-fence contains (g) distinct 3-ladders (or 3-fences) as subgraphs. For some
3-ladder contained in a k-fence, if the corresponding 7' is a tree (7' and C' corre-
sponding to a 3-ladder are defined in Section[32)) with value less than %, then by
Lemma 6 for some i € {1,2, 3}, there is a directed path from a; to b; and from
ai+1 to biy1. Thus, the total value of the edges (b;,a;), (ai, biv1), and (a;11,b;)
is at least 1. When we remove all edges that have one endpoint in {a;, b;} from
the k-fence, we are left with a (k — 1)-fence. By induction, this fence has value
at least k — 2. Thus, the total value of the k-fence is at least k — 1.

If it is the case that for none of the 3-ladders contained in the k-fence, the
corresponding 7T is a tree with value less than %, then we will show that the total
value of the edges directed from A to B in the k-fence is at least 1. Consider
a particular 3-ladder that is a subgraph of the k-fence. If the corresponding T'
is a tree with value at least %, then this is true by Lemma Bl If 7' contains a
cycle, then by Corollary 2] the set of edges C' corresponding to this 3-ladder has
value at least 1 or contains an edge e with at least % In the latter case, consider
another 3-ladder subgraph that does not contain edge e. Using Corollary 2l again,
one of the edges in C corresponding to this 3-ladder must also contain an edge
with value at least % Thus, the total value of the edges directed from A to B is
at least 1.
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Let Y be the set of edges from b; to a; and let X be the set of edges from
a; to bj. If we consider the k possible (k — 1)-fences that are subgraphs of the
k-fence, we see that each edge in Y is used in k — 1 of these (k — 1)-fences,
and each edge in X is used in k — 2 of these (k — 1)-fences. By the induction
hypothesis, each (k — 1)-fence has value at least k — 2 by induction. Combining
these k equations, we have: (k — 1)z(Y) + (k — 2)z(X) > k(k — 2). We know
that z(X) is at least 1. The minimum value of z(X) + z(Y") that satisfies the
equation is z(X) + z(Y) =k — 1, i.e. (X) = 1,2(Y) = k — 2. Thus, the total
value of the edges in a k-fence is at least k — 1, which implies that it is also at
most k? — k + 1. O

Theorem 5. The integrality gap of LPy augmented with fence constraints is
2 — € for any € > 0.

4 Lower Bounds on Approximation

In this section, we describe a reduction from the problem of finding a maximum
satisfiable subset of a given set of linear equations modulo 2 with three vari-
ables per equation to the maximum acyclic subgraph problem. For this problem,
Hastad proved the following tight bound.

Theorem 6 (Hastad [7]). For every e > 0, it is NP-hard to tell if a given set
of linear equations modulo 2 with three variables is satisfiable or at most m(% +e)
of its clauses are satisfiable.

We use Theorem [Bland the reduction described below to obtain the following
lower bound on the maximum acyclic subgraph problem (and hence the linear
ordering problem).

Theorem 7. It is NP-hard to approximate the maximum acyclic subgraph to
within % + € for any € > 0.

Given a set of m linear equations on n variables, we construct a graph G
using the following rules: (we assume all equations have the right hand side zero
by negating one literal if necessary.)

1. For each variable x € F', we create two vertices and two edges. The vertices
are g and x; and the edges are (zg,21) and (z1,20). These vertices and
edges will form the variable gadget for x.

2. For each clause C; € F', we construct a clause gadget. Each clause has the
form x +y + 2z = 0 where z,y and z are literals. For a literal = in the clause
we create a 4-cycle {xq, x3, x4, x5}. We label edge (x5, z2) as x = 1 and edge
(z3,24) as = 0. We also do this for the literals y and z. Then we add the
following 12 edges as shown in Figure B: (22, 5), (22,93), (24,¥3), (24, 23),

(x27 Z3)a (an 95)7 (1'47 Z5)a (-T4a y5)7 (y2a Z3), (y2a Z5), (y4a -r?))a (y47 $5)-
3. Each clause gadget is linked to the appropriate variable gadgets as follows.
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- For a literal =, we connect the corresponding 4-cycle in the clause gadget
to the variable gadget by adding edges (z2, z1), (x1,23), (0, x5), (24, Zo).
- For a literal T, we connect the corresponding 4-cycle in the clause gadget
to the variable gadget by adding edges (z2, zo), (xo, x3), (1, x5), (T4, 21).

The resulting graph G has 36m + 2n edges, 36 edges for each clause gadget
and two edges for each variable gadget. In order to relate variable assignments
to acyclic subgraphs of G, we say that removing edge (x1,z0) (labeled x = 1
in Figure B)) corresponds to setting the variable x to true, and removing edge
(xo,71) (labeled z = 0 in Figure B) corresponds to setting variable x to false.
Throughout the proof, we will refer to edges labeled + = 0 or x = 1 in a
clause gadget for a literal z (i.e edges (z5,22) and (z3,24)) and the edges in
the variable gadgets as labeled edges. The proof of Theorem [7] uses the lemmas
below. A feedback arc set of a graph is defined as a set of edges whose removal
results in an acyclic graph.

Y

Yo

Fig. 3. The clause and variable gadgets for x +y + z = 0.

Lemma 9. A minimal feedback arc set is acyclic.

Proof. For any acyclic graph, there is an ordering of the vertices such that all
edges in the graph are forward edges, i.e. for an edge (4, 7), ¢ precedes j in the
ordering. Given a feedback arc set, consider such an ordering for the acyclic
graph that is obtained by deleting the feedback arc set. If any edges in the
feedback arc set are forward edges, then the feedback arc set is not minimal,
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since such edges can be added to the acyclic graph without creating any cycles.
Thus, the feedback arc set must consist only of backward edges and hence is
itself acyclic. O

Lemma 10. There is a minimum feedback arc set of G consisting of only labeled
edges.

Proof. Note that every cycle in G contains labeled edges. This is because for
every non-labeled edge (7, j) in G, i is a vertex such that the only incoming edge
is a labeled edge, and j is a vertex such that the only outgoing edges is a labeled
edge. Thus, given a feedback arc set F' containing a non-labeled edge in a clause
gadget, we can find another feedback arc set F’ with |F’| < |F| by replacing
each non-labeled edge with either of its adjacent labeled edges. O

Lemma 11. The minimum feedback arc set for the graph G contains n+3m-+u
edges, where u is the minimum number of unsatisfied equations.

Proof. By Lemma [0 exactly one edge from every variable gadget is in the min-
imum feedback arc set. In addition, we show the following things:

(i) For a clause, z+y+ 2z = 0, and an assignment that satisfies this clause, we
need to remove only three edges from the corresponding clause gadget so that
the subgraph consisting of the clause gadget and its three corresponding variable
gadgets is acyclic. By Lemma [0l we only need to remove labeled edges from the
clause gadget. There are four satisfying assignments for the variables z,y, z in
this clause. They are: {{0,0,0}, {0,1,1}, {1,1,0}, {1,0,1}}. For each of these
four assignments, we remove the three edges with the opposite assignment from
the clause gadget. For example, for the assignment x = y = z = 0, we remove
the edges labeled x =1,y =1,z = 1.

(ii) For a clause,  + y + z = 0, and any assignment that does not satisfy
this clause, we need to remove four edges from the corresponding clause gadget
so that the subgraph consisting of the clause gadget and its three corresponding
variable gadgets is acyclic. There are four assignments to the variables z,y, z
that do not satisfy this clause. They are: {{1,1,1}, {0,0,1}, {1,0,0}, {0,1,0}}.
For each of these four assignments, if we remove the labeled edges corresponding
to the opposite assignment, then the clause gadget will still contain a cycle.
For example, for the assignment = y = z = 1, we remove edges labeled
z = 0,y = 0,z = 0. However, the edges labeled z = 1,y = 1,2z = 1 remain
and form a cycle. So we must remove one more of these edges for the resulting
subgraph of the clause gadget to be acyclic.

(iil) For each variable gadget, if we remove one of the edges in the correspond-
ing 2-cycle and the corresponding edge from the clause gadgets representing
clauses that contain this variable, then the resulting graph does not contain any
cycle composed of edges from multiple clause gadgets. For the clause x+y+z = 0,
consider the edge (x2,x1). If a cycle contains this edge, it must also contain the
only incoming edge to vertex xs, which is the edge labeled x = 1. If these edges
are contained in a cycle with edges from another clause gadget, then at vertex
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x1, we can move to another gadget. However, we arrive at a vertex such that
the only out edge corresponds to the edge that remains iff « has been set to 0,
which is not the case if the edge labeled = 1 was present. So there cannot be
any cycles that use edges from more than one clause gadget.

It follows from (i),(ii), and (iii) that the minimum feedback arc set has size
n+3m+ u. O

Corollary 3. The Maximum Acyclic Subgraph for G is of size n + 33s + 32u
where s and u represent the number of satisfied and unsatisfied clauses, respec-
tively, for an assignment that satisfies the maximum number of clauses.

Proof of Theorem []. By Corollary Bl and by Theorem [l it is NP-hard to
distinguish between a graph that has a maximum acyclic subgraph of size
n + 33(% +em+ 32(% — ¢)m and a graph that has a maximum acyclic sub-
graph of size n + 33m. If we could approximate the maximum acyclic subgraph

to within g:ﬁgg ~+e¢, then we could distinguish between these two cases. Therefore

it is NP-hard to approximate to approximate the maximum acyclic subgraph to

within 32122 + e. We can make n arbitrarily small compared to m by creating

another set of linear equations in which each original equation appears k times

for some k so that we have km clauses and only n variables. The ratio 32122 is
65

arbitrarily close to gg as k becomes large. Therefore, it is NP-hard to approxi-

mate the maximum acyclic subgraph to within % + € for anye > 0. a
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Generating Cuts from Multiple-Term
Disjunctions

Michael Perregaard and Egon Balas

Carnegie Mellon University, Pittsburgh PA, USA

Abstract. The traditional approach towards generating lift-and-project
cuts involves solving a cut generating linear program (CGLP) that grows
prohibitively large if a multiple-term disjunction is used instead of the
classical dichotomy. In this paper we present an alternative approach
towards generating lift-and-project cuts that solves the cut generation
problem in the original space (i.e. does not introduce any extra variables).
We present computational results that show our method to be superior to
the classical approach. As soon as the number of terms in the disjunction
grows larger than 4, the benefit of not solving the large CGLP directly
is clear, and the gap grows larger as more terms are included in the
disjunction.

1 Introduction

Disjunctive cuts were first introduced in the early seventies [IJ2]. In the late
nineties a subclass named lift-and-project cuts [3] were implemented in a branch-
and-cut framework and proved to be particularly fruitful. These cuts, as imple-
mented and tested in the MIPO solver [4] (see also [7]), are derived from a
two-term disjunction, usually of the form (z; < 0) V (zx > 1) for some 0-1
constrained variable xj.

The lift-and-project approach formulates and solves a block-angular higher
dimensional Cut Generating Linear Program (CGLP). Each block of CGLP
corresponds to the constraints of one term in the underlying disjunction. In the
standard case there are two blocks, but if a cut is generated by the lift-and-
project approach from imposing the 0-1 condition on e.g. three 0-1 variables,
there are 8 ways to assign 0-1 values to the variables and hence the underlying
disjunction will have 8 terms. In principle, the dimension of the CGLP grows as
2% where k is the number of 0-1 variables on which the 0-1 condition is imposed.
Thus, as the complexity of the disjunctions used for cut generation increases,
the time to solve a CGLP quickly becomes prohibitive.

In a recent paper by Balas and Perregaard [6] it was shown how lift-and-
project cuts from a two-term disjunction can be solved directly in the simplex
tableau of the LP relaxation, thereby bypassing the whole higher-dimensional
linear program. This result, however, only applies to cuts from two-term dis-
junctions. The focus of this paper is on cuts derived from stronger disjunctions,
typically involving at least 3-4 integer variables.

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 348-[360] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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We cannot get around the exponential growth in generating optimal disjunc-
tive cuts as we impose the 0-1 condition on more variables, because the problem
in itself is AP-hard. However, as we claim to show in this paper, there is a more
efficient way to generate cuts from stronger disjunctions, than by solving the
corresponding CGLP in the standard fashion.

Consider a mixed integer program of the form

min cx
st. Az >b (MIP)
x;€Z forjel

where A is an m x n matrix and Az > b subsumes the constraints z > 0 and
z; <1, j € I. The LP-relaxation of [MIPlis

min cx

st. Az >0 (LP)

To generate one or more cuts we will consider a disjunctive relaxation of [MIP]of
the form

min cx
st. Az >b (DP)
\/qEQ Dig > 4

where each term of the disjunction imposes integrality on several x;, j € I,
and no feasible solution to MIP is excluded. We will use Prp, Prp and Ppp
to denote the feasible regions of [MIP] [LP] and [DP] respectively, and we have
Prp C Ppp C Prp. We will further let /7, " and zPF denote an optimal
solution to each of the three programs.

Our objective is to determine one or more cutting planes of the form ax > 3
which are valid for Ppp but cut off parts of Prp, and in particular the point
P,

An inequality ax > (3 is valid for Ppp (see [12]) if and only if there exist
non-negative multipliers u? and v? for each term ¢ € @ such that

a=ulA+viD1
8 =ulb + vid? Vg e Q (1)
ul > 0,07 > 0

In order to generate cuts, we truncate the higher-dimensional cone defined by
(@ by introducing a normalization constraint of the form ay = 1, where y € R"
is the constant vector introduced in [5] (to be specified later).

To obtain a cut that is maximally violated by the point ¥, we minimize
an objective function ax™® — B over the above set of constraints. The result is
a lift-and-project Cut Generating Linear Program:

min az’" — B

s.t. a=u?A+ viD1
B=ulb+vid? VqeQ (CGLP)Q
u? >0,v?9>0
ay =1
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If we replace the generic disjunction \/ qeq Dz > d? with a simple two-term
disjunction (zr < 0) V (z > 1) we recover the CGLP used in [3/4] (although
with the normalization constraint introduced in [5]).

2 An Iterative Approach to Cut Generating

An alternative formulation of the cut generating linear program is to define it
as optimization over the reverse polar cone of Ppp, which after normalization
yields the problem

min az™? — 8
s.t. ax > f Vo € Ppp (2)
ay =1

In principle we have here a constraint in « and § for each x € Ppp, an infinite
set. However, conv(Ppp) is defined by its set of extreme points and extreme
rays, so only constraints of (2] associated with these are necessary. Thus (@) is
equivalent to

min az™?f —

s.t. ascf >0 fo es 3)
ax' >0 Va' € R
ay =1

where S and R are the sets of extreme points and (directions of) extreme rays
of conv(Ppp). Although we do not know S and R a priori, we can solve (B)
iteratively and generate the extreme points and rays as needed. In other words,
we propose is solve (B) by row generation.

Suppose we have S1 C S and R; C R. If we solve

min az™" — 3
s.t. 041‘1: -pB>0 in'e S1 (4)
azr® >0 Va' € Ry
ay =1
we obtain an inequality o'z > B! valid for all extreme points in S; and all
extreme rays in Ry, but not necessarily for those in S and R. To check if a'z > 3!
is valid for all of conv(Ppp), we can solve a linear program of the form

min o'z
s.t. x € conv(Ppp)

(®)

If (B) is bounded and ! is an optimal, extreme solution with a'z! < 3!, then
x! is a point from S\ S; that violates the current inequality o'z > 3. Hence we
can replace S; by the larger set Sy = S; U{z!}. If (§) is unbounded then we can
find an extreme ray of (H) with a direction vector z! such that a'z! < 0, which

we can add to R; to obtain a larger set Ry = Ry U{z'}. We then repeat this with
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the new sets Sy and Ry to obtain a new inequality oz > 32, and keep repeating
until in some iteration k we obtain an optimal solution z* to () which satisfies
a*z > BF for the last solution (¥, 3%) to (). This solution demonstrates that
we have found a valid inequality.

Since the z* we obtain from solving (&) are extreme points or rays of Ppp, the
finiteness of S and R guarantees that the process will terminate. The procedure
is outlined in Figure [l In the following we will refer to the problem in Step 2
as the master problem and to the problem in Step 3 as the separation problem.
The procedure described here is isomorphic to applying Benders’ decomposition
to (CGLP)Q

Step1Letk:1,R1CRandS1CSwithsl#V)

Step 2 Let (o, 3%) be an optimal solution to the master problem:
min azt’ — 3
s.t. az'—B>0Vz' € Sk
az® >0 Vz' € Ry
ay =1

Step 3 Solve the separation problem:
min o*z
st. Az >b
Vyeq Dz > d?

If the problem is bounded, let z* be an optimal solution. If o*z* > g*
then go to Step 4. Otherwise, set Sy11 = S, U {z*} and Rx11 = Ry.

If the problem is unbounded, let * be the direction vector of an extreme
ray satisfying a®z® < 0. Set Ry41 = Ri U {xk} and Sky1 = Sk.

Set k < k + 1 and repeat from Step 2.

Step 4 The inequality oz > 3" is a valid inequality for Ppp. Stop.

Fig. 1. Iterative procedure for generating a valid inequality: version 1.

So far we have not considered the possibility that the master problem in
Step 2 of Figure[Il could be unbounded. This is where we need a certain property
of the normalization ay = 1. If we choose y = x*¥ — z*, where x* € conv(S}),
then the master problem will always be bounded (see [f]).

The iterative procedure of Figure [[l can be modified in its Step 3 as follows.
Instead of adding to the master problem the inequality corresponding to the
extreme point ¥ that minimizes o*z, i.e. violates the inequality o*z > B* by a
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maximum amount, we add all the violating extreme points or rays encountered
in solving the separation problem. We call this version 2. Since the separation
problem is usually solved by solving an LP over each term of the disjunction,
version 2 of the iterative procedure does not require more time to solve the
separation problem. On the other hand, it builds up faster the master problem,
but it also creates one with a larger number of constraints. On balance, version 2
seems better (see the section on computational results).

3 Generating Adjacent Extreme Points

In this section we consider one approach towards reducing the number of extreme
points we need to consider in the separation problem.

A reasonable constraint to impose on the cut is to require it to be tight at
PP an optimal solution to (DP). Suppose we impose this restriction, i.e. add
to (@) the equation axP? — 3 = 0, and (a*, 3*) is the solution to the master
problem at iteration k. Then either oz > (¥ is a valid inequality for Ppp or
there exists a vertex adjacent to xPF (or possibly an extreme ray incident with
2PP) in conv(Ppp) which violates afz > 3*. This is an immediate consequence
of the convexity of conv(Ppp).

It follows from this observation that when searching for a violating extreme
point (or ray) in the separation problem of Figure Mlwe only need to consider ex-
treme points adjacent to zPF (or extreme rays incident with %) in conv(Ppp).

We now turn to the problem of identifying the extreme points adjacent to
PP, Consider the disjunctive cone C,pr defined by

Cyor = {(2/,2)) € R* x Ry| A2’ + (AzPT —b)z) > 0
Vyeq D%’ + (D1xPP — d9)z) >0}

This cone is obtained from Ppp by first translating Ppp by —zPF such that 2PF
is translated into the origin, and then homogenizing the translated polyhedron.
The following Theorem gives the desired property. Let cone(C,pr) be the conical
hull (positive hull) of Cypr.

Theorem 1. Let C be the projection of cone(Cypr) onto the x-space. Then the
extreme rays of the convex cone C are in one-to-one correspondence with the
edges of conv(Ppp) incident with zPF.

Proof. We consider the mapping x — 2’ = x — 2% from points x € conv(Ppp)
to rays 2’ € C. It should be clear that 2’ € C, since we have (z — 2P¥ 1) €
cone(C,or).

Now, take two distinct points !, 22 € conv(Ppp) on any edge of conv(Ppp).
These points are mapped into the vectors (z' — 2PF) and (22 — 2PF). If and
only if the two points lie on an edge of conv(Ppp) incident with zPF will the
vectors (z! —2PP) and (22 — 2PF) describe the same ray in C. Thus only edges
of conv(Ppp) correspond to edges of C.

The converse is also true. Let ' be an extreme ray of C. Then there exists
xf such that (', () is a ray of cone(C,pr). In particular we can scale the point
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such that (z/,zf) € Cpor. Consider the line segment [zPF 2P + 2']. We first
show that there exists v > 0 such that & = 2PF + vz’ € conv(Ppp). If we plug &
into (DP)) we obtain A(zP? +~2’) > b and DI(zPF 4 ya') > d? for each q € Q.
If 2, = 0 we have Az’ > 0 and D%z’ > 0 for some ¢ € Q. In other words, 2’ is
a ray of PDP, and in particular & € conv(Ppp) for any vy > 0. If 2, > 0 and we
choose v < —- then Z satisfies (DP)) since (', 2() € Cpop.

Next we show that & lies on an edge of conv(Ppp) incident with zP”
For a contradiction, suppose that & is mot on such an edge. Then there exists
2!, 2% € conv(Ppp) not on the line through z”F and # (i.e., affinely indepen-
dent from xP% and %), such that Z is a strict convex combination of 2! and x2.
Hence there exists A € R with 0 < A < 1 such that z = Az! + (1 — \)a?
Now, consider the rays (#,%)) = (& — 2PP,1), (zV,2')) = (z* — 2PP,1)
and (22',22)) = (22 — 2PP,1). Since &,z ac2 € conv(PD ) it follows that
(&, ), (', 21y, (z¥', 2%,) € cone(Cyor). Hence (2 — 2PF), (2! — zPP) and
22 — PP are rays of C. We have that (¥ — 2PF) = y2/, so 2/ = %(ml —2PP) +
ﬂ(xQ
. ’Y . . . .
independent vectors, contradicting that z’ is an eztreme vector of C. This shows

that the extreme ray 2’ is the map of the edge of conv(Ppp) incident with z”F
containing . a

DP) We are thus able to write 2’ as a positive combination of linearly

Since any vertex adjacent to 2P in conv(Ppp) by definition shares an edge

incident with %, the immediate result of this theorem is that we only need to
consider the extreme rays of C. The relationship between rays (z/, z{)) of Cppr
and points or rays x of Ppp is
{‘”//+:EDPifx6>0
Tr =

g
! 3 /
if Ty = 0

8]

Let o*z > 8* be the current iterate from our procedure. To check if there is
a violating point adjacent to 2P, we first need to translate and homogenize the
inequality, in accordance with what was done to obtain C,pr. The translation
results in the inequality oz’ > 8% — o*xPP | but since we imposed on (@) the
constraint azP? = 3, the righthand side becomes zero, and the coefficient for z{,
after homogenizing will also be zero; hence we obtain the inequality oz’ > 0.
We can thus state

Proposition 1. Let x € Ppp. oz < ¥ if and only if o*2’ < 0 for (2, 7)) =
(z 7xDP,1) € C,pr.

DP

To obtain a violating vertex of conv(Ppp) adjacent to z”* we solve the

following disjunctive program:

min &z’

s.t. Az’ + (AzPT —b)z) >0
\/qu Dz’ + (D92PF — d?)zl > 0 (6)
afzr’ =1

x5 >0
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We impose the equation oz’ = —1 both to truncate the cone C,pr and to
restrict the feasible set to those solutions that satisfy the condition of Propo-
sition [ Any solution to problem (€) corresponds to a violating point in Ppp,
but to obtain a violating extreme point, we minimize an objective over this set.
If we choose & such that &z’ > 0 is valid for C,pr then the problem (@) will be
bounded.

To guarantee that the solution we obtain corresponds to a vertex of Ppp
adjacent to PP we must first project out )y, according to Theorem [Tl This can
be done by e.g. applying the Fourier-Motzkin projection method. The size of
the resulting set of constraints will depend on the number of constraints present
in the system D%z’ > d9, but since in most cases of interest D%z’ > d? can be
replaced with a single constraint, the cost of projecting out xj, is typically not
high.

4 How to Generate a Facet of conv(Ppp) in n Iterations

For the iterative procedure in Figure[Il we do not have a bound on the number of
iterations required to obtain a valid inequality, except the trivial bound which is
the total number extreme points and extreme rays of conv(Ppp). In this section
we present a method which will find a facet-defining inequality for conv(Ppp)
in a number of iterations that only depends on the dimension of the problem.
When we do this we can no longer guarantee that the resulting inequality will
be optimal in (2)).

The basic idea is to start with an inequality that is known to be valid and
supporting for Ppp. Finding such an inequality should not pose a problem. Using
PP we can easily give such an inequality: cx > caPF. Then through a sequence
of rotations we turn this inequality into a facet-defining inequality for Ppp. Each
rotation will be chosen such that the new cut will be tight at one more vertex
of Ppp than the previous cut.

An illustration is provided in Figure 1 This figure presents two polyhedra,
P; and P, whose union is Ppp. Our initial plane is H; which supports Ppp only
at the point x1. The first rotation we perform is around the axis a; through x;
which rotates Hy into Hs. Now Hs is a plane touching Ppp at the two points xq
and 5. Finally, we rotate Hs around the axis as through the points x; and 5.
This brings us to the final plane Hs, which is tight at z1, x5 and z3, a maximum
independent set on a facet of conv(Ppp).

The idea of hyperplane rotation is implemented by performing a linear
transformation, in which the current inequality o*2z > 3* is combined with
some target inequality ax > B Thus, we want to find a maximal v such that
(aF +ya)r > (BF + ’yﬁ) is a valid inequality for Ppp. Suppose Sy is the set of
extreme points of conv(Ppp) for which oz > ¥ is tight. If we choose (@, 3)
such that the inequality az > £ is also tight at Sy then the resulting inequality
must be tight at Sy. If we further ensure that az > 3 is invalid for Ppp then
there is a finite maximal ~ for which (o* 4+ y@)z > (8* +~) is valid for Ppp.
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Fig. 2. Example showing how an initial supporting hyperplane H; is rotated through
Ho into a facet-defining hyperplane Hs.

It can be shown (which we do not do here) that the maximum value v* of
is given by the optimal objective value of the disjunctive program
v* = min oz — BFxg
st. Ax —bxg >0

Vyeq Dz — dlzg > 0 (7
rg 20
ax — 6330 =-1

The optimal solution (z’, z(,) we obtain from solving () defines a point z = % €

Ppp (or aray of Ppp if z; = 0) affinely independent of Sy, for which the new
inequality is tight.

We are now able to present an outline of a procedure that finds a facet-
defining inequality of conv(Ppp) in n iterations. This procedure is given in Fig-
ure Bl For simplicity we have assumed that Ppp is bounded and thus omitted
the possibility of extreme rays.

We will not specify how to choose (&, B) since there are many technical details
involved in this. Suffice it to say that the inequality Gz > 3 should be chosen as
one that is “deeper” than oz > % with respect to 2, the point we want to
cut off. If we do this and if the initial inequality o'z > 8! already cuts off 2%¥
then the above procedure produces a facet-defining inequality that also cuts off
P,

There are other technical details pertaining to this procedure which we have
no space to cover here, e.g. how to choose the initial inequality a'z > ', how
to decide when a cut &z > 3 is “deeper” with respect to % .
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Step 1 Let a'z > ' be a valid inequality for Ppp tight for ' € Ppp. Set
Sy ={x'} and k= 1.

Step 2 Choose a target inequality & > ¢ tight for Si and not valid for Ppp.
Step 3 Solve ([)) to obtain v* and a point z*.

Step 4 Set (a**1, gF+1) = (oF, %) + 7 (&, B) and Sk11 = S U{z"}. Increment
k<« k+1.

Step 5 If kK = n stop, otherwise repeat from Step 2.

Fig. 3. Procedure to obtain a facet-defining inequality for Ppp in n iterations.

5 Cut Lifting

An important ingredient of the lift-and-project method is that of working in
a subspace [34]. If a variable is at its lower or upper bound in the optimal
solution 2" to the LP-relaxation, it can be ignored for the purpose of cut
generation. Thus cuts are generated in a subspace and are then lifted to a cut that
is valid for the full space by computing the coefficients of the missing variables.
These coefficients are computed using the multipliers {u?},cq that satisfy the
constraints of (CGLP)q for the subspace cut coefficients (see [3l4] for details).
The procedures featured in Figures 1 and 3 do not cover the cut lifting aspect
and thus do not specify how to compute these multipliers; but once we have
determined the cut ax > [, we can fix the value of @ and § in (CGLP). This
will decouple the constraints and leave |@Q| independent linear equality problems
from which the multipliers associated with («,3) are easy to calculate. One
potential problem with working in a subspace is the choice of the latter: if we
restrict the space too much, the feasible region may become empty. To avoid
this, we require that each term of the disjunction be non-empty in the subspace.
In our testing to be discussed in the next section, we used the smallest subspace
that contains the nonzero components of the optimal solution from each of the
separate linear programs of the disjunction. This was easy to implement, since
the method we used to solve the disjunctive programs of Step 3 in the procedures
of Figures 1 and 3 was to solve a linear program over each term of the disjunction
and retain the best solution found.

6 Computational Testing

To test the ideas presented in this paper experimentally, we need specific dis-
junctive relaxations of (MIP]). We are mainly interested in comparing the effect
on the various methods of an increase in the number of terms in the disjunction.
There are many ways to create a disjunction involving multiple 0-1 variables.
The simplest one is to assign all possible values to a fixed number, k, of 0-1
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variables, thus creating a disjunction with 2* terms. However, a little thinking
and experimenting shows that this way is not the best. Instead, we use a partial
branch and bound procedure with no pruning except for infeasibility, to generate
a search tree with a fixed number, &, of leaves. The union of subproblems corre-
sponding to these k leaves is then guaranteed to contain the feasible solutions to
(MIDP)). Therefore the disjunction whose terms correspond to the leaves of this
partial search tree is a valid one, although the number of variables whose values
are fixed at 0 or 1 in the different terms of the disjunction need not be the same.

The branch-and-bound procedure used here is a simple one whose only pur-
pose is to provide us with a disjunction of a certain size. As a branching rule,
we branch on an integer constrained variable whose fractional part is closest to
%. For node selection we use the best-first rule. This search strategy will quickly
grow a sufficiently large set of leaf nodes for our disjunction. Further, by using
best-first search we also ensure a strong disjunction with respect to the objective
function.

For each problem instance we generate a round of up to 50 cuts, each from a
disjunction coming from a search tree initiated by first branching on a different
0-1 variable fractional in the LP solution. The cuts themselves are generated by
five different methods, each using the same disjunctions:

1. By using the simplex method to solve (CGLP)g in the higher dimensional
space;

2. By using the iterative procedure of Figure [T} version 1;

. By using the iterative procedure of Figure [T version 2;

4. By using the iterative procedure that generates only extreme points adjacent
to PP ;

5. By using the n-step procedure of Figure[d to find a facet defining inequality.

w

These procedures have been implemented in C on a SUN Ultra 60 with a
360 MHz Ultra SPARC-II processor and 512 MB of memory. To solve the linear
programs that arise, CPLEX version 6.60 was used. The test set for our experi-
ments consisted of a set of 14 pure or mixed 0-1 problems from the MIPLIB li-
brary of mixed integer programs (http://www.caam.rice.edu/~bixby/miplib
/miplib.html).

The main purpose of our computational testing was to compare the proposed
procedures with each other and with the standard procedure of solving (CGLP)g
from the point of view of their sensitivity to the number of terms in the disjunc-
tions from which the cuts are generated. A first comparison, shown in Table 1,
features the total time required to generate up to 50 cuts for each of the 14 test
problems, (a) by solving the higher dimensional (CGLP)g as a standard linear
program (using CPLEX), and (b) by using the iterative procedure of Figure 1,
version 2 (which adds to the master problem all the violators found in Step 3).
These numbers are compared for disjunctions with 2, 4, 8 and 16 terms, with
the outcome that the times in column (b) are worse than those in column (a) for
disjunctions with 2 terms (|@Q| = 2), roughly equal or slightly worse for |Q| = 4,
considerably better for |Q| = 8, and vastly better for |Q| = 16. For the method
featured in column (b), the total computing time grows roughly linearly with
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|@Q|: in about half of the 14 problems, the growth is slightly less than linear,
and in the other half it is slightly more than linear. The numbers in column (a)
grow much faster, which is understandable in light of the fact that the number
of variables and constraints of (CGLP)g increases with |Q)].

Table 1. Total time for up to 50 cuts

Q=2 [ Q=4 [ Q=8 | IQ=16
@ © @ 0 [ @ ® ] & 0
BM21 0.07 0.21] 0.32 0.40f 1.91 0.85 7.85 1.52
EGOUT 0.08 0.16| 0.23 0.25| 0.82 0.46 5.76  0.82
FXCH.3 0.52 0.80| 1.53 1.50f 9.86 2.54| 65.19 4.01
LSEU 0.07 0.14| 0.23 0.27 0.97 0.56 6.33 1.47
MISCO05 1.13 1.82] 5.15 5.07| 52.25 13.72| 658.88 33.00
MODO008 0.09 0.13| 0.19 0.33] 0.60 0.67 2.69 1.54

P0033 0.07 0.13] 0.19 0.24| 0.78 0.57 289 1.14
P0201 1.40 2.09| 812 4.80| 88.26 10.67| 609.17 26.45
P0282 0.85 1.90| 2.02 4.51| 8.94 17.75| 86.24 44.36
P0548 2.77 11.85| 7.94 9.00| 37.75 20.51| 276.18 44.25

STEIN45 |36.42 148.38(99.71 157.86|280.71 159.04|1082.78 222.32
UTRANS.2| 0.50 0.81| 1.55 1.50| 10.26 3.53| 111.06 13.65
UTRANS.3| 0.78 1.26] 2.71 2.29| 26.47 4.93| 173.20 9.31
VPM1 0.45 0.79] 1.29 1.62| 11.38 2.97| 81.29 6.82

(a) Solving (CGLP)
(b) Using the Iterative Method of Figure 1, version 2

Figure 4 shows 5 graphs featuring the behavior of the 5 procedures listed
above, as a function of |@Q|, the number of terms in the disjunction. On the
horizontal axis we represent |@Q|, on the vertical axis the total time needed to
generate up to 50 cuts, normalized by setting to 1 the time needed by procedure 1
(solving (CGLP)q directly) for the case |Q] = 8.

Graph 3 of Figure 4 corroborates what we said above concerning version 2
of the iterative procedure, whose performance is featured in the columns (b)
of Table 1: namely, total time grows roughly linearly with |Q|. Also, graph 1
illustrates the much faster growth of the total time needed for solving (CGLP)g
directly, featured in the columns (a) of Table 1.

7 Conclusions

We have described several methods for generating cuts for pure or mixed 0-1
programs (MIP) from more complex disjunctions than the standard dichotomy
($j < 0) V (Stl‘j > 1).

These methods solve the cut generating linear program iteratively, in the
space of the original MIP. For the classical dichotomy, these procedures are



Generating Cuts from Multiple-Term Disjunctions 359

normalized time

normalized time

3.

50 T T T T T T

45 -

40 b 4

35 1

30 1

25 1

20 - 1

0 . L L L L
5 10 15 20 25 30

terms in disjunction

. Solving (CGLP)q directly.

50 T T T T T T

40 b 1

35 1

30 1

25 b

20+ 1

5 10 15 20 25 30
terms in disjunction

Iterative algorithm of Figure 1, ver-

sion 2.

nomalized time

terms in disjunction

. Algorithm of Figure 3.

normalized time

o ndisncton
2. Iterative algorithm of Figure 1, ver-
sion 1.

50 T T T T T T

normalized time

4. Iterative algorithm with adjacent
point generation.

Fig. 4. Scaled running time versus number of terms in the disjunction



360 M. Perregaard and E. Balas

inferior to the standard lift-and-project method which solves a linear program in
a higher dimensional space; but for generating cuts from disjunctions with more
than 4 terms, i.e. involving 3 or more variables, at least one of the proposed
methods is definitely superior to the standard one.

This opens up for further research problems like: modifying the procedures to
generate multiple cuts from the more complex disjunctions studied here, iden-
tifying those multiple-term disjunctions most likely to provide stronger cuts,
analyzing the behavior of these cuts as compared to the ones generated from the
standard two-term disjunction.
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Abstract. In this paper we consider generalized version of the classical
preemptive open shop problem with sum of weighted job completion
times objective. The main result is a (2 4 ¢)-approximation algorithm
for this problem. In the last section we also discuss the possibility of
improving our algorithm.

1 Introduction

The generalized open shop is formulated as follows: There are m machines
M = {My,...,M,}, on which n jobs J = {J1,...,Jn} are to be scheduled
for processing. Each job J; consists of p operations Oqj,...,0,;. Each opera-
tion Oy; has specified processing requirement py; and release dates 7;5; before
which it cannot be processed on machine M;. Machine M; is capable of process-
ing operation Oy; at a specified speed s;p;.

Jobs are to be scheduled subject to the usual ground rules. A given machine
can process at most one operation at any time. At most one operation of a
given job can be processed by at most one machine at any time. The processing
of any operation may be interrupted at any time and resumed at the same
time on a different machine or at a later time on any machine. There is no
penalty for such interruption or preemption. Let C}; be a completion time of
operation Op;. Our objective will be to find a schedule with minimum value
of the objective function ) ¢ wsCs where C's = maxp, ;es Cp;j. This objective
function includes few interesting special cases: operation completion times (S =
{On;}), job completion times (S = {O1;,...,0,;}), stage completion times for
the instances of the classical open shop problem and makespan. Our general
objective function also includes all variants of weighted sums of above special
cases. We will consider instances with polynomial number of different sets S and
wg > 0 for all sets S.
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Special cases of the preemptive generalized open shop problem are exten-
sively studied in the literature (we use standard three-field notations [§] for
these problems):

Most non-trivial special cases of the problem are strongly NP-hard [8].
Gonzalez and Sahni’s polynomial algorithm [4] for O|pmitn|Cyes is one of
the classical results in the field. It can be extended to preemptive generalized
open shop problem with makespan criteria by applying linear programming
[@.

e Another well-known polynomially solvable case is Q|r;, pmtn| ) C; by La-
betoulle et al. [7] and it is a famous open question to find a polynomial time
algorithm for R|pmitn|>_ C; [§].

e Chakrabarti et al. [I] obtain a (2.89 + ¢)-approximation algorithm for
Oml|r;,pmtn| Y- w;Cj,

e Queyranne and Sviridenko [TOJTT] present a 3-approximation algorithm for
Olrj,pmtn|y_ w;C; and a 2e-approximation algorithm for
O(P)|rj,pmtn| > wsCsg,

o Skutella [I3] obtain a 3-approximation algorithm for R|r;;, pmtn|)_ w,;C;
and a 2-approximation algorithm for R|pmtn|)  w;C},

In this paper for any ¢ > 0 we present a polynomial time (2 + ¢)-
approximation algorithm for preemptive generalized open shop problem with
general minsum criteria. The performance guarantee of our algorithm is bet-
ter then performance guarantees of all approximation algorithms known for
special cases of the problem (except Skutella’s 2-approximation algorithm for

Rlpmin| Y w,C;).

2 An Interval-Indexed Formulation

Let O be the set of all operations and U be the set of different sets S. We
define new release dates rghj = 7;n; + 6 where 0 is some small constant. The
optimal value of modified instance is at most 1+ 0 times of the optimal value of
original instance. For a given € > 0, L is a smallest integer such that 6(1+¢)% >
Zohjeo DPhj + max rghj. Consequently, L is polynomially bounded in the input
size of the considered scheduling problem. Let v, = §(1 + ¢)* for k = 0,...,L
and let A = {vxlk =0..., L} U{r},;|M; € M,0y; € O} be the union of the set
of different release dates with the set of points 7. Assume that the elements in
A are indexed so that a; < az < ... < aj4). We partition the time interval from §
to 8(1+¢)L into |A| — 1 intervals I; = (as,a¢y1),t = 1,...,]A| — 1. Let A; be the
length of the tth interval, i.e. A; = ay41 — a;. For each machine M;, operation
Oy, and interval I; we introduce variables y;;; with the following interpretation:
Yinjt Q¢ is the time operation Oy is processed on machine M; within interval I,
or, equivalently: s;5;yin;tA¢/pnj is the fraction of operation Op; that is being
processed on machine M; within I;. For each set S € U and interval I; we
introduce variables xg; with the following intuitive interpretation: xg; is the
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fraction of set S that is being processed within ;. Consider the following linear
program:

min Z ’wscs, (1)

SeU

Al
Z Z SingYinjt At = phj, Onj € O, (2)
M;eM t=1
S oy <1, Mie Mit=1,...|4 -1, (3)
On; €0

I
S N ymp <l Jedt=1,...,]4 -1, (4)
M;eM h=1

[Al—-

Z rst = 17 S e U, (5)

ZxSTS 3 Z‘S””ymﬁ Tot=1,...,|A|-1,S €U0 €S, (6)

M;,eM T=1
|A]-1
Cs= > amzs, SeU, (7)
t=1
Yinjt =0, M; € M,0p; € O,a; < rzhj, (8)
Yingt > 0,25 >0, M; € M,04; € 0,8 €Ut=1,...,|A -1 (9)

Consider a feasible schedule for the generalized preemptive open shop prob-
lem and assign values to variables y;j; as defined above. Variables z g, are defined
by the following formulas
SingYihj1 A1

Phy

Tg1 = min
On;€S
hi M;eM

and

Szhjyzhj‘r T
st = mln E E E XSr.
Onj€eS

M;,eMT1=1

This solution is clearly feasible for linear program (m)—@[): constraints ), (&),
@), (B) and (@) are satisfied by definition of variables y;;; and zg;, constraints
[B) are satisfied since the total amount of processing on machine M; of parts
of operations that is processed within the interval I; cannot exceed its size,
constraints () are satisfied since the total amount of job J; that is processed
within interval I; cannot exceed its size, too. Finally, if C's is the completion
time of set S in a feasible schedule then

lAl-1 lAl-1

Z gy < Cs Z st =C
t=1 t=1
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where the equality follows from the constraints (B) and the inequality follows
from the fact that if xg; > 0 then ;5 > 0 for some operation Op; € S and
some machine M; and therefore a; < Ch; < Cg. Therefore, the linear program
([@-@) is a relaxation of the preemptive generalized open shop problem with
general minsum objective.

Notice that we cannot obtain a polynomial time approximation algorithm
with performance guarantee better than 2 for the generalized preemptive open
shop problem using the linear relaxation (I)-(@). Indeed, consider an instance
with m machines and one job J; = {O1j,...,0pn;}. Operation O;; has unit
processing requirement (i.e. p;; = 1), unit speed on machine M; (i.e. s;; =
1) and zero speeds on another machines (i.e. sy; = 0 for k # i) that is we
have an instance of the classical open shop problem. Each operation has a zero
release date on each machine (i.e. r;p; = 0 ). Set U consists of one set S =
{O1j,...,0m;} that is objective function is a job completion time. Assume that
§(1 + &) = m + 9§ (we can always decrease J and ¢ to enforce this equality).
Then the optimum completion time of job J; is m whereas the optimum solution
of linear program is defined by yinjr = zsi = Ay/m for all Op;, M; € M, t =

1,...,|A| — 1 and has LP completion time equal to
At 1 526
—ap = — i(1 1501 B .61 P — 1 =
Et —a mEt (6(1+¢) (1+¢)f)-6(1+¢) - Et (1+¢)

6% (1+e)! -1 & m? m
" m (I4e2-1  m 2 2
The approximate equality holds for sufficiently small ¢, § and sufficiently big m.

3 Randomized Approximation Algorithm

The following algorithm takes an optimum LP solution and then constructs a
feasible schedule by using the polynomial time algorithm of Gonzalez and Sahni
@] for O|pmin|Ci,qe, and the algorithm SLOW-MOTION of Schultz and Skutella
[12]. Let y be an optimum solution of the linear program (II)-(@). This solution
defines an instance of classical preemptive open shop problem in each interval
I;. Each job th- in the instance corresponding to the interval I; consists of m
operations Of, ..., 0y, . Operation Of; must be processed on machine M; and
has processing time pf; = >, yinjeA¢, i.e. Of; is the sum of all pieces of job
Jj scheduled by LP to interval ¢ on machine M;. It follows from the constraints
B) and (@) that the maximum job length and the maximum machine load in the
constructed instance are at most length of the interval I, i.e. max e S vy <

A, and maxy, 2?21 pﬁj < A;. Using the classical algorithm of Gonzalez and
Sahni for O|pmitn|Cy,4. we obtain a preemptive schedule in each interval I, with
makespan at most A;. The union of the schedules for these intervals yields a
feasible solution for the original preemptive generalized open shop problem.
The next step of our algorithm is to apply algorithm SLOW-MOTION of

Schultz and Skutella [T2] to constructed preemptive feasible schedule S.



A (2 4 e)-Approximation Algorithm 365

Algorithm SLOW-MOTION

1. Consider the given preemptive schedule S and process each operation
B times slower (8 will be defined later). In other words, we map every
point ¢ in time onto Bt. This defines a new schedule S’.

2. Let 74; be the earliest point in time when operation Oj; has been
processed for pj; units in schedule S, i.e.

m
Z SinjYini (Thi, S') = p;

where Yip,;(74;,5") is the total processing time of operation Op; in the
schedule S” on machine M; in the time interval [0, 75,;]. Convert S’ to a
feasible schedule S” by leaving the machine idle whenever it processed
operation Op; after 7.

Let Cpj(a) for 0 < a <1 be the earliest point in time when an a-fraction of
operation Op; has been completed in schedule S, i.e.

Zslhj ihj Ch] ) S) QPhj-

By analogy, we define Cs(«) for 0 < a < 1 be the starting point a; of the earliest
interval when an a-fraction of set S has been completed, i.e.

t t—1
E rsr > « and E Tgr < Q.
T7=1 =1

We will use the following three lemmas in the analysis of the algorithm.

Lemma 1 (Goemans [3]). Let CLF be the LP completion time of set S defined
by (7) then fo Cs(a)da = CEP.
Proof. Denote by «y the fraction of set S that is completed at time a; for ¢ =

1,...,]4], i.e. ¢ = 23;11 xg. Clearly, that oy =0 < ap <... < aju = 1 and
Cs(a) = at for « € [ay, ap11). Therefore,

|A]—1 at+1 |A]—1 |A]—1
/CS )do = E / a)da = E (41 — ap)ag = g Tgry =
t=1

Lemma 2 (Schultz and Skutella [12]). Algorithm SLOW-MOTION with
mput B > 1 computes a feasible preemptive schedule. The completion time of
operation Op; equals ﬁChj(%).

Proof. Recall that 73; is the completion time of operation Oy; in the schedule
S and that exactly 1/3 fraction of operation Op; in schedule S’ is finished to
the point 73,. Therefore, 7,; = BCh;(1/5) by construction (see step 1 of the
algorithm SLOW-MOTION).
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Lemma 3.

Joex, Chj(a) < (1+4€)Cs(w)

Proof. We claim that this lemma follows from constraints (B). Indeed, if

Chj(a) > a; for some ¢ =1,...,|A| — 1 and operation Op; € S then
29057 < Z Z Slh]ylh]T T <«
M;eM =1

by definition of the C;(«) and (@). Hence, Cs(a) > a; and if maxo, ,es Chj(a) €
[at,ary1] then azp1 < (14 ¢e)ar < (14 ¢)Cs(a).

Finally we can prove a theorem about expected performance of the algorithm
SLOW-MOTION with 8 chosen randomly.

Theorem 1. If we apply the algorithm SLOW-MOTION to preemptive schedule
S with parameter 3 such that 1/3 is randomly drawn from (0,1] with density
function f(x) = 2z then the expected heuristic completion time C¥ of set S in
the resulting schedule is bounded above by 2(1 4 &)CLY.

Proof. We prove theorem by straightforward applications of Lemmas[l, 2 and Bl

E(CH)=E( max Cf! Lemma 2 1 max Chy () f(z)dz =
s/ Op €S hi o 0 Op €S T N

Lemma 3 1
/ max Cpj(z)de < 2(1 +€)/ Cs(z)dx Lemma 1 2(1 +¢)CLP
Oh] es 0

Since our bound is a set-by-set bound, we obtained a randomized approxi-
mation algorithm with performance guarantee 2(1+¢)(14-6) for the generalized
open shop problem with minsum objective.

4 Derandomization

In this section we will use the following notations:

(bfu, bk+1] k € K}; are the time intervals where operation Op; is processed
nonpreemptively in the schedule S,

ap; () is the fraction of operation Oy; that is finished in the schedule S at
time z,

Xhnj(a) is the latest moment in time such that exactly an a-fraction of oper-
ation Oy; is finished before Xj; () in the schedule S, notice that operation Onj
is not processed during time interval (Ch;(c), Xpn;()] ,

F(a) = Y gcu oe rmxo’“es () i the value of the heuristic schedule 5"
obtained by the algorithm SLOW MOTION with parameter 5 = 1/a.

Note that |Kj;j| = O(m?|A|) since the total number of preemptions in each
interval I; in schedule S is at most O(m?) [4].
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We now show that minge 0,17 #'(«) = mingep F(c) for some set D containing
a polynomial number of points from the interval (0,1]. Therefore, we can find
in polynomial time the point @, € (0,1] such that F(amin) < 2(1 +¢)(1 +
§) gy wsCEP by enumerating all a € D.

Consider the set Q = {an;(bj;)|k € Kpnj,On; € O}. Assume that the el-
ements in @ are indexed so that ¢ = 0 < ¢2 < ... < gg = 1. Since
for each Op; € O there are no preemptions in intervals (Xp;(gs), Chj(gs+1)],
s=1,...,|Q|] — 1 we have that

Onj(@) = X (42) + = (Cny(4e1) = Xy (as))
qs+1 — 4s

for o € (gs, gs+1], 1.e. all functions Cj,; () are linear in intervals (gs, gs+1]. There-
fore, functions fs(a) = maxp, ;es Chj(a) are continuous piecewise linear convex
functions in intervals (gs, gs+1] for all S € U and have at most |S| breakpoints
between linear pieces. Hence we have at most |O|-|U| points di, ..., d} ) = ¢s+1
(notice that d§ # ¢s) from the interval (gs,¢s+1] such that all functions fg(a)
are linear in intervals (g, ds], [df,df (], i = 1,...,p(s) — 1,5 = 1,...,(Q| — 1.
Therefore, we proved that the function F'(«) is monotone in these intervals as a
sum of linear functions divided by «. Let

Ql-1
D= |J{d, ...d>}

s=1
be the set of all breakpoints of the function F(«).

Lemma 4.

P — i F
mep () = 2y, )

Proof. We now prove that the function F(«) is nonincreasing in interval (g1, d}].
Indeed,

GAMZXM®+%WM@%XM@)

for a € (g1, q2]. Therefore, F(a) = K1 + Ka/a for a € (g1, d}] where K7 and Ko

are some nonnegative constants. Since
Chj(gs) < Xnj(gs) = ylinio Chjilgs +y)
we obtain the similar inequality for the function F'(«)
< i .
Fgs) < lim Flgs +y) (10)
For any point « € (gs,d5], s =2,...,|Q| — 1, the inequality F'(«) > min{F(gs),

F(d§)} follows from monotonicity of F(«) in interval (gs, d!] and the inequality
(I0) (we gave the separate proof for the first interval since F'(0) is undefined).
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Therefore, we can restrict our attention to the union of closed intervals
Uﬁll_l[ 1, dp(s)]- Since the function F'(a) is continuous in each interval [df, d; ]

there exists a point ., € ULQ:‘I_l[ 1: d;5)] which minimizes the function F(«).

Assume that amin € [df,d},]. Since F'(a) is monotone in this interval we ob-

tain that F'(aumin) > min{F(d), F(dj )} and therefore F'(a) is minimized on
the point belonging to the set D.

5 Conclusion

In this paper we obtained a (2 + €)-approximation algorithm for the preemptive
generalized open shop problem with minsum criteria. An obvious open question
is to build an algorithm with better performance guarantee. It would be also
interesting to remove ¢ from our performance guarantee, the problem is that we
don’t know how to define operation completion times in time-indexing formula-
tions of scheduling problems with preemptions, probably we need another type
of mathematical programming relaxations. Another open question is to obtain
non-approximability results for the classical minsum open shop problem with
preemptions, i.e. to prove that Olpmin| > C; does not admit a PTAS. Probably
technique developed by Hoogeveen, Schuurman and Woeginger [6] for nonpre-
emptive scheduling problems with minsum objective can be applied to resolve
this question.

Our last note is that we believe that 2 is the best possible performance guar-
antee of approximation algorithm for the problem studied in this paper even
in very restrictive case: 1|pmitn|> . wgCys. We explain reason for this conjecture
below. First of all, by the corollary of Theorem 1.1 in [14] there always exists
an optimal non-preemptive schedule for 1|pmin|>  wsCs. So, we can restrict
our attention to the non-preemptive version of this problem 1|| > wsCs. We
now claim that this problem includes the following special case of the problem
1|prec| >~ w;C;. In this special case we have a set of jobs such that either p; > 0
and w; = 0 or p; = 0 and w; > 0, there are also specific precedence constraints
in this problem. If J; < Jj then J; is a job of the first type, i.e. p; > 0 and
w; = 0, and Ji is a job of the second type, i.e. p = 0 and w, > 0. It is
well-known that the problem 1|prec|) w;C; has a 2-approximation algorithm
[B]. Moreover, many researchers believe that there is no better approximation
algorithms even in the special case defined above. The main reason for such
believe is that all known linear programming relaxations of this problem have
integrality gap of 2, in particular the strongest known LP for such kind of prob-
lems is the linear ordering relaxation of Potts. Chekuri and Motwani [2] recently
proved the integrality gap of 2 for this LP relaxation for above special case of
1|prec| >~ w;C;. This special case can be reduced to 1|| > wgCyg as follows. For
any job of the first type we define a job with the same processing time in the
new instance, for any job J; of the second type we define a set S; containing all
predecessors of J; and with weight wg, = w;.
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Abstract. This paper deals with the worst-case performance of local
search algorithms for makespan minimization on parallel machines. We
analyze the quality of the local optima obtained by iterative improve-
ments over the jump, the swap, and the newly defined push neighbor-
hood.

1 Introduction

We analyze the quality of local optima from a worst-case perspective. We con-
sider multiprocessor scheduling problems. We are given a set of n jobs, Jy, ..., Jy,
each of which has to be processed without preemption on one of m machines,
My, ..., M,,. A machine can process at most one job at a time, and all jobs
and machines are available at time 0. The objective we consider is makespan
minimization, that is, we want the last job to complete as early as possible. The
time, p;j, it takes for a job J; to be fully processed on a machine M; depends
on the machine environment:

— Identical parallel machines, denoted by P: a job has the same processing
time on all machines, i.e., p;; = p;, where p; is a positive integer.

— Uniform parallel machines, denoted by Q: the machines have positive integral
speeds, $1,...,Sm, and each job has a given positive integral processing
requirement p;; the processing time is p;; = p;/s;.

— Unrelated parallel machines, denoted by R: the time it takes to process job
Jj on machine M; is dependent on the machine as well as the job; p;; is a
positive integer.

In the case that the number of machines is part of the input, Graham et al.
[7] denote these problems by P||Chax, Q||Cimax, and R||Ciax. If the number of
machines is a constant m, then they denote the problems by Pm||Chax, etc.

Even the simplest case, P2||Cax, is NP-hard, see Garey and Johnson [5].
Therefore, we search for approximate solutions. If an algorithm is guaranteed to

* Supported by the project “High performance methods for mathematical optimiza-

tion” of the Netherlands Organization for Scientific Research (NWO)
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deliver a solution that has value at most p times the optimal solution value, we
call this algorithm a p-approximation algorithm. The value p is called worst-case
performance guarantee. For P||Cpax and Q||Cpax, Hochbaum and Shmoys [819)]
develop so called polynomial-time approximation schemes, that is, for each ¢ > 0,
there exists a polynomial-time (1 + €)-approximation algorithm. For R|Ciax,
Lenstra, Shmoys, and Tardos [I2] present a polynomial-time 2-approximation
algorithm; they also prove that there does not exists a polynomial-time (% —€)-
algorithm for € > 0, unless P=NP.

A way to find approximate solutions is through local search. Local search
methods iteratively search through the set of feasible solutions. Starting from
an initial solution, a local search procedure moves from a feasible solution to
a neighboring solution until some stopping criteria are met. The choice of a
suitable neighborhood function has an important influence on the performance
of local search. In this paper, we analyze the performance of local search for the
jump, the swap, and the newly defined push neighborhood from a worst-case
perspective.

The simplest form of local search is iterative improvement, also called local
improvement or, in the case of minimization problems, descent algorithms. This
method iteratively chooses a better solution in the neighborhood of the current
solution; it stops when no better solution is found; we say that the current
solution is a local optimum.

Previous results on the worst-case analysis of local search include the fol-
lowing. Korupolu, Plaxton, and Rajarman [11] show that iterative improvement
for the metric uncapacitated facility location problem in polynomial time yields
a solution with value no more than 5 + € times the optimal solution value, for
€ > 0. They also show that for the metric uncapacitated k-median problem local
search finds a solution using at most (3+5/¢)k facilities and having costs at most
1+ € times the optimal costs, for € > 0. On the max-cut problem it is easy to see
that a local optimal solution with respect to the flip-neighborhood has value at
least half the optimal cut value. Using the same neighborhood, Feige, Karpinski,
and Langberg [4], show that local search improves the performance guarantee of
the Goemans-Williamson approximation algorithm [6]. To the best of our knowl-
edge, the only papers in the area of scheduling on worst-case analysis of local
search are those by Brucker, Hurink, and Werner [1J2]. The authors show, among
others, that for P2||Ciax and P||Cax a local optimum with respect to the jump
neighborhood can be found by iterative improvement in O(n?) iterations. It can

2

easily be seen that the performance bound of this local optimum is 2 — —=7.

2 Neighborhoods

Before discussing the neighborhoods, we first describe our representation of a
schedule. As the sequence in which the jobs are processed does not influence the
makespan of a schedule for a given assignment of the jobs to the machines, we
represent a schedule by such an assignment. This is equivalent to a partitioning
of the set of jobs into m disjoint subsets J1, ..., Jm, where J; is the set of jobs
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scheduled on M;. The load of a machine is the total processing time of its jobs.
A critical machine is a machine with maximum load.

The first neighborhood that we consider is the jump neighborhood, also
known as the move neighborhood: we move a job J; to a machine M; on which
job J; is not scheduled (see Figure [M). We say that we are in a jump optimal
solution, if no jump decreases the makespan or the number of critical machines
without increasing the makespan.

Fig. 1. Jump

In the swap neighborhood, we select two jobs, J; and Ji, scheduled on differ-
ent machines. The neighbor is formed by interchanging the machine allocations
of the jobs (see Figure B)). If all jobs are scheduled on the same machine, then
the swap neighborhood is empty; therefore, we define the swap neighborhood as
one that consists of all possible jumps and all possible swaps. A swap optimal
solution is a solution in which no swap or jump decreases the makespan or the
number of critical machines without increasing the makespan.

| |
qu l [ ]J ] l 1”7 l [Tk] ‘
| |
My, | [ 5] | My, | [ n 1 |
Fig. 2. Swap

As we will see in the next section, the jump and swap neighborhoods have
no constant performance guarantee for Q||Chax. Therefore, we introduce a push
neighborhood, for which any local optimum is within a factor 2 — T of op-
timal for @|/Cmax- The push neighborhood is a form of variable-depth search,
introduced by Kernighan and Lin for graph partitioning [I0] and the traveling
salesman problem [I3]. A push is a sequence of jumps.

Starting with a schedule o = (J1, ..., Jm) having makespan Ciax(0), a push
is initiated by selecting a job Ji on a critical machine and a machine M; to move
it to. We say that Ji fits on M; if Zv]jeji:pijzpik Dij +Pik < Cmax(0). If Jy does
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not fit on any machine, then it cannot be pushed. If, after moving Jy to M;,
the load of this machine is at least as large as the original makespan, that is, if
Z‘]jeji Dij + Pik > Cmax(0), then we iteratively remove the smallest job from
M; until the load of this machine is less than Cyax(c). The removed jobs are
gathered in a queue. We now have a queue of pending jobs and a partial schedule
that has lower makespan or fewer critical machines. If this queue is non-empty,
then the largest job in the queue is removed and moved to some machine on
which it fits, in the same way as the first job was pushed. Thus, if necessary, we
allow some smaller jobs to be removed. If the largest job in the queue does not
fit on any machine, then we say that the push is unsuccessful. We repeat the
procedure of moving the largest job in the queue to a machine until the queue
is empty or we have determined that the push is unsuccessful. When pushing all
jobs on the critical machines is unsuccessful, we are in a push optimal solution.
We illustrate a push in the following example.

Ezample 1. Consider an instance for P3||Cpax, with n = 8 jobs. The processing
times are p;1 = 8, po = p3 = ps = 6, p5s = pg = 5, pr = 3, and pg = 2. The
starting schedule is 0 = (jl,jz,jg), with jl = {JQ, J5, JG}, jg = {Jl, J7, Jg},
and J3 = {J3, J4}, having makespan Cpax(0) = 16. This schedule is depicted
in Figure Bh. In the first step of the push, we select job Jg, with pg = 5, to
be pushed onto machine Ms. When moving Jg to Ms, jobs Jg and J7; have to
be removed from M; (Figure Bb). At this point, we have a partial schedule
o = (j{,jé,jé), jll = {J27J5}, jQI = {Jl,Jﬁ}, jé = {Jg,J4} and a queue of
pending jobs containing J7 and Js. In the next step, we remove J; from the queue
and move it to M7 and then we move Jg to M3. After moving Jg, the queue is
empty and we have a new schedule & = (1, J2, J3), with J1 = {Ja2, J5, J7}, Jo =
{J1,Js}, and J3 = {J3, Jy, Jg}, which has makespan Cp.y(7) = 14 (Figure Bk).

A push optimal schedule is given in Example 2l As the schedule is not swap
optimal, this example shows that a push optimal solution is not necessarily swap
optimal. Of course, as a push is a sequence of one or more jumps, a push optimal
solution is jump optimal.

Ezample 2. In Figure @l we give an example for P2||Cpax. There are n = 7
jobs, Ji,...,J7, with processing times p1 = 9, po = 8, p3 =6, ps = 5, p5 =
4, and Pe = P7 = 3. The schedule o = (jl,Jg), with jl = {Jl,J37J4} and
Ja2 = {J2, J5, Jg, J7}, is push optimal. When trying to push Ji, jobs J7, Js, and
Js are moved to the queue of pending jobs. Then jobs Js and .Jg are moved
to machine M, resulting in a partial schedule with a load of 18 for M; and of
17 for Ms. The queue of pending jobs consists of job J; of length p; = 3. As
1843 > 20 = Ciax(0) and 1743 > 20, J7 does not fit on both machines. Hence,
pushing J; is unsuccessful. In the same manner, we see that pushing J3 or Jy is
also unsuccessful. The schedule can be improved by swapping e.g. J; and Js.

By our way of defining a push, we know that when moving a job J, only
smaller jobs than Ji can be removed from the machine. Hence, during one push,
at most n jobs need to be moved and one move can straightforwardly be done
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l J2 [ Js | Jo | Jr |

Fig. 4. Push optimal schedule

in O(n) time. Thus, a push requires O(n?) elementary operations. Using appro-
priate data structures and selecting, in a greedy manner, the machine to move
a job to, a push neighbor can be found in O(nlogn) time.

Note that, as we always take the largest job from the queue, the push neigh-
borhood is only defined for scheduling problems where the largest job is defined
unambiguously. Therefore, in the case of unrelated parallel machines, a push is
not well defined.

3 Performance Guarantees

In this section, we establish performance guarantees for the various local optima
and scheduling problems. These are given in Table[I[l “UB = p” denotes that p is
a performance guarantee and “LB = p” denotes that the performance guarantee
cannot be less than p; “p” denotes that both UB = p and LB = p.

The guarantee of jump optimal solutions for Q||Ciax can easily be proven
by adapting the first part of the proof of Cho and Sahni [3] for list schedules on
uniform parallel machines. In the following we focus on the guarantees for the
push optimal solutions, as this neighborhood is the most effective one.

Table 1. Performance guarantees: CLy, /Cihax

jump swap push
P2||Crnax z 2 g
Pl[Cmax | 2- 727 — 27 |UB=2- 25
LB = 55
BiC] F | TE | amm
QG | THEET | IR [UB =2 2
LB = % —€
R2||Cmax|LB = g’&% ILB=n-1 undefined
R||Crmax |LB = gm—xx LB = Prgix—l undefined
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Theorem 1. A push optimal solution for P2||Cpax has value at most 8/7 times
the optimal solution value.

Proof. Suppose, to the contrary, that there exists a push optimal schedule with
makespan CL, > %C;ax, where C}: is the value of an optimal schedule. Let

L, = ZerJi p; be the load of machine M; (i = 1,2). W.Lo.g. we assume that
Ly > Ly, thus CY = L.

max
For the difference in loads of the two machines, we know that

1
L1 —Ly=11— (ij — Ll) >2L — 20:;1&)( > ZLI
J

The first inequality is due to the lower bound C}

max

> %Z] p; and the second
inequality is due to the assumption that L; > %C’;ax. Let J; be the smallest job
on M;. Then, by push optimality, we know that py > L1 — Ly > %Ll. Hence,
there are at most three jobs on My. Let J; = {J1,Ja, 3}, Jo = {Ja, ..., Jn},
and p; < ps < pzand pgs > ... > p,. Let Ji be the job such that the smaller of
Ji and J; is the largest job that has to be removed, when pushing J; onto Ms,

ie.,

Pat+ ...+ pr_1+p1 <Ly,
pa+t ...+ pr+p1 > L. (1)

As Ly — Ly > iLl > %pl, we know that Lo +p; < Ly + %Pl and

1 ()
1p1>L2+p1—L1 > Lo—(pa+...+ k) =DPkt1+ .-+ Dn- (2)

Because of push optimality, we know that p; < px + ...+ p, and thus

@ 3
P = p1 = (Prsr+ -4 pn) > p1 (3)
If pr < p1, then by pushing J; onto My, Jy is moved to M; and jobs Jx41,...,Jy
are distributed among M; and M> yielding a schedule with makespan

Cl o <max(Ly — p1 + pr, Lo + p1 — pr) @ max(Ly, Ly — %pl) =1.
Thus the schedule is not push optimal and it must be the case that p; < py.

Suppose M processes at least three large jobs, i.e., at least as large as Jj.
Then Lo > 3p;. By push optimality, we know that p; > L1 — Ly > iLl and
thus Lo > 3p; > %Ll. However, as L1 — Ly > %Ll, it must be that Ly < %Ll.
Therefore, Ms can process at most two large jobs.

If My processes only one large job, then the current schedule is optimal,
as the sub-schedule for Jy,Js, J3, and Jy is optimal, because by () we know
that p1 + ps > p1 + p2 + p3. In the case that My processes two large jobs, i.e.,
P4 > ps = P, we consider two sub-cases: p3 < ps and p3 > ps. If p3 < ps, then



Performance Guarantees of Local Search for Multiprocessor Scheduling 377

the sub-schedule for Ji, ..., J5 is optimal and C},, > C¥% . [1,5] = Ly = CF
where C} . [1, 5] denotes the makespan of an optimal sub-schedule for Jy, ..., Js.
If p3 > ps, then an optimal schedule on Jy,...,J; has value C¥_ [1,5] >

p1 + p2 + ps. As Ly < 3p1, we know that py < 2p; and by push optimality we
know that ps + .5 ¢p; > p3. Hence,

Choax cPrtPatps pr+patpst...+pn @1 1/4py _13_8
Chax ~ P1tp2+Dps p1+p2+ps - 3p1 12 7

max max"*

In the case that J3 = {J1,J2} and Jo = {J3,...,Jn}, we can prove in a

This contradicts the assumption that CY_ > %C’*

similar way that C¥, = CP . If M; only processes Jy, then it is trivial to see
that CY = C7 ...
Hence, CY < %Cr*nax. O

To see that the bound in Theorem [ is tight, consider the following example.

Ezample 3. We have n = 6 jobs, Ji, ..., Js, two of which have processing times
p1 = p2 = 3 and the others have processing times ps = ps = ps = pg = 2. In an
optimal schedule each machine processes one job with p; = 3 and two jobs with
p; = 2 and C},, = 7. The schedule in which machine M; processes all jobs of
size 2 and machine M processes all jobs of size 3 is a push optimal schedule and

has makespan CY_ =8 (see Figure ().

max

s | | | |

J1 J2 ‘

Fig. 5. Push optimal schedule for P2||Ciax with ch.. = %C;;ax

Theorem 2. A push optimal schedule for Q||Cunax has makespan at most 2 —

miﬂ times the optimal solution value.

Proof. In Q||Chax, we are given n jobs with processing requirements p1,...,p,
and m machines with speeds s; > ... > s,,. If we consider an unsuccessful push,
then there is a partial schedule, (J7,...,J,,), and a queue of pending jobs. The
largest job in this queue does not fit on any machine. Let job Ji be the largest

job in the queue and let L] = ZJjeJ;:pj > i’—j be the total processing time of
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the large jobs, that is, at least as large as Jj, on machine M;. Because of push

optimality, we know that for all ¢ = 1,...,m we have
pk P
[

Let Mj, be the slowest machine on which job J; has a processing time that is
not larger than the optimal makespan, that is, h = max{i : 2= < Cy_ }. Thus
Crax > g—z Another lower bound on the optimal makespan is then

G > 22220, 5)

i=15i

By push optimality (@), we know that

Zsl max<ZsL +hp < Y pi+ (A= D (6)

JiPj 2Pk
If 51 > 2sy, then 2?21 s; > (h+ 1)sp, and rearranging the terms in (@) yields

cP <o
h+1 max—m+1 max*

max — “~max h+1§—

The first inequality is due to the lower bound (B) and the second inequality is
because of the lower bound C, > B,

max = g
If 51 < 2sp,, then ). | hs; > Msl We may assume that C}; . > 2%,
as otherwise there are at most h large jobs and the push optimal schedule is

optimal. Rearranging the terms in (@) yields

h—1 pg 2m
cP <o o cr .
max — max (h _|_ 1)/2 Sl —_ m _|_ 1 max

O

In the case of two uniform parallel machines, we establish a better perfor-
mance guarantee. To do so, we need two lemmata, in which we consider instances
with only three jobs and where the machines do not have the same speed. We
prove in Theorem [3 that a smallest worst-case instance for push on two uniform
parallel machines has exactly three jobs.

Lemma 1. Consider an instance for Q2||Cpax with three jobs in which the ma-
chines do not have the same speed, and assume w.l.o.g that p1 > pa > ps and
s1 > so. If in an optimal schedule Jy is processed on My, then in any push opti-
mal schedule a job of size py is scheduled on My and this push optimal schedule
1s globally optimal.

Proof. Suppose to the contrary that there is a push optimal schedule in which J;
is processed on Ms. Then .J5 is scheduled on My, as otherwise a push is possible.
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If p1 = p2, then the first part of the lemma is proven. Consider the case that
p1 > po. If My is the critical machine, then J; can be pushed, and the schedule
is not push optimal. Therefore, M is the critical machine, and it processes J as
well as J3. As in the optimal schedule J; is processed on machine M7, the optimal
makespan has value C*_ > min{plﬂ’?‘, p2+p3} As pl“"”’ > p2+p3 =CP and

max max
pﬁp* > pgjpg CP  we have that C* > CP Wthh is a contradlctlon

max? max max?

Therefore in a push optimal schedule, J; must be processed by M;, whenever
Jy is scheduled on M; in an optimal schedule.

By enumerating over all possible schedules with J; scheduled on M; for the
push optimal schedule as well as the optimal schedule, it is easy to see that
whenever a schedule of this form is push optimal, it is globally optimal. O

Lemma 2. Consider an instance for Q2||Cmax with three jobs and different
speeds for the machines and assume w.l.o.g. that p1 > ps > p3 and s1 > So.
If CY .. > Cr.., then in the optimal schedule, M, processes Jo and Js, and
Ji is scheduled on My. In a push optimal schedule with CY, > CZ.., the ma-
chine allocation of the jobs is reversed, that is, J1 is scheduled on My, and Ms

processes Jo and Js. This push optimal schedule has makespan CY = P2tPbs

max So

Proof. By Lemma [0, we know that whenever CY_ > C%*_ . in the optimal

schedule J; is scheduled on Ms. As p1+p2 > pl;;p"’ > p2+p3 , Jo as well as J3 are
processed by Mj in the optimal schedule

If, in a push optimal schedule, J; is processed by My, then this schedule must
be globally optimal. Hence, for each push optimal schedule with CY_ > C* .,
Jy is scheduled on My, and the critical machine is My as otherwise J; can be
pushed. If J; or Js are also scheduled on Mj, then Ms cannot be critical and

the schedule is not push optimal. Therefore, in a push optimal schedule with

makespan CF > C*_J; is processed on M; and M, processes Jp and Js, and
as M, is the critical machine CY _ = P2¥Ps |

max So

Theorem 3. A push optimal schedule for Q2||Cmax has performance guarantee

V1741
-
Proof. Consider a push optimal schedule with C¥, > 5C§Iax We may assume

that such a schedule exists, as otherwise CY _/C. < g < @. Pushing
the smallest job onto the critical machine leads to an unsuccessful push. Hence,
there is a largest job in the queue of pending jobs that cannot be pushed onto
both machines. Let this job be J;. Note that this job is at most as large as the

smallest job on the critical machine. Because of push optimality, we now have

3 %4‘2 >cP =12
Ji€Tip;>pe " g

Thus

)

(514 s2)CF < Z pj+ i < (81 + 52)Cliax + Pi-

JiPj 2Pk
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By the assumption that CL . > 3C¥_ . we have that 2P < (s1+82)Chax <
4pi.. Hence, there are at most three large jobs, that is, at least as large as Jy.

If we remove all jobs that are smaller than Jj from the push optimal schedule,
then we still have a push optimal schedule and the makespan has not changed,
as all the small jobs are scheduled on the non-critical machine. As the optimal
makespan of the instance with only the large jobs is at most equal to the optimal
makespan of the original instance, the smallest worst-case instance consists of
only those, at most three, large jobs.

Any push optimal schedule on an instance with at most two jobs is an optimal
schedule, and therefore the worst-case instance for the ratio CL,. /C% _  consists
of three jobs. Note that if s; = so, then we actually have two identical parallel
machines and by Theorem [[l we know that CY__/C* <

Consider a worst-case instance, and assume w.l.o.g. that p1 > p2 > p3 and
that s; > so. By Lemma[2], we know that in this worst-case push optimal schedule
J1 is scheduled on M, and My processes Jy and Js. We also know that C% . =

+ +
max {2, B2} and C L— palbs,
By pubh optimality, we know that % > %, and thus CY, /Cx
bounded by
e _mnﬂpz+p3} < min {p1+p3 p2+p3}
This minimum is maximal when g;igi = m“""’ . Then (p2 + p3)? = p? + p1ps
and thus
2
VP1+pips / D3
mdx/ max — = 1+=—. (7)
Y41 P1

As pz > p3, we know that p} +pips = (p2 + ps)? > 4p3 and thus py > Y= ps.
Using this bound in inequality () yields

s . 2 V1T 1
ax max — /717 - 1 4

O

In the following example, we have an instance for Q2|/Cinax and a push op-
timal schedule for which CP = ‘ﬁ"'l Cx

max max"*

Ezample 4. Consider the following instance with three jobs: p; = @, po =

= @ and s; = 1. In the optimal schedule M; processes Jo

and J3 and J; are scheduled on M,. The optimal makespan is C . = f 1

The schedule in which J; is processed by M; and J> and J3 are scheduled on Mg
is a push optimal schedule with makespan CY = 2. This schedule is depicted

max

2/(W 1) = \/74 1—\/@“-

p3s = 1, and s

max/ max

in Figure [}
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My J1

Moy Jo J3 ‘

Fig. 6. Push optimal schedule for Q2||Cmax

4 Concluding Remarks

In this paper, we have investigated the quality of local optima with respect to
three neighborhoods. We have seen that the neighborhood based on variable-
depth search gives the best guarantees on the quality of a local optimum for
identical and uniform parallel machines. It would be interesting to see whether
we can extend the push neighborhood to the unrelated parallel machines envi-
ronment.

It is also interesting to know the number of iterations that iterative improve-
ment performs to find these local optima. Brucker, Hurink, and Werner [1/j2]
showed that iterative improvement needs O(n?) iterations to find a jump opti-
mal solution for P2||Ciax and P||Chax. The result for P2||Ciax can easily be
improved to O(n) iterations if we always do the best jump. We can show that
to find a jump optimal solution for Q2||Cpax, iterative improvement performs
O(n?) iterations and even only O(n) iterations if always the best jump is done.
For Q||Chnax iterative improvement needs O(n?m) iterations. It is still an open
question how many iterations iterative improvement needs to find a swap or a
push optimal solution. We conjecture that a push optimal solution cannot be
found in polynomial time via an iterative improvement procedure.

Acknowledgments. The authors thank Jan Karel Lenstra for his useful com-
ments.
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Abstract. A join in a graph is a set F of edges such that for every circuit
C, |CNF| <|C\ F|. We study the problem of finding a connected
join covering a given subset of vertices of the graph, that is a Steiner
tree which is a join at the same time. This turns out to contain the
question of finding a T-join of minimum cardinality (or weight) which is,
in addition, connected. This last problem is mentioned to be open in a
survey of Frank [[7], and is motivated by its link to integral packings of
T-cuts: if a minimum T-join F' is connected, then there exists an integral
packing of T-cuts of cardinality |F|.

The problems we deal with are closely related to some known NP-
complete problems: deciding the existence of a connected T-join; finding
the minimum cardinality of a connected T-join; the Steiner tree problem;
subgraph isomorphism. We also explore some of these connections.

1 Introduction

Graphs G = (V, E) are always undirected, V' = V(G) denotes the vertex-set of
G and E = E(G) its edge-set. Paths, trees and circuits will be considered as
edge-sets.

A set F' C E(G) is said to be a join if for every circuit C in E(G), |[CNF| <
|C\ F|. We say that F' C E(G) covers v € V(G), if degp(v) > 0 (degp(v)
denotes the degree of v in F, that is, the number of edges of F incident to v),
and covers S C V(G) if it covers every v € S. We will denote by V(F') the set of
vertices covered by F. We will say that F is connected if the graph (V(F), F) is
connected, and generally F' will also denote the subgraph (V(F), F). The main
result is a polynomial algorithm an related theorems for the following problem.
Connected join
INSTANCE. A graph G, a subset S C V(G).

QUESTION. Is there a connected join covering S?

The connected join problem has interesting connections to well-known objects
of combinatorial optimization, one of them is T-joins, and a ‘dual’ one is integral
packings of T-cuts. For basic facts and context related to T-joins, see Frank [7].
If T is an even cardinality subset of vertices of G, F C E(G) is called a T-join
if for all v € V, degp(v) is odd exactly when v is in 7. A T-join of minimum
cardinality is a join according to a result of Guan [10], [6]. Conversely, a join F is
a minimum cardinality 7-join, where T is defined as the set of vertices incident
to an odd number of edges of F. (Indeed, F' is not a join if and only if there is

K. Aardal, B. Gerards (Eds.): IPCO 2001, LNCS 2081, pp. 383-[395] 2001.
© Springer-Verlag Berlin Heidelberg 2001



384 A. Sebd and E. Tannier

a circuit C' in G such that |C N F| > |C\ F|, that is, if and only if FAC is a
T-join of smaller cardinality). A T-cut is a set of edges connecting two subsets
of V(G) both intersecting T in an odd number of vertices. A consequence of
the characterization of connected joins is the solution the problem of deciding
the existence of a connected minimum weight T-join. This problem is an (the
unique) open problem stated in Frank’s survey paper [7].

Another interesting related problem is minimizing the cardinality (or weight)
of a Steiner tree. A Steiner tree is a tree covering a given set of vertices; to require
that it is a join looks like a natural substitute for minimizing its cardinality. The
main result of this paper tells that in spite of the NP-completeness of Steiner
tree minimization, the ‘substitute’ is polynomially solvable.

We need to introduce some basic notions about metric spaces, an important
tool in our solution. Let X be any finite set. A function d : X x X — R,
is a metric if it is symmetric (d(z,y) = d(y,x) for all z,y € X), d(z,y) = 0
implies = y for all 2,y € X, and it satisfies the triangle inequality : d(x,y) <
d(z,z) + d(z,y) for all z,y,z € X. (X,d) is a metric space. The restriction of d
to S C X, denoted by d|g, is the metric on S x S such that d|s(z,y) = d(z,y)
for all z,y in S. The restriction of a function f to a subset S of its domain will
also be denoted by f|s.

If X is the set of vertices of a connected graph G, let dg(«, y) be the minimum
number of edges in a path between z and y, z,y € V(G). It is easy to see
that (V(G),d¢) is a metric space. With an abuse of notation, this metric space
(V(G),dg) will simply be denoted G.

An isometry from a metric space (X, dx) into another (Y, dy) is a mapping
f: X = Y, such that for all u,v € X, dx(u,v) = dy (f(u), f(v)). Given a metric
space (X, d), we say that a graph H realizes d if there is an isometry from (X, d)
into H. (An alternative terminology in the literature: (X,d) is ‘embeddable’ in
H). Note that f is an injection and therefore |X| = |f(X)| < |V(H)| and the
strict inequality may hold. If there is an isometry between two graphs G and
H with |[V(G)| = |V(H)|, then this isometry is in fact a bijection and the two
graphs are isomorphic.

A metric d is said to be a tree metric if there exists a tree realizing it. (This
definition slightly differs from the one used in the literature: all the weights in
the realization must be equal to 1. This corresponds to ‘tree realizable’ metrics
in terms of [2]. For instance the metric m which is 1 on every pair of a three
element set is not a tree metric, but 2m is a tree metric in our sense.) For tree
metrics, d(x,y) + d(x, z) — d(y, z) is even for all z,y,z in X : this is twice the
length of the path joining x to the y, z-path in any tree that realizes d. We note
this length d2 , = (d(z,y) + d(z,z) — d(y, 2)).

Metric spaces and embeddability are treated in details in Deza and Laurent’s
book [5].

The following observation, is not yet a good characterizaton, just an equiva-
lent reformulation of the connected join problem. However, it provides a key to
the solution.
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Proposition 1. Let G be a graph, S C V(G), and F a subset of edges of G
covering S. Then F is a connected join if and only if it is a tree, and dp =

dalv(r)-

Proof. The necessity is straightforward: a connected join F' covering S is indeed
a tree, so we only have to show that the path between any two covered vertices
is a minimum path in G. Indeed, if not, then let a,b € V(F), and let P; be
an a,b-path in F, and P, a strictly smaller a,b-path in G. Then C = P;AP,
is the disjoint union of circuits, and |[C N F| = |CNP| > |CNP| = |C\ F|,
contradicting that F'is a join.

To prove the sufficiency, let F' be a tree in G such that dg|yp) = dp.
We have to prove that F' is a join, that is, F' is a minimum T7T-join, where
T ={v € V(G),degp(v) is odd}. Let J be a minimum T-join in G, with |F N J|
maximum.

Claim: J C F.

Indeed, suppose not: then there exists vertices a,b € V(F') so that both F
and J contain an a, b-path, P and R respectively, so that the only two common
vertices of these paths are a and b. (If V(J) C V(F), then any R = {ab},
ab € J\ F will do, otherwise consider a vertex ¢ € V(J)\ V(F). Since ¢ ¢ T, its
degree is even, and one can walk in both directions on even vertices of J until
reaching vertices a,b of F. In this way R is determined, and P can be defined
as the a, b-path of F.)

Now C' = P UR is a circuit. By the assumption dr = dg|y(r), we have
|[CNF|=|R| <|P|=|C\F]| It follows that JAC' is also a minimum T-join
and has bigger intersection with F' than J, contradicting the definition of F', and
finishing the proof of the claim.

So J C F. As F and J are both T-joins, FAJ = F\ J is the union of disjoint
circuits, which is necessarly empty since F' is a tree. This implies J = F. a

We will treat the condition of Proposition [l in two parts. In order to test
whether there exists a join in G covering S C V(G), we will first test the weaker
condition :

(1) The restriction dg|s of dg to S is a tree metric.

In other words, there exists a tree A, and an isometry fg from (5, dg|s) into
A. In order to check the condition of Proposition [l choose A to be inclusionwise
minimal, that is, all paths in A are subpaths of paths between vertices of fg(.5).
Tt is easy to see that (1) is not sufficient for the existence of a connected join: Cg
with every second vertex in S satisfies (1), and K7 3 is the realization but there
is no connected join covering S in Cg. This shows that the following condition
(2) is essential. It is easy to see that (1) and (2) together are already equivalent
to the condition of Proposition [I] (see the proof of Theorem [J).

(2) There is a subgraph F of G and an isometry f from A into F', with f(fs(x)) =
x forall z in S.

It is easy and well-known to decide the condition (1) in polynomial time
(and, more generally to decide if any metric is a tree metric, see section [2). In
section[3], it is shown that (2) can also be tested in polynomial time: we construct
the subgraph F' whose existence is stated in (2), or certify its nonexistence,
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supposing that a tree satisfying (1) is already known. Since the tree realizing dg|s
in (1) turns out to be unique, applying the proposition to S := T, the solution of
Frank’s connected T-join problem follows (section[]). Then, in section[5], we show
a way of constructing Korach’s maximum integral packing of T-cuts whenever a
connected minimum 7-join exists. Finally, in section [B] the relation of the results
to some well-known problems of combinatorial optimization is shown.

2 Constructing the Shape of a Join

In this section we provide a polynomial algorithm that either finds a tree realizing
a metric d given on a finite set X, or certifies that such a tree does not exist.
This problem has many applications in various fields, such as phylogeny [16],
data mining, or psychology [4], and has been solved long ago [1], [2], [I1] in a
sharper sense; since we make only a very simple use of tree metrics, and for the
sake of completeness, we include the simple treatment we worked out for our
restricted goals.

Start with a copy {f(z),z € X} of the set X, and construct a path of length
d(a,b) between f(a) and f(b) by adding new vertices and edges. This path is a
tree realizing d|¢, ), and f|f4) is an isometry.

Suppose now that we have a tree A realizing the restriction of d to some
proper subset Y of X, and f|y is the corresponding isometry. Let ¢ € X \ Y.
Choose a,b € Y so that d, , is minimum, and let d be the vertex of V(A) at
distance dj . from f(a) on the f(a), f(b)-path. Construct a path P from f(c) to
d, of length dg ;.

Then either AU P realizes d|yyqcy, and then f[y gy is an isometry or there
is no tree realizing d|y g} -

Note that an inclusionwise minimal tree realizing d, whenever it exists, is
uniquely determined by this procedure. The unicity up to isomorphism is actually
straightforward to prove from scratch: vertices of degree 1 of the tree can be
characterized with the help of distances, and after deleting them we can continue
by induction. A variant of this statement will be important in the sequal:

Proposition 2. Let G be a graph and S C V(G). An inclusionwise minimal
connected join covering S is a subtree of G that realizes dg|s and is uniquely
determined up to isomorphisms leaving S fixed.

The proof is easy, along any of the lines explained above (by the unicity of
the construction, or from scratch), we leave it to the reader.

Note that tree metrics have been characterized with a certain ‘four-point-
condition’, that ensures the existence of a realizing weighted tree (Buneman
2)):

d(a,c) + d(b,d)
d(a,d) + d(b,c)
However, the realizing tree may have noninteger weights. As mentioned be-

fore, we also need the following condition : for all a, b, ¢ in X, d(a,b) + d(a,c) —
d(b, ¢) is an even integer. Together with the four-point-condition, this is sufficient

for all a,b,c,d € X,d(a,b) + d(c,d) < mam{
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for a metric to be a tree metric, as it can be shown with the simple proof above
(this is irrelevant for the main results of this paper).

3 Finding a Connected Join

The previous section allows us to decide whether the condition (1) holds or not.
In this section we show how to test condition (2) in polynomial time, that is, we
construct a subgraph of G covering S, isomorphic to A.

Suppose that condition (1) holds, and let A be the inclusionwise minimal tree
that realizes the restriction of dg to S. Let fg be the isometry from (S5, dg|s)
into A.

Let us recursively construct a set P! for every u € V(A) and i = 0,...,n,
where n = |[V(G)|. (P! is the set of vertices of G that are not excluded to be in
the image of u after step ).

For u € fs(S), define P! := {f5'(u)} for all i = 0,...,n. Let now u € V(A)
be arbitrary:

-PYi={veV(G):dg(v,s) = da(u, fs(s)) for all s € S}, and

- for some i € 0...n — 1, if P! has already been defined for all u € V(A),
then we check for all v € P!, and all z € V(A) such that ux € A, whether there
is an edge from v to some vertex of P!. If not, we define P+ := P!\ {v}, and
PiY = Pi, for all w/ # u.

Clearly, the sets P! (u € V(A)) are pairwise disjoint, and after k < n steps,
either some PF is empty, or for all u € V(A) all the vertices of P¥ are adjacent
to some vertex of P¥ for every z € V(A) such that ux € A. We then define
P, := PF the representing set of u € V(A) in G. If one of the representing
sets is empty, then all are empty, and there is no connected join. If none of the
representing sets is empty, then a connected join can be constructed ‘greedily’,
as it is shown in the proof of the following good characterisation theorem for
connected joins covering S

Theorem 1. Let G be a graph, and S C V(G). There exists a connected join F
covering S if and only if the distances in G between pairs of vertices of S form
a tree metric, and the representing sets of the vertices of the realizing tree are
nonempty.

Proof. The necessity is obvious. Conversely, let A be the tree realizing the re-
striction of dg to S, P, the representing set of u € A, and let us construct a tree
F which is a subgraph of G' covering S isomorphic to A, so that dg|v(r) = dp.
Then by Proposition [l it follows that F' is a connected join.

Suppose that the representing sets are nonempty. We construct the isomor-
phism f from A into an appropriate subgraph of G by choosing one f(u) € P,
for all u € V(A) as follows:

Start with an arbitrary v € V(A), and let f(u) € P, be arbitrary.

- Choose one vertex f(v) from every P, such that uv is an edge of A; add to
F the edges f(u)f(v) for all uv € E(A). (The property of the representing sets
guarantees that these edges exist in G for every uv € E(A).)
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Then we can repeat the same procedure for any vertex u € V(A) such that
f(u) € P, has already been defined, but 0 < degp(v,,) < deg4(u):

- Choose a vertex f(v) € P, for all v € V(A) such that uwv € E(A), and f(v)
has not yet been defined; add to F all edges f(u)f(v), uv € E(A).

Since A is connected, after at most |V(A)| steps, one vertex v, in every
representing set P, is chosen, and degp(f(u)) = deg,(u). (The procedure is
similar to usual ‘in width label and scan’ procedures.)

The result is a tree F', and clearly, f is an isomorphism between A and F.
Then for all z,y € S,

da(z,y) = da(fs(x), fs(y)) = dr(f(fs(@)), f(fs(v))) = dr(z,y).

Every path in F is a subpath of a path between vertices in S, that is, a sub-
path of a minimum path in G, hence is a minimum path in G. As a consequence,
da(x,y) = dp(z,y) for all x,y € V(F), as claimed. O

4 Finding a Connected Minimum 7-Join

The following problem was mentioned to be open by Frank [7] :
Connected Minimum T-join
INSTANCE. A graph G, a subset T' C V(G) of even cardinality.
QUESTION. Is there a T-join of minimum cardinality, which in addition is
connected?

As an immediate corollary of Theorem [, this problem can be solved in
polynomial time:

Corollary 1. A graph G = (V, E), with a subset T of vertices has no connected
minimum T-join if and only if it has no connected join covering T, or it has an
inclusionwise minimal connected join F which is not a T-join.

Proof. The necessity of the condition is obvious. To prove the sufficiency, suppose
that F' is an inclusionwise minimal connected join, which is not a T-join. We
have to prove that there is no connected T-join in G at all |

Indeed, by Proposition [l dr = dg|v(r), moreover, since F' is inclusionwise
minimal, by Proposition 2] I is uniquely determined up to isomorphisms leaving
T fixed. Therefore, in any connected inclusionwise minimal join F’ (and note that
connected T-joins are like this), the degrees in the vertices of T are the same as
in F, and the number of vertices of odd degree in V/(F')\ T is also the same as
the number of such vertices in V(F)\ T. So F’ is a T-join if and only if F is a
T-join. a

Note that this corollary can also be proved independently of the theorem:
the connected minimum 7-join problem can be reduced to finding a connected
join, and this reduction does not have to rely on the solution of the problem, it
is actually much easier than solving either of the two subproblems.
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5 Connected T-Joins and Integral Packings of T-Cuts

In this section we develop an important motivation for the connected join prob-
lem, which is the problem of finding integral packings of T-cuts.

We call v(G,T) the maximum cardinality of a family of pairwise disjoint
T-cuts, and 7(G,T') the minimum cardinality of a T-join. It is easy to see that
forall G and T, v(G,T) < 7(G,T) (a T-cut and a T-join always have an edge in
commun). The characterization of the equality is the subject of extensive stud-
ies in the literature because of its links to integral multiflows. Middendorf and
Pfeiffer [T5] proved that deciding if equality holds is an NP-complete problem.
However, in [12], Korach and Penn proved that for a minimum cardinality T-join
F with k connected components, v(G,T)—k+1 < v(G,T) < |F|, and therefore,
if & minimum T-join is connected, then v(G,T) = 7(G,T).

We will present in this section a simple polynomial algorithm that computes
a packing of disjoint T-cuts of cardinality 7(G,T'), or provides a certificate that
a connected minimum 7-join does not exist.

Such algorithms can be derived from any proof of Korach and Penn’s above
mentioned theorem [12], []], [I8]. The one we present here in the spirit of the
present work is short, elementary, and maybe shows a somewhat simpler way
of dealing with vertices of degree 1. The skeleton of the proof is similar to the
proof in [I7] of v(G,T) = 7(G,T) for bipartite graphs.

First we need one more definition. For a graph G, and T C V(G), the T-
contraction of xy € E(G) is the operation of contracting xy in the graph, and
redefining T with T" := T'\ {x, y} U {vs, } if exactly one of  and y are in T', and
T’ := T\ {z,y} otherwise. In this paper we will apply this operation uniquely
to the T-contraction of (all edges of) the star of a vertex, that is to identifying
a vertex with all its neighbors, (and redefining T depending on the number of
vertices of T in the identified set).

Lemma [ can be viewed as one iteration of a polynomial algorithm finding :

- either a packing of disjoint T-cuts of cardinality 7(G,T')

- or a certificate that a minimum connected join does not exist (when one of
the conditions in lemma [ is violated).

Lemma 1. Let G be a graph, T a subset of its vertices. Let a and b be elements of
T such that dg(a,b) is the mazimum over all distances between pairs of vertices
of T'. If there exists a connected minimum T-join, then:

(i) a (and also b) has degree 1 in any connected minimum T-join in G; in
particular a and b are in T'.

(i1) there exists at least one neighbor a’ of a, such that dg(a',z) = dg(a,z) —1
for all x € T, and at most one of such neighbors is in T .

(iii) 6(a) is a T-cut and, if G',T" are obtained by T-contracting 6(a), then G’
has a connected minimum T’ -join of cardinality 7(G,T) — 1.

Proof. Let F be a connected minimum 7-join, and let P be the a, b-path of F.
By Proposition [[] P is also a shortest path in G, and by definition, the longest
among all shortest paths between vertices of T.
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Proof of (i): If indirectly, F' contains an edge incident to a which is not in
P, then starting on that edge from a until reaching a vertex ¢, degr(c) = 1, the
obtained a, c-path R C F' is vertex-disjoint of P, because F' is a tree. But then
PUR is also a path, and is also a shortest path of G, by Proposition [l Because
of degr(c) = 1 we have ¢ € T, and therefore PUR is a path between two vertices
of T, and longer than P, a contradiction with the choice of a, b.

Proof of (ii): Let o’ be the neighbor of @ on P. Again, by Proposition [IJ
dg(a',b) = dp(d’,b) = dp(a,b) — 1, and if a had another neighbor in G such
that a” € T, then a” is also a vertex of F, and dg(a,a”) = dr(a,a”) = 1, that
is aa” € F, contradicting (i).

Proof of (iii): Let us prove that F' \ {aa’} is a connected minimum 7”-join
in G’. By (i), it is connected. By Proposition [ it is sufficient to prove that
any path R C P between two vertices z,y € V(F), degr(z) = degr(y) = 1,
is also a shortest path in G’. Since we know that in R is a shortest path in
G, a shorter x,y-path R’ of G’ must contain the new vertex a* of G’. But
de/(z,a*) > dg(z,a) — 1 = dg(z,a’) by (ii), and therefore

|R| = dG(xa y) < dG(J?, a/) + dG(a/7y) < dG' (J?, a*) + dG' (a’*a y) = |R/|7
a contradiction. O

Clearly, the sets d(a) found by successive application of the lemma are dis-
joint T-cuts, and each intersects any minimum 7-join in one element. Hence, if
there exists a connected T-join, we arrive at a packing of T-cuts of cardinality
7(G,T), as desired. Note that this algorithm neither implies nor is implied by
the algorithm developed in the preceding sections for deciding the existence of a
connected minimum 7-join; indeed, in case a packing of disjoint 7T-cuts of car-
dinality 7(G,T) is found, no connected T-join is exhibited. We do not see how
to decide the existence of a connected T-join in this way.

6 Concluding Remarks

6.1 Complexity

The complexity of the algorithm based on our results finds a connected join cov-
ering a subset S of vertices of a graph on n vertices (or certifies its nonexistence),
in time at most O(n?).

Indeed, in the first step (constructing A from dg|g), at each step of a recur-
rence, we have to compute dj, , and dZ, for all a,b in Y C S; it takes O(|Y]?)
operations. Then we construct a path (in O(|Y|) time) and check whether the
tree realizes d¢ |y, that is we compute d(c, a) for all a € Y. The entire procedure
takes O(Y_,_, ,,i*) = O(n®) time. Note that it is possible to determine if a
metric satisfies the four-point-condition (which is equivalent to our first step) in
time O(n%logn) with the help of ultrametrics as it is proved in [I], that could
improve our computation time.

The second step (embedding A in the graph G) has also a O(n?) time com-
plexity: constructing a P requires the computation of all the distances between
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u and every x € S, then for all u € V(A), it takes at most O(n?) operations.
Then computing P! from Pi~! may need O(nm) checks for a single u € V(A),
and this operation is achieved at most n times. In conclusion, the entire process
takes at most a time which is a function O(n?).

6.2 Weighted Case

As we mentioned in the introduction, the results of this paper, including poly-
nomial algorithms, work for the weighted case too. As far as the results are
concerned they can be immediately derived by subdivivision of the edges of a
weighted graph G, w (subdivide every edge e € E(G) w(e) times, or contract it
if w(e) = 0, and apply Theorem [0)). But this provides only an algorithm that
depends linearly on the weights (instead of being bounded by a polynomial of
the logarithm, or not depending on the numbers at all). Anyway it is possible
to achieve a strongly polynomial algorithm for the weighted case. The problem
can be reformulated as follows (a join is then defined as a set F' of edges such
that for all circuit C, w(C N F) <w(C\ F)):

Weighted Connected Join

INSTANCE. A graph G, an nonnegative integer weight function w : E(G) — N,
a subset S of vertices, an integer k.

QUESTION. Is there a connected join F' covering S such that w(F) < k?

In particular, if |S| is even, the question could concern the existence of a
S-join of minimum weight which is connected. We reformulate Theorem [ (and
Corollary [T)) and the principles of the construction in the following way.

Let the distances between pairs of vertices in G be the minimum weights of
paths between the vertices. Then it is possible to restate the two steps of the
algorithm.

First, construct a weighted tree realizing a metric d on a set X.

Start with a,b in X. Construct the images of a and b by an isometry f, and
an edge between f(a) and f(b) with a weight w(ab) = d(a,b).

Then suppose a weighted tree A, w realizes the restriction of d to Y C X.
Choose ¢ € X'\ Y such that dj . is minimum among all a,b in Y. Subdivide the
edge e incident to f(a) (it is umque because of the choice of a), in two edges ey,
ez, of respective weight dj . and w(e) — dj .. Then join f(c) and the new vertex
incident to both e; and 62 by an edge of weight dg ;. Check that the result is
a tree realizing dy .y and start again. Remark that in A, there is no vertex of
degree two, and therefore a minimum connected join in G is homeomorphic to
A (if it is incusionwise minimal).

Then, construct the representing sets P, of every vertex u € V(A) : first,
z € V(G)isin P, if dgw(z,s) = da(x,s) for all t € S. Check for every z € P,,
and v € V(A) such that uv is an edge of E(A), that there is a path of weight
w(uv) between x and some y € P,. If not, delete & from P,, and start again.
Finally Theorem [M can be reformulated for the weighted case as follows.

Theorem 2. Let G be a graph, w : E(G) — N, S C V(G). There exists a
minimum weight connected join F covering S if and only if the distances in G
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with respect to w form a tree metric, and the representing sets of the vertices of
the realizing tree are nonempty.

6.3 Related Problems

There are several problems which are closely related to the connected join prob-
lem, which have been proved to be NP-complete. We provide some simple NP-
completeness proofs and show their relation to our problem.

Connected T-join. This is a NP-complete variant of the connected minimum
T-join problem : we don’t require the T-join to have minimum cardinality.
Connected T-join
INSTANCE. A graph G, a subset T C V(Q), |T| even.
QUESTION. Is there a connected T-join?

This problem is mentioned by Frank [7], and NP-competeness is said to be
solved by a proof of Pulleyblank, with a reduction of the Hamilonian circuit
problem, for 3-regular graphs, probably similar to the following :

Proof. Let G be a 3-regular graph. Let us construct G’ in the following way :
let f be a bijection between V(G) and a new set U of the same cardinality.
Let V(G') = V(G)UU, and E(G’) = E(G) U {zf(x), for all z € V(G)}. Let
T = V(G"). There exists a Hamiltonian circuit in G if and only if there exists a
connected T-join in G'. Indeed, let F' € E(G’') be a connected T-join, then all
degrees of vertices of V(G) in F are equal to 3 (they are odd, less than 4 because
G is 3-regular, and greater than 2 because F is connected). Then FN E(G) is a
connected subgraph of GG such that every vertex has degree 2, in consequence a
Hamiltonian circuit. The ‘only if’ part of the proof follows in the opposite way.

Note that in consequence, it is NP-hard to find a connected T-join, with a
minimum number of edges.

Steiner Tree. Let G be a graph and w : E(G) — N a weight function, and T a
subset of V(G). We call a Steiner tree for T a tree in G covering T. The optimal
Steiner tree is a Steiner tree of minimum weight. The following NP-complete
problem has been much studied.
Steiner Tree
INSTANCE. A graph G, and T C V(G), a weight function w : E(G) — N, an
integer k.
QUESTION. Is there a tree F' in G covering T, such that w(F) < k?

For NP-completeness proofs, exact algorithms, polynomial heuristics, see [13],
[20]. The connection to joins is that a connected join turns out to be an optimal
Steiner tree.

Proposition 3. Let G be a graph, T C E(G) and w : E(G) — N. If F is a
w-minimum connected join covering T, then F' is an optimal Steiner tree for the
terminal set T.
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Proof. Tf |T| = 2, then the statement is obvious. Suppose now |T'| > 2. Let
A be a Steiner tree covering 7', and F a connected join covering T', such that
w(F) > w(A). Choose A and F so that |T'| is minimum.

For any t € T, call A; (resp. F;) the subset of edges of A (resp. F') not
belonging to any path of A (resp. F) between two vertices of T\ {t}. For all
teT, F\ F; is a minimum weight connected join covering 7'\ {t}, and A\ A,
is a Steiner tree for T\ {t}. Then w(F \ F;) < w(A\ A;), by the minimality of
the example. Consequently, w(F;) > w(A;) for all t € T'.

Now it is easy to see that there exists two vertices t1,ts such that the ¢y, to-
path in A is exactly Ay, UA,, (For example, fix € V(A), and let 1, t2 maximize
dA(I,tl) + dA(I7t2) — dA(tl,tg)). Then

da(ty,t2) = w(Ay ) + w(Ay,) <w(Fy) +w(Fy,) < dp(ty,t2)

This contradicts (the trivial part of) Proposition M1 O

Approximations, A-joins and tree A-spanners. The links to the Steiner
tree problem lead us to the study of a relaxation of the connected join problem.
It is possible for example to relax the property of Proposition[Ik a A-tree covering
S (A€ Ry) is atree FF C E(G) covering S, with the property that dp(z,y) <
A X dg(z,y) for all z,y in V(F).

In fact, a A-tree F' is a Steiner tree, which is a most A times bigger than the
optimal Steiner tree. (Indeed, if w is the weight function on the edges of G, define
w'(e) := 1/dw(e) for all e € F, and w’(e) = w(e) otherwise. F' is a connected
join according to w’, and therefore 1/ Aw(F) = w'(F) < w'(S) < w(S), where S
is an optimal Steiner tree.)

We could not generalize our arguments to A-trees, and this is not surprising in
the view of the work of Cai and Corneil’s on tree A-spanners [3]: a tree A-spanner
in a weighted graph G, is a spanning tree F' (that means ‘covering V(G)’) such
that dp(z,y) < A x dg(z,y) for all z,y € V(G).

Note that a tree A-spanner is a connected A-tree covering S = V(G), a special
case of our problem. In consequence, as a corollary of our work, it is polynomially
solved when A =1 (it was also solved in [3] in a simpler way); but when A > 1,
it is NP-complete to determine whether a graph contains a tree A-spanner, and
that proves NP-completeness of the A-tree. Note that tree A-spanners become
tractable for A < 2 if the graph is unweighted, according to [3].

Isometric Subgraphs. We put the algorithm of Section [3]to the more general
context of subgraph isomorphisms, showing also the limits of our method. It is
well-known, that it is NP-complete to decide whether a graph G given as input
contains a subgraph isomorphic to another given graph H, even if H is a tree [9].
Isomorphisms are exactly the isometries of the distance functions of unweighted
graphs: indeed, xy is an edge of a graph, if and only if the distance of x and y
in the graph is 1. The problem we have been studying in this paper (and mainly
in Section B)) has the specificity, that the distances in the isomorphic subgraph
must be the same as in the whole graph.
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Subgraph Isometry
INSTANCE. Two graphs G, and A.
QUESTION. Is there an isometry from A into G7

In other words, does G contain a subgraph H isomorphic to A so that the
distances in H are the same as in G. We will call H an A-isometric subgraph of
G.

If A is a clique of size k, then an A-isometric subgraph of G is still a clique
of size k: the subgraph isometry problem is in consequence NP-complete. How-
ever, the problem is not the same as subgraph isomorphism: indeed, suppose for
instance that A is a path of length |V (G)|. The problem of deciding whether G
contains a subgraph isomorphic to A is the Hamiltonian path problem, whereas
the A-isometric subgraph problem is trivial in this case: G has such a subgraph
if and only if G is a path of length n.

Another specificity of the problems we had to solve here is that the images
of some vertices of A are fixed in advance, moreover, that the distances from
these prefixed vertices uniquely determine every vertex of the graph. Indeed, the
polynomial running time of the algorithm in Section [ is based on the pairwise
disjointness of the representing sets.

We say that R C V(A) determines A if for all z € V(A), there exists u,v € R,
such that da(u,x) # da(v,x).

Determined Subgraph Isometry

INSTANCE: Two graphs G and A, a set R C V(A) that determines A and an
isometry f from (R,da|r) into G.

QUESTION: Is there an extension of f, which is an isometry from A into G?

In other words, is there an isomorphism f between A and a subgraph H of
G so that f(r) = f(r) for all r € R, and dg(z,y) = dg(x,y) for all x,y € V(H).

The algorithm in Section Bl can now be copied to provide a polynomial al-
gorithm for this more general problem. The only fact to notice is that since R
determines A, the representing sets are disjoint again.

In other words, the main point of this work expressed in Section [B]is working
because the vertices of degree 1 of a tree determine it (and at least all the vertices
of degree 1 are fixed in advance). In fact all the vertices which degree is at least
2 and some of the vertices of degree 1 can be deleted from the determining set
(one from among each vertex in an equivalence class of vertices having degree
one and the same neighbor). It is easy to see that in this way we get all the
minimum determining sets of a tree.

While the smallest set that determines a clique has n — 1 elements, some
other interesting classes of graphs are determined by a subset of constant size.
For instance paths are determined by only one vertex, and circuits by two. For
classes of graphs that can be determined by a constant number of vertices the
Subgraph Isometry problem can also be solved in polynomial time, because one
can then define R to be a set of constant size that determines A, and one can
check the existence of a subgraph isometry for all possible choices for an image
of R. (There is a constant number of them.)

This raises the problem of finding the smallest determining set of a graph. Is
this problem polynomially solvable or NP-hard? For arbitrary k can the structure
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of graphs that can be determined by at most k vertices be described? For dense
graphs this problem is close to subgraph isomorphism.

Another generalization of the problem studied in this paper is the minimiza-
tion of the number of components of a minimum 7-join (or in a join). We do
not know the complexity status of this problem.
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Abstract. We show that the problems of minimizing total completion
time and of minimizing the number of late jobs on unrelated parallel
machines, when preemption is allowed, are both NP-hard in the strong
sense. The former result settles a long-standing open question.

1 Introduction

Suppose that m machines M; (¢ = 1,...,m) have to process n jobs J; (j =
1,...,n). Each job can be processed on any of the machines but it can only be
worked on by one machine at a time. Each machine can process at most one
job at a time. The time it takes to process job J; completely on machine M; is
given by a positive integer p;;. Preemption is allowed, i.e., we may interrupt the
processing of a job, and continue it later on the same, or at any time on another
machine. We are interested in finding a schedule for which a certain optimality
criterion is minimized.

In this paper we consider two optimality criteria: the sum of completion times
Y51 Cj, and the sum of unit penalties Y°7_, U;. The completion time C; of a
job J; is the last moment in time that it is processed. If a job J; has a given
due date d;, that is, the moment in time by which it should be completed, then
we say the job is late if d; < C;. The unit penalty U; is 1 if job J; is late, and
0 otherwise.

With the two optimality criteria we have defined two scheduling problems. In
the notation introduced by Graham et al. [8] they are denoted by R|pmtn| )  U;
and R|pmtn|)_ C;. The ‘R’ indicates we have unrelated parallel machines, i.e.,
no relation between the mn processing times p;; is presumed. The number of
machines m is defined as part of the problem instance. If the number of ma-
chines m is fixed, the notation ‘Rm’ is used. The acronym ‘pmtn’ indicates that
preemption is allowed. The third field indicates which optimality criterion is
used.

Lawler [13] proved that the problem P|pmtn|)_ Uj, i.e., the problem of mini-
mizing the number of late jobs, is already NP-hard in the ordinary sense on iden-
tical parallel machines . We say machines are identical if p;1 = pi2o = ... = pim
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for all 4, 1 <4 < n. Hence R|pmin|)_ U, is NP-hard in the ordinary sense as
well. Du and Leung [4] show that the problem R|pmtn,r;| > U;, where the given
jobs have release dates, is strongly NP-hard.

We show that R|pmtn|)_ U; is NP-hard in the strong sense.

Little is known about the preemptive minimization of the sum of completion
times. If no preemption is allowed (R||>" C;), an optimal schedule can be found
in polynomial time by solving a weighted matching problem (Horn [9], Bruno
et al. [3]). In the case of uniform parallel machines, Gonzalez [7] shows that an
optimal preemptive schedule can be found in polynomial time. We say that the
machines are uniform if p;; = p;/s; for given processing requirement p; of job
J;, and speed s; of machine M;. The problem P2|pmitn,r;|>_ C;, is NP-hard in
the ordinary sense [5], and the problem P2|chains, pmitn| ) C;, where chainlike
precedence relations between the jobs are added, is NP-hard in the strong sense
(6]

We show that the problem R|pmin| )" C; is NP-hard in the strong sense.

For almost all scheduling problems the preemptive version of the problem is not
harder to solve than the non-preemptive version. For at least two scheduling
problems this emperical law does not hold true.

Brucker, Svetlana, Kravchenko, and Sotskov [2] showed that the preemp-
tive job shop scheduling problem with two machines and three jobs (J2|n =
3, pmin|Caz) is NP-hard in the ordinary sense. However, Kravchenko and Sot-
skov [11] show that the non-preemptive version can be solved in O(r*) time,
where r is the maximum number of operations of a job.

The other exception is that of finding an optimal preemptive schedule for
equal length jobs on identical parallel machines. The optimality criterion is the
sum of weighted lateness penalties. This problem (Plp; = p, pmin|)_ w;U;)
was proven to be NP-hard in the ordinary sense by Brucker, Svetlana, and
Kravchenko [1]. In the same paper they give a O(nlogn) time algorithm for
the non-preemptive version. Recently they even proved strong NP-hardness for
the preemptive problem.

Rlpmitn| 3 C; is the third problem type on this short list.

2 Minimizing the Number of Late Jobs

Rlpmtn| > U;

Instance: A number «, a set {M;, Ms, ..., M,,} of m unrelated machines, a set
{J1,J2,...,Jn} of n independent jobs, a set {p;; | i=1...m,j =1...n} where
pi; is the processing time of job J; on machine M;, and a due date d; for each
jOb Jj.

Question: Does there exist a preemptive schedule for which Z?Zl U; <a?

It is not obvious this problem is in the class NP since we have to exclude the pos-
sibility that there is a schedule with a superpolynomially number of preemptions
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that has a strictly smaller objective value than any schedule with a polynomial
number of preemptions. Lawler and Labetoulle [12] show that for any monotone,
non-decreasing objective function f(Ci,Cs,...,C,), an optimal schedule can be
constructed by solving a linear program, if the completion times of the jobs in
an optimal schedule are given. The number of preemptions for this schedule is
bounded by a function of order O(m?2n). Verifying the feasibility of a schedule
with O(m?n) preemptions requires polynomial time, and so R|pmin| > U; is in
NP.

We present a reduction from the 3-Dimensional Matching problem to
R|pmtn| )" U;. The former was proven to be NP-complete by Karp [10].

3-Dimensional Matching (3DM)

Instance: Three sets U = {uy,...,un}, V. = H{vg,...,v,}, and
W ={wi,...,w,}, and a subset S C U x V x W of size m.

Question: Does S contain a perfect matching, that is, a subset S’ of cardinality
n that covers every element in U UV UW?

As a preliminary we define one set of jobs and three sets of machines. For each
element u; of the set U, we define one machine which we denote by U;. The
set of these n machines is denoted by U as well. In the same way we define
the sets of machines V' and W. We use the following notation for the set S:
S = {(ua, v, wy,)| j = 1,...,m}. For each element s; = (uq,,vg,,w,,) of S
we define one job which we denote by J;. The set of these m jobs is denoted by
J. The processing time of a job is small on the three machines that correspond
to the related triple, and is large on all other machines. To be specific: let s; =
(Uay,vp;,wy;) be an element of S, then the processing time of job J; is 3p on
machine Uy, %p on machine Vg,, and p on machine W, , where p € R, p > 2.
The processing time is K on any of the other 3n — 3 machines, where K €
R, K > 6p. K and p will be chosen appropriately.

We use the following terminology. We say that a machine is a ‘slow’ machine
for the job Jj if the processing time of job J; is K on that machine. In any other
case we say that the machine is ‘fast’ for the job.

Lemma 1. Given an instance I of 3-Dimensional Matching with S C UXV xW
and |S| = m,|U| = |V| = |W| = n, define the sets of machines U, V', and W
and the set of jobs J as described above. If we add the restriction that none of
the V-machines can process a job before time t = 1 and none of the W -machines
can be used for processing before time t = 2, then for every preemptive schedule

the following holds:

(1) C; > p+1 for any job J; € J,

(ii) if there are n jobs for which C; < (p+ 1) + %, then I contains a perfect
matching.

Proof. (i) Schedule job J; on machine U, from ¢ = 0 to ¢ = 1, on machine Vj,

J
from ¢ =1 to t = 2, and on machine W, from time ¢ = 2 onwards. Scheduled
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in this way C; = p+ 1. Any other schedule will give a strictly larger completion
time.

(ii) Call the schedule of job J; as described in (i), the optimal schedule of this
job. If I does not contain a perfect matching, it is impossible to schedule a set
of n jobs such that each job gets its optimal schedule. At least one job of any set
of n jobs must diverge from its optimal schedule for a total time of at least 0.5.
This will delay the best possible completion time for this job by at least %. a

We will use this construction with the gradual schedule of the J-jobs to prove
Theorem 1. In the lemma we made the restriction that sets of machines can only
be used from some point in time onwards; in the NP-hardness proof below we
will have to find a way to enforce this.

Theorem 1. R|pmin|)_ U; is strongly NP-hard.

Proof. The problem is in the class NP as we already showed. To complete the
proof we reduce the 3-Dimensional Matching problem to R|pmtn| " U;. Given an
instance of 3-DM of size m and n, we will define a scheduling instance containing
a set of 3n machines and 2n + m jobs, and prove that a 3-dimensional matching
exists if and only if there exists a preemptive schedule for which the number of
late jobs does not exceed a certain value.

Let I be an instance of 3-DM with S C U x V x W and |S| = m, |U| =
|[V| = |W| = n. Define the sets of machines U, V, and W as before. For each
machine of the set V' we introduce one job with processing time 1 on that specific
machine, and with processing time K on any of the other 3n — 1 machines. The
due date is 1 for all these jobs. For each machine of W we define one job with
processing time 2 on that specific machine, and with processing time K on any
of the other 3n — 1 machines. The due date is 2 for all these jobs. We denote the
set of these 2n jobs as A. We define the set of jobs J related to S, with their
processing times as before. The due dates of these jobs are p+ 1. We choose the
value p = 3n + 3.

We claim that for any schedule, the number of late jobs is less than or equal
to m — n, if and only if a perfect matching exists. Notice that this is the same
as claiming that the number of early jobs is at least 3n if and only if a perfect
matching exists.

If there exists a perfect matching, then it is possible to schedule the jobs such
that 3n jobs are early: Schedule the 2n A-jobs such that they are early (there
is only one way to do this), and schedule the n J-jobs that correspond to the
elements in the 3-dimensional matching, in the way described in the proof of
Lemma 1.

Observe that it is impossible to have more than n early J-jobs. For a J-job
to be early, it must be scheduled on its fast W-machine for a time of at least
p — 2. So if there are at least n + 1 early J-jobs, then the total processing time
required on the W-machines is at least (n+1)(p—2) = (n+1)(3n + 1). For any
n this is strictly larger than n(3n + 4), which is the total available processing
time on the W-machines before the due date, t = 3n + 1.
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We conclude that if at least 3n jobs are early, then these jobs are the 2n
A-jobs and exactly n of the J-jobs. From Lemma 1 it follows that in this case a
perfect matching exists. a

3 Minimizing the Sum of Completion Times

Rlpmin| Y C;

Instance: A number «a, a set {M7, M, ..., M,,} of m unrelated machines, a set
{J1,J2,...,Jn} of n independent jobs, and a set {p;;|i = 1...m,j5 = 1...n}
where p;; is the processing time of job J; on machine M;.

Question: Does there exist a preemptive schedule for which Z;;l C; <a?

Theorem 2. R|pmtn|)_ C; is strongly NP-hard.

Proof. The membership of the class NP follows from the same arguments as
given for the problem R|pmin|> Uj .

To complete the proof we reduce 3-Dimensional Matching to R|pmtn|)_ C;.
Given an instance of the 3-DM problem we define an instance of a scheduling
problem and prove that a perfect matching exists if and only if there exists a
preemptive schedule for which the sum of completion times does not exceed a
certain value.

Let I be an instance of 3-DM with S C U x V x W and |S| =m,|U| = |V| =
|[W| = n. The set of machines consists of the sets U, V and W as defined before
and, additionally, one machine which we denote by Z.

The set of jobs consists of three different sets. First we define the set of jobs J
related to S, and use the same processing times for these jobs as defined before.
The processing time on the Z-machine is p for any job from J. The value of p is
set to p = 2. The value of K will be specified later.

The second set of jobs is the set A which contains many jobs with a small
processing time. For each V-machine we define M A-jobs with processing time
ﬁ on that specific machine and processing time K on any other machine. The
value of M will be specified later. For each W-machine we define 2M A-jobs with
processing time ﬁ on that specific machine and with processing time K on any
other machine. For the Z-machine we define 3M A-jobs with processing time
ﬁ on the Z-machine and processing time K on any of the other 3n machines.
The total number of jobs in A is (3n + 3)M. The A-jobs are meant to keep the
V-machines busy until time 1, the W-machines until time 2, and the Z-machines
until time 3.

The third set of jobs is B. For each U-machine we define §(m — n) B-jobs
with processing time 2m + 4 on that specific machine, and processing time K on
any other machine. (Without loss of generality we may assume that %(m —n)
is integer.) For each V-machine we define %(m —n) B-jobs with processing time
2m + 4 on that specific machine and processing time K on any other machine.
For each W-machine we define (m — n) B-jobs with processing time 2m + 4 on
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that specific machine and processing time K on any other machine. The B-jobs
are introduced to ensure that, in an optimal schedule, a limited part of the J-jobs
is scheduled on the U-, V-, and W-machines.

\\ \\ \\ \\ \\ AN
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Fig. 1. Sketch of the schedule o3pas.

If a perfect matching exists then the jobs can be scheduled as shown in Fig. 1. All
A-jobs are scheduled on their fast machines such that their sum of completion
times is minimized. There is only one way to do this. The n jobs from J that
correspond to the perfect matching are scheduled as in the proof of Lemma 1.
The completion time of these jobs is 3. All other J-jobs are scheduled after the
A-jobs on the Z-machine. Each B-job is scheduled on its (unique) fast machine.
The B-jobs are placed directly after the other jobs. This schedule is denoted by
o3pum - The sum of completion times of o3pas is denoted by Cy,,,,. The value of
Cyapa 18 clearly a polynomial in m,n, and M. The expression is omitted here.
We use the notation C5(.J) for the sum of completion times of the jobs in
a set J in a schedule &, and C5 for the sum of completion times of all jobs in

schedule o.

We now show that a perfect matching exists if there exists a preemptive schedule
o with C, < Cy,,,, - Assume that I does not contain a perfect matching and
that o is an optimal preemptive schedule for which C, < C,,,,,,- Three cases
are distinguished, each next one allowing a more general schedule.

— Case 1: In o no jobs are processed on slow machines, and all A-jobs are
scheduled as in o3pyy.

— Case 2: In 0 no jobs are processed on slow machines.

— Case 3: Neither of these assumptions about o is made.

The essence of the reduction is contained in Case 1. It is intuitively clear that
the other two cases follow from Case 1 for appropriate values of M and K. In
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Case 2 and Case 3 we give explicit values for the numbers M and K and prove
that these values satisfy.

Case 1: We will prove that Cy > Cy,,,, + 5. Notice that the J-jobs are the
only jobs that can be scheduled on more than one machine. Also notice that,
by the choice of 2m + 4 for the processing times of the B-jobs, the completion
time of any J-job is strictly smaller than the completion time of any B-job.
(If all J-jobs are scheduled on the Z-machine, then they are completed at time
2m+3). Let T be the time that is spent on processing J-jobs on the Z-machine,
and let T = T — 2(m — n). (In the schedule o3pa; we have T = 0.) The number
of B-jobs on each of the U-, V-, and W-machines were chosen such that the
following equality holds for any optimal schedule o satisfying the assumptions
we made for Case 1.

CU(B) = CO’BDM(B) _f<m_n)' (1)

Now let C(J)1 be the sum of the n smallest completion times among the J-jobs
in the schedule o, and let C,(J)2 be the sum of the m — n largest completion
times among the J-jobs. In a similar way we define C,,,,,(J)1 and Cyp,, (J)2.

Let ¢y < ¢ < ... < ¢y be an ordering of the completion times of the J-jobs
in 0. The largest completion time c¢,, is at least 347", and the last but one is at
least 3+ T — 2, and so on. In general we have ¢; > max{3+ 7T —2(m —1i) , 3}.
Therefore if T > 0 it follows that

OO'(J)2 = Z;n:n-&-l C; Z Z:’ln+13+T—2(m —~Z)
=Y itap3+t2(m—n)—2(m—i)+T (2)
= CU3DIVI(‘])2 + T(m - Tl)

The same inequality holds if T < 0. The arguments are more subtle and omitted
here. Combining equality (1) and inequality (2), and using Cy,,,,,,(A) = C,(4)
and Cy,,,,(J)1 = 3n we obtain

Co =Co(A)+ Cy(B) + Co(J)1 + Cs(J)2
> CO'BDM (A> + CO'BDM (B) + CU<J)1 + CU'SD]W (J>2
= CUSDM —3n+ CU(J)l.
From Lemma 1 we have Cy(J); > 3n + &, and therefore Cy > Cyyppyy + &
Case 2: We will prove that Cy > Cy, 1, +15. The numbers M and K, introduced
earlier, have not been specified yet. We choose M = (2n + 1)C*(6C* + 1)2,
where C* = Cyyp 1, (J) + Coyprs (B), and K = 48(2m + 4)NCy,,,,,, where N =
(m =+ 2n(m —n) + (3n + 3)M), which is simply the total number of jobs. Notice
that M and K are well-defined since C* does not depend on M, and C,,,,,
does not depend on K. We could have chosen much smaller values for M and K.
However, this will make it much harder to verify the correctness of the reduction.
The sum of completion times of the A-jobs in ¢ is Cy,,,,(A) if and only if
these jobs are scheduled as in o3pys. Suppose now that some A-jobs are not
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scheduled according to o3pps. For example, assume that 1 — §(V;) is the time
that machine V7 spends on processing A-jobs between time ¢ = 0 and ¢ = 1.
Let ¢ < ¢y < ... < ¢y be an ordering of the completion times of the A-jobs
on machine V;. The largest completion time, ¢y, is at least 14 §(V7), and the
largest but one is at least 1+ §(V4) — ﬁ, and so on. Compared to the schedule
o3pys this will increase the sum of completion times for the A-jobs by at least
[6(Vi)M1o(Vy) > 5(V1)ZM. Now let 1 —6(V;), 1 — §(W;), and 1 — 6(Z) be the
time that, respectively, machine V;, W;, and Z spends on processing A-jobs
between time ¢ = 0 and respectively t=1,t=2,andt =3 (1 <4,j <n). Let
§=0V1)+...+06(Vy) +d(W1) + ...+ 8(W, )+6( ). Then we obtain

CU(A)ZCUSDZM(A)—’_Zz 1 ( )M+Zz 1 ( )M+5( )
> Coyprs (4) + 3

2n+1

If SM C*, then certainly C, > C, and we are done. So assume the

2n+1 ospam T 127
opposite and substitute the value of M. This gives us
1
0< ——. 3
~6C*+1 (3)

The § time can be used to schedule at most a fraction §/2 of one J-job. For
B-jobs this fraction is of course smaller. Now consider the problem in which
all processing times of J- and B-jobs are multiplied by a factor 1 — §/2, slow
machines may not be used, and the machines from V, W and Z may not be
used until time 1, 2 and 3 respectively. From Case 1 it follows that, for this
problem, the sum of completion times of these scaled J- and B-jobs is at least
(1—36)(C*+ §). We conclude that in the original problem

Col7) + ColB) > (1= 58)(C + ).

From C,(J) + Cy(B) < C* + & we obtain

1
0> —. 4
- 6C* +1 )
This contradicts the earlier obtained upper bound (3) on §. We conclude that
Co > Coyprs + 15-
Case 3: We will prove that C, > Co,p,, + ﬁ. Suppose that some parts of jobs
are scheduled on slow machines. The sum of the fractions of all jobs scheduled

on slow machines can not be more than C”“}’?M since the total processing time
of these jobs would already exceed Cy,,,,.- From o we define a new schedule
in three steps. First, remove all the work that is scheduled on slow machines.
Secondly, shift the remaining schedule to the right over a time ﬁ. That is,
all work is postponed by ﬁ. Thirdly, reschedule the removed work on fast

machines between t = 0 and t = m This is p0551ble since the total processing

time of this work is at most ”3DM (2n +4) = 51 if completely scheduled on
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fast machines. In this new schedule no job is scheduled on a slow machine, and
the increase in the total sum of completion times is at most i. Using Case 2 we

obtain
1

1 1
CU +572 CO'3D1M + E = CU > C0'3D1M + ﬂ

24 —

Since Case 3 allows optimal schedules of any form we conclude that if C, <

Cyapa > then a perfect matching exists. O

4 Discussion

The complexity of R|pmtn|)_ C; and R|pmtn|)_ Uj is still open for a fixed
number of machines, even for m = 2. Another open question is whether
Plpmin| > U, is solvable in pseudopolynomial time or NP-hard in the strong
sense.

Acknowledgements. I would like to thank Jan Karel Lenstra and Leen Stougie
for their comments on an earlier version of the paper.
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Abstract. The problem of traversing a set of points in the order that
minimizes the total distance traveled (traveling salesman problem) is one
of the most famous and well-studied problems in combinatorial optimiza-
tion. In this paper, we introduce the metric of minimizing the number of
turns in the tour, given that the input points are in the Euclidean plane.
We give approximation algorithms for several variants under this metric.
For the general case we give a logarithmic approximation algorithm.
For the case when the lines of the tour are restricted to being either
horizontal or vertical, we give a 2-approximation algorithm. If we have
the further restriction that no two points are allowed to have the same
x- or y-coordinate, we give an algorithm that finds a tour which makes
at most two turns more than the optimal tour. We also introduce several
interesting algorithmic techniques for decomposing sets of points in the
Euclidean plane that we believe to be of independent interest.

1 Introduction

The problem of traversing a set of points in the order that minimizes the to-
tal distance traveled (traveling salesman problem) is one of the most famous
and well-studied problems in combinatorial optimization [2]. It has many ap-
plications 24T3[T425TR], and has been a testbed for many of the most useful
ideas in algorithm design and analysis. The usual metric, minimizing the total
distance traveled, is an important one, but many other metrics including maxi-
mum distance [TYT2JTH20], minimum latency(traveling repairman problem) [I}
7], minimizing the shortest edge length[21], maximum scatter TSP [4], and min-
imizing the total angle traversed (angular-metric TSP) [2] are also of interest.
In this paper, we introduce the metric of minimizing the number of turns in
the tour, given that the input points are in the Euclidean plane. Equivalently,
we wish to find a tour through the points, consisting of straight lines, so that the
number of lines is minimized. To our knowledge this metric has not been studied
previously. It is motivated by applications in robotics and in the movement of

* Research partially supported by NSF Carcer Award CCR-9624828, NSF Grant EIA-
98-02068, a Dartmouth Fellowship, and an Alfred P. Sloane Foundation Fellowship.
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other heavy machinery: for many such devices turning is an expensive operation.
Imagine that a robot needs to visit a set of locations distributed over a relatively
small physical space (room or building sized). If the locations are fairly dense
throughout the region, there will be many tours whose total length is close to
the minimum. If this robot turns slowly, the time spent visiting all the points is
dominated by the number of turns made. In a recent paper, Arkin et al. consider
the problem of carving out an area with a drill while minimizing the number of
times of the drill must stop to make a turn[3]. This problem is closely related
to our problem. Further applications appear in VLSI, especially with the 2-layer
chip model[23].

Over larger geographic areas, both distance and number of turns can con-
tribute to the time spent traversing a tour. We view our work in this paper as an
important first step towards understanding this more general problem. Metrics
involving minimizing the number of turns or some function of the number of
turns and total distance are well studied for the shortest paths problem [28]23]
31132122129/30].

For the regular traveling salesman problem, Christofedes’ algorithm gives a
3/2-approximation [9], and the algorithms of Arora [5] and Mitchell [27] give a
PTAS for the problem in the case when the points are in the Euclidean plane.
Objectives such as the traveling repairman problem, maximum length tour and
maximum scatter also have constant-factor approximation schemes [T9/4J7]. For
longest tour, in the case when the points are in R for some fixed d, the problem
is actually solvable in polynomial time [6]. In contrast, for the angular-metric
TSP, the best known approximation algorithm is O(logn) [2].

In this paper, we give approximation algorithms for several variants of the
traveling salesman problem for which the metric is to minimize the number of
turns. For the case of an arbitrary set of n points in the FEuclidean plane, we
give an O(log(min(z, ¢)))-approximation algorithm, where z is the maximum
number of collinear points and ¢ is the minumum number of lines that can be
used to cover all n points. In the worst case min(z, ¢) can be as big as n/3, but
it will often be much smaller. We call this problem the minimum bends traveling
salesman problem.

We also study interesting restricted cases and find better approximation ra-
tios. We introduce the rectilinear minimum bends traveling salesman problem, in
which the lines of the tour are restricted to being either horizontal or vertical, and
we give a 2-approximation algorithm for this problem. The algorithms for both
cases involve forming a relaxation which we call the line cover problem, where
the line cover is the minimum-sized set of lines covering all the input points. The
differences in the two algorithms arise in the choice of potential lines to include
in the cover and the ability to approximate the resulting line cover instance. For
the general case, we obtain a set-cover problem, Our logarithmic approximation
ratio results from the logarithmic approximation ratio of set-cover.[S[I0[TI]. For
the rectilinear case, we obtain a bipartite vertex cover problem, which can be
solved in polynomial time.
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Finally, we consider a special case of the rectilinear minimum bends traveling
salesman problem in which we have the restriction that no two points in the
input are allowed to have the same z- or y-coordinate. This allows us to study
carefully an aspect of the problem which the previous approximation algorithms
ignore. Once they find a line cover, the other algorithms link the lines together
in a fairly straightforward way. For this problem, however, the minimum sized
line cover is equal to the number of input points and so the line cover gives
us essentially no helpful information. Instead we focus on how to carefully link
together non-collinear points into a tour. For this case, we give an algorithm that
finds a tour which makes at most two turns more than the optimal tour. Thus we
have an approximation algorithm with an additive, rather than a multiplicative
error bound.

Beyond the additive error bound, our algorithm for this problem introduces
several interesting algorithmic techniques. We introduce two different ways to
decompose a set of points in the Euclidean plane. We call these decompositions
a 9-division and a 4-division. We then show that any set of points can either be
decomposed into a 9-division or a 4-division. Guided by these decompositions,
we repartition the points into a set of points that are monotonically increasing,
a set of points that are monotonically decreasing, and a set of points that fall
on the perimeters of a set of nested boxes. Using this second decomposition, we
are able to find a tour that uses at most two turns more than the optimal tour.
We believe that these decompositions may be of independent interest.

We do not yet know whether the problems considered in this paper are NP-
hard. We believe the general minimum bends traveling salesman problem is
NP-hard, and we would not be surprised if the non-collinear rectilinear variant
(c.f. Section B)) is actually solvable in polynomial time. We omit many of the
proofs in this extended abstract.

2 Preliminaries

In this section we introduce three versions of the Minimum Bends TSP. We also
define the Line Cover problem and its rectilinear variant, both of which will be
useful subroutines in our algorithms.

Throughout this paper, we use the convention that a point p; has x and y
coordinates x; and y; respectively. When a point p; falls on line [;, we will say
that line I; covers point p;.

We will be concerned with approximation algorithms, and will define a p-
approximation algorithm for a minimization problem to be one which, in poly-
nomial time, finds a solution of value pOPT+O(1), where OPT is the value of
the optimal solution to the problem.

In this paper, we will consider traveling salesman tours in the plane. Our
tours will differ from conventional tours in that the endpoints of their segments
need not be at input points.

Definition 1 (Segmented Tour (S-Tour)). Given a set of points P =
{p1,p2,---,pn} in the Euclidean plane, define an S-Tour over P to be a se-
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quence of line segments m = lo,l1, ..., lijn—1 such that: 1) there exists a set of
points Q@ = {qo,q1, - - -, gm—1} such that the endpoints of l; are ¢; and ¢;+1 mod m,
and 2) each point p; € P falls along some line l; € 7.

Definition 2 (Rectilinear Segmented Tour (OS-Tour)). Given a set of
points P = {p1,p2,...,pn} in the Fuclidean plane, define a OS-Tour over P to
be an S-Tour m = lg,l1,...,l;n—1 over P with the following additional property:
3) l; € m is a horizontal or vertical line segment depending on the parity of j.

Although we define a tour as a sequence of line segments, given a set of points
Q =1{9,q1,---,9m-1}, and a starting direction d, a natural tour associated with
@ and d traverses the points in order. To go from point ¢; to point ¢; 41, we
greedily travel in the path that minimizes the number of lines needed to travel
from g¢; to g;+1 (having approached ¢; in a particular direction). Thus the output
from our algorithms may consist of an ordering on the points together with a
starting direction.

We now define the main problem of this paper along with two restricted
versions. In the Minimum Bends TSP (MBTSP), we are given a set of points
P = {p1,p2,...,pn} in the Euclidean Plane, and we wish to find an S-Tour
m = lo,l1,...,lm—1 over P such that m is minimized. We will let MBTSP(P)
denote the optimal value for m. Similarly, in the Rectilinear Minimum Bends
TSP (QMBTSP), we wish to find a OS-Tour « = lo,l,...,l,—1 over P such
that m is minimized. We will let OMBTSP(P) denote the optimal value for m. In
the Non-Collinear Rectilinear Minimum Bends TSP (NC-OMBTSP), our points
have the further restriction that for any p;,p; € P with i # j we have z; # z;
and y; # y; (in the future we will call this the non-collinearity property). We
wish to find a OS-Tour © = lg, (1, ..., L1 over P such that m is minimized. We
will let NC-OMBTSP(P) denote the optimal value for m. For all these problems,
the number of bends in a tour is equivalent to the number of line segments. Thus
our objective, minimizing bends, is characterized by minimizing m, the number
of line segments in the tour.

Our algorithms will also use, as subroutines, several related problems. In the
Line Cover Problem (LC), we are given a set of points P = {p1,pa,...,pn} in
the Euclidean Plane. We wish to find a set of lines L = {ly,ls,...,l;,} such
that each p; € P falls along some [; € L and such that m is minimized. We let
LC(P) be the optimal value for m. The Rectilinear Line Cover Problem (QLC)
is a variant of the Line Cover Problem in which the lines are restricted to being
either horizontal or vertical.

3 A 2-Approximation Algorithm for OMBTSP

In this section we give a 2-approximation algorithm for the Rectilinear version
of the Minimum Bends Traveling Salesman Problem (OMBTSP). As described
in Section 2 we are given an arbitrary set of points in the Euclidean plane, and
we are looking for a rectilinear tour which minimizes the number of turns in
the tour. The Rectilinear Line Cover problem will be used in our approximation
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algorithm for OMBTSP. Hassin and Meggido showed that this problem can be
solved in O(n!®) time by reducing it to the Bipartite Vertex Cover problem[16].
Our algorithm first computes an optimal rectilinear line cover on the set of
input points. We then convert this to a rectilinear tour having no more than
twice as many turns as there are lines in the optimal rectilinear line cover. The
resulting tour is a 2-approximation since the number of lines in the rectilinear
line cover instance defines an obvious lower bound on the OMBTSP instance.

Lemma 1. Given a set of points P = {p1,p2,...,pn} in the Euclidean plane,
if OLC(P )= m, then OMBTSP(P) < 2m + O(1).

Proof. Let L = 11,15, ...,l,, be an optimal rectilinear line cover over the points in
P. Let v be the number of vertical lines in L and let h be the number of horizontal
lines in L. Construct a tour as follows. Define a bounding box B such that all
points in P are contained within the boundaries of B. Connect all horizontal lines
in a path that travels in a S-like fashion through every horizontal line and along
the boundaries of B. This adds 2h — 1 lines to the tour. Repeating this process
in the vertical direction adds 2v — 1 lines. Joining the horizontal and vertical
sections at both ends adds 4 more lines for a total of 2h—1+2v—14+4 = 2m+0(1)
lines. Figure M shows a sample tour. O

Fig. 1. A sample tour formed by OMBTSP

The lemma is tight in the sense that we can show that there exist sets of points
P for which OMBTSP(P) > 20LC(P). Combining this lemma with Hassin and
Meggido’s algorithm we obtain:

Theorem 1. A 2-approximation for the Rectilinear Minimum Bends Traveling
Salesman Problem can found in O(n'®) time.

Rectilinear Cycle Cover from Rectilinear Line Cover

For several TSP problems, a cycle cover relaxation is a useful algorithmic tool.
We can define a Rectilinear Cycle Cover Problem analogous to the OMBTSP. We
note that from a given rectilinear line cover, we can optimize the rectilinear cycle
cover using those lines by finding an appropriate matching between vertical and
horizontal endpoints. This, however, does not give us an algorithm for finding
the optimal rectilinear cycle cover, as the optimal rectilinear cycle cover may not
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use the lines from the optimal rectilinear line cover. On the other hand, we are
able to show that given a rectilinear cycle cover, we can convert it to a rectilinear
tour, using no more than 5/4 times as many turns. Given the above mentioned
difficulty with finding the optimal rectilinear cycle cover, we do not yet know
how to make use of this fact.

4 An Approximation Algorithm for MBTSP

We now turn to the general minimum bends TSP problem. Consider what hap-
pens if we try to apply the algorithm of the previous section to this problem.
Although the details are more involved, we can formulate a line cover problem,
by constraining the candidate lines to be those which cover maximal collinear
subsets of the input points, together with the degenerate “lines” formed by single
points. We can then solve the line cover problem, and use this to obtain a tour,
paying roughly a factor of 2 in the process. The only problem in this approach is
that the resulting line cover problem is no longer equivalent to a bipartite vertex
cover problem. Instead, it is now a set cover problem, and so our approximation
bound will not be as good.

The details of our algorithm appear in Figure[2. In the first seven lines, we
compute the set T', which contains all lines which might be in the optimal tour.
We include in this set all lines going through two or more points. The optimal
tour may also consist of lines that go through only one input point, hence we
include singleton points as degenerate lines. The set T' can easily be computed in
polynomial time, and here we omit the discussion of the data structures needed
to compute it efficiently.

Function FIND-MBTSP(P)
1) T=0;k=0

2) for all (p; € P)
3) for all (p; € P)
4) let S = the set of all points in P along the line through (p;, p;)
5) T=TU{S}
6) for all (p; € P)
7) let T=TU{{p:}}
8) let T'=SET-COVER(T, P) // This returns a log-approximation of Set Cover
9) forall (SeT)
10) let (g2rk—1, g2x) = the two extremum points in S; k++
(if S is a singleton p, then gar—1 = gor = p)
11) let Q=@
12) for all (¢; € Q)
13) let I; = the line segment (qi, q(i+1) mod |@|) // i may have length 0.
14) return m = 1,12, ..., {jg|

Fig. 2. An approximation algorithm for MBTSP
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We now form a set-cover instance as follows. The elements of our set system
are the initial input points, while the sets are the sets of points comprising lines
in T. The optimal set cover is a lower bound on the optimal tour. Further, by
arguments similar to those in Lemma [T] if we take the line segments in 7", a line
cover of the points P, order them, and connect the two endpoints of each two
consecutive segments with an additional line segment, we do indeed get a tour.
The code in lines 9 through 13 achieves this. Thus we have shown:

Theorem 2. Algorithm FIND-MBTSP, given an input to the Minimum Bends
TSP problem, computes a tour which is a 2p + 2-approrimation, where p is the
approzimation bound for Set Cover.

In general, the best set cover approximation is Inn [L0JI7]. However, in the
case when each set is of size no more than z, the approximation ratio is roughly
In z, and tighter bounds are known for small values of z[11]. Further we note
that the VC-Dimension of this set system is 2 which allows us to additionally
bound the approximation ratio by O(log ¢) where c is the size of the minimum set
cover[R]. The maximum set size corresponds to the maximum number of collinear
points, and the minimum set cover corresponds to the minimum number of lines
that can cover the points. Thus we have:

Corollary 1. Given a set of points P among which no more than z are
collinear, and which can be covered by c lines, Algorithm FIND-MBTSP is an
O(log(min(z, ¢)))-approximation algorithm.

5 An Approximation of NC-OMBTSP Using OPT+2
Bends

In this section we consider OMBTSP with the additional constraint that no two
points share an x-coordinate or a y-coordinate. In this case, no two points may
lie along the same line of the tour, and hence n is a lower bound on the number
of bends in the tour. Also the number of lines in any rectilinear tour must be
even, since the tour must have the same number of horizontal and vertical lines.
Thus if n is odd, then n + 1 is a lower bound on the number of lines.

Our approximation algorithm finds a tour with n + 2 lines if n is even and
n + 3 lines if n is odd. Thus, the algorithm finds a tour with at most OPT+2
bends.

5.1 Box Points and Diagonal Points

Our algorithm depends heavily on the division of the points into two categories:
diagonal points, and box points. Here we define these two sets. In the following
section we show that the input to NC-OMBTSP can always be partitioned into
one set of box points and one set of diagonal points.

We say that a set of points P = {p1,p2,...,pn} is monotonically increasing
if, for any two points p; = (z;,¥;), and p; = (z;,y;) € P we have z; > z;
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if and only if y; > y;. Similarly, P is monotonically decreasing if for any two
points p;,p; € P we have x; > x; if and only if y; < y;. A set of points may
be considered diagonal points if they can be partitioned into two sets Z and
D such that the points in Z are monotonically increasing and the points in D
are monotonically decreasing. We define a 4-box to be any set of four points
P = p1,...,p4, such that a single point falls along each of the four boundaries
of the smallest enclosing rectangle around P, and no point falls at any corner of
that rectangle. Finally, we say that a set of points may be considered box points
if they can be partitioned into subsets of cardinality 4, such that each subset
forms a 4-box, and such that given any two of these 4-boxes, one lies entirely
within the other (See Figure Hl).

Ultimately we want to show that for any given set of points with the non-
collinearity property, all points can be partitioned into a single set of diagonal
points and single set of box points as defined above.

5.2 Planar Subdivisions

We will classify the input points using a method we call the Planar Subdivision
Method. We will define two different ways to divide the Euclidean plane, a 4-
division and a 9-division. Then we will show that among any set of points with
the non-collinearity property there exists a way to divide the plane into a 4-
division or a 9-division. See Figure [3 for examples of the two divisions.

Definition 3 (4-division). A 4-division is a division of the Euclidean plane
via a single horizontal and a single vertical line into 4 quadrants, NE, NW, SE,
and SW, such that: 1) The points in the NW region and the points in the SE
region are monotonically decreasing. 2) The points in the NE region and the
points in the SW region are monotonically increasing.

Due to the relative positions of the quadrants, it is also the case that the
union of the points in the NW and SE regions are monotonically decreasing.
Likewise the union of the points in the NE and SW regions are monotonically
increasing. In a tour this will allow us to cover these sets of points at a rate of one
per line within each set. Note that in order to have a 4-division it is not necessary
that a particular quadrant contain any points. Among any arrangement of 0, 1,
2, or 3 points, there exists a 4-division, but it is not not necessarily true that
there exists a 4-division among 4 points. (A simple case analysis will show this.)

Definition 4 (9-division). A 9-division is a division of the Fuclidean plane
into 9 regions, NE, NW, SE, SW, N, S, E, W, and C (the Center), defined by
two horizontal and two vertical lines, satisfying the properties of the 4-division
as well as: 3) The N, S, E, and W regions are all empty. 4) There exists exactly
one point along each of the four boundaries of the center region, and none at any
of the corners. The interior of the center region may contain any arrangement
of points.
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Fig. 3. A 4-division and a 9-division

We now define a function PLANAR-SUBDIVISION which, given a set of points
with a 9-division, returns NW, NE, SW, SE, C, and B. These are the points in
the NW, NE, SW, SE, and C regions, and the 4 points along the boundary of C
respectively. If no 9-division exists, the algorithm finds a 4-division, and returns
NW, NE, SW, and SE, the sets of points in the respective quadrants.

The algorithm repeatedly finds the smallest enclosing rectangle around the
set of points. If there are 4 points along the border of that box, then a 9-division
exists. If there is one point, then a 4-division exists. Otherwise, the box must
have a corner point. We remove that corner point, classify it in the appropriate
quadrant, and repeat the algorithm on the remaining points. Of the sets returned,
B must contain exactly four points, but any of the other sets returned may be
empty. Detailed pseudocode appears in Figure @l

Function PLANAR-SUBDIVISION(P)
let NW=NE=SW=SE=C=B=() // The values to return
while (P # ()
let R=SMALLEST-ENCLOSING-RECTANGLE(P)
if (|R| == 4)
Division-Type=9 ; C =P - R; B=R
return (Division-Type,NW ,NE,SW,SE,C,B)
else if (|R| ==1)
Division-Type=4 ; NW = NW U R
return (Division-Type,NW ,NE,SW,SE)

else
let maxx, minx, maxy, and miny be the points p; € B such that
x; or y; is minimized or maximized as appropriate
if (maxx == maxy) NE = NE U maxx ; P = P - maxx
else if (minx == maxy) NW = NW U minx ; P = P - minx
else if (maxx == miny) SE = SE U maxx ; P = P - maxx
else if (minx == miny) SW = SW U minx ; P = P - minx

Fig. 4. The Planar Subdivision Algorithm. It returns either a 4-division or a 9-division.
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In order to analyze the planar subdivision algorithm, we will need several
additional properties. Note that if some edge of a smallest enclosing rectangle
did not contain any points, then the region would not properly be a smallest
rectangle, as we could shrink it on that side. Thus the smallest enclosing rectangle
about a set of points with the non-collinearity property must have exactly one
point along each of its edges. In the event that fewer than four points fall along
the union of all the edges of a smallest enclosing rectangle, then at least one
point must lie at a corner of that rectangle. We state this as the corner lemma:

Lemma 2. (Corner Lemma) Given a set of points P = p1,pa,...,pn such that
fewer than 4 points lie along the boundary of the smallest enclosing rectangle,
R, at least one point in P must lie at a corner of R.

We now know that given a set of four points P with the non-collinearity
property, the following are equivalent: 1) The set P forms a 4-box. 2) The small-
est enclosing rectangle about P has four points along its boundary. 3) No point
lies at the corner of the boundary of the smallest enclosing rectangle about P.

The 4-box plays an important role in the classification of box points. Here
we state the uniqueness of an enclosing 4-box.

Lemma 3. Given a set of points P = {p1,p2,...,pn} with the non-collinearity
property, if there exists a 4-box in P, then there exists a unique 4-box which
encloses all other 4-boxes in P.

Lemma 4. Given a set of points P = {p1,pa2,...,pn} with the non-collinearity
property, if there exists a 9-division in P, then PLANAR-SUBDIVISION(P) finds
the 9-division, and the points returned form the unique enclosing 4-box in P.

Proof. First, we will show that the algorithm finds the unique enclosing 4-box
if it exists. The set P initially contains all points. A point p’ is only removed
from P when it is on the corner of the smallest enclosing rectangle around P.
Such a point cannot be in a 4-box, since it would have to be at the corner of any
4-box containing p’. Thus, we do not remove any points from P that could be
in a 4-box. The algorithm only terminates when all points are removed from P,
or when it finds that the smallest enclosing rectangle contains four points along
its boundary. Thus it follows that either there does not exist a 4-box in P, or
the algorithm finds the unique enclosing 4-box.

Next we show that if there exists a 4-box in P, then the algorithm finds a

9-division. Assume there exists a 4-box in P. Then we know that the algorithm
finds the unique enclosing 4-box in P. Assume, by way of contradiction, that
this 4-box does not define a 9-division. Then one of the properties of a 9-division
would have to be violated. We will attempt to violate each property, and then
contradict each violation.
Properties 1 and 2: Let there be two points in a corner region (NW, NE, SW,
SE) which do not follow the region’s monotonicity property. Then these two
points, together with the two far points from the 4-box would form a larger
4-box, and the given 4-box would not be the unique enclosing 4-box.
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Property 3: Let there be a point in a side region (N,S,E,W). Then this point
together with the 3 far points of the given 4-box would form a larger 4-box.
Property 4 holds trivially and thus, our algorithm finds a 9-division if a 4-box
exists. Since every 9-division contains a 4-box our algorithm finds a 9-division if
one exists. a

Lemma 5. Given a set of points P = {p1,pa2,...,pn} with the non-collinearity
property, if there does not exist a 9-division in P, then there exists a 4-division
in P, and PLANAR-SUBDIVISION finds a 4-division.

Proof Sketch. First let us show that if there does not exist a 9-division in P,
then there exists a 4-division. We do this by induction on the cardinality of a set
of points with no 9-division. Assume there does not exist a 9-division in P and
consider the smallest bounding rectangle about P. There cannot be 4 points on
this rectangle, or there would be a 4-box and thus a 9-division in P. Therefore,
there must be a point, say p., at the corner of this rectangle. Now consider the
set of points P — {p.}. Assume inductively that all sets of | P| — 1 points which do
not have a 9-division contain a 4-division. Thus P — {p.} contains a 4-division
(since it contains no 9-division).

Adding p. to this set can only eliminate the 4-division if it breaks the mono-
tonicity property in some region. Since p. was a corner point in the set P, it
follows that it is extremal in both the x and y direction, among the points in
P. We can show that for at least one region R, p. will satisfy the monotonicity
property for that region. Consider that p. is not located in R. Then we can show
that it is possible to reassign the boundaries so that p. is in R without changing
the region to which any other point in P is designated.

Thus, we have our inductive hypothesis. Let P be a set of points of cardinality
n which has the non-collinearity property but no 9-division. If there exists a 4-
division on any set @ of cardinality n — 1 which has no 9-division, then there
exists a 4-division on P. For our base case we simply state that there is a 4-
division on any set of points of cardinality 1, and we are done with the inductive
proof.

It remains to show that our algorithm finds a 4-division, if there is no 9-
division. Assume there is no 9-division on P. Then our algorithm can never find
a 4-box in P. Thus at each iteration, it must find a corner point. As this point
is extremal in two directions, it maintains a particular monotonicity with all
remaining points in P. Thus, assigning it to the region which has that mono-
tonicity property cannot violate the property in that region. Our algorithms does
this. Furthermore, the regions remain properly defined, since, when a point is
assigned to a region (and removed from P) it is extremal with respect to all re-
maining points in P in the proper direction. Thus for any two points in different
regions, we were guaranteed the proper directional relationship when the first of
these was removed from P. Therefore, the 4 regions the algorithm returns will
have the proper monotonicity property, and thus they will form a 4-division. O
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Theorem 3. (Planar Subdivision Theorem) Given any set of points P =
P1,D2, - Pn Such that mo two points share an x-coordinate or a y-coordinate,
there must exist either a 4-diwiston or a 9-division among those points, and
PLANAR-SUBDIVISION(P) returns a proper 4-division or 9-division among P.
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Fig. 5. Recursively finding a 9-division; finishing with a 4-division at the center. Clas-
sifying the points into Diagonal Points and Box Points.

5.3 The Algorithm

Figure [0 describes the approximation algorithm which finds tour of length at
most OPT+2. In lines 2-7, it repeatedly applies the planar subdivision theorem
to obtain a decomposition of the points. The loop will run for O(n) iterations
because each iteration, save the last, reduces the cardinality of C by at least 4.
Recall that each decomposition partitions the points into sets NW, NE, SW, SE,
B and C. The points in NE, SW, and SE are placed in the appropriate diagonals,
either Z or D’ = DN SE. The points in NW are indexed by the iteration in which
they were found. The box points are indexed similarly.

The tour then consists of the points in Z, followed by the points in D’, and
then alternates between the points in D from NW and the various boxes. In
order to get the exact bounds claimed, we have to be careful about the starting
direction and we may also have to move points from one diagonal to another.
These details are discussed in the proof of Theorem[H. Our algorithm may require
that we move diagonal points from one diagonal to another. We call the algorithm
that performs this SWITCH-DIAGONAL.

Theorem 4. (Diagonal Switching Theorem) For any set of diagonal points de-
rived using the Planar Subdivision method, there exists at least one point which
may be swapped between D and I, while retaining the monotonicity properties.

Theorem 5. Algorithm FIND-NC-OMBTSP, given an input to the Non-
Collinear Minimum Bends TSP, finds a tour which contains at most 2 additional
bends more than the optimal.
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Function FIND-NC-OMBTSP(P)

1) leti=1

2) while (P # 0)

3) if ( (4-division,NW,NE,SW SE)=PLANAR-SUBDIVISION(P) ) then

4) I=ZUNEUSW; D =DUNWUSE; P=10

5) else if ( (9-division, NW,NE,SW,SE,B,C)=PLANAR-SUBDIVISION(P) ) then
6) Z=ZUNEUSW; D'=D'USE; D;,=NW; Box;=B; P=C
7) i+

8) Zsort = SORT(Z) ; Diort = SORT(D') // Along the y-coordinate

9) if (|Zsort]) is odd then Starting-Direction = East

10) else if (|Zsore|) is even then Starting-Direction = North

11) 7 = (Starting-Direction,Zsort, Diyors, Boxi—1,Di_1, ..., Box1,D1)

12) if (FINISHING-DIRECTION(7r) == Starting-Direction) then

13) return SWITCH-DIAGONAL(w,Z,D’) // Apply Diagonal Switching Theorem
14) else return m

Fig. 6. An Approximation algorithm for NC-OMBTSP

Proof Sketch. As stated earlier, if n is even, then n is a lower bound on the
number of lines in the optimal tour, by the non-collinearity property. Similarly,
if n is odd, then n+1 is a lower bound. Now consider the number of lines in a tour
returned by FIND-NC-OMBTSP. The return value consists of a series of point
sequences, together with a starting direction. The total number of lines will be
the sum of the number of lines in each sequence, plus the sum of the additional
lines used in connecting adjoining sequences. An additional line will be necessary
between two sequences if the preceding sequence finishes its path heading away
from the start of the subsequent sequence. More than one additional line would
be necessary only if a particular entrance direction were required at a point. Our
definition of a tour defined by points will not require this, except to rejoin the
end of a tour to its starting point.

The sequences Zs,r+ and D7 ,.,, because of their monotonicity, can be covered,
starting from an extremal point, using a staircase-like path. This can be done at
a rate of one line per point unless the starting direction requires that an extra
turn be made in traveling from the first point to the second point. Transferring
from Zsors to D2, will incur an extra turn, unless the tour can proceed directly
to D, in which case an extra line is needed after the first point of D._.,.
Either way the total number of line segments needed to cover Zy,.+ and D, ,
will be |Z| + |D’| +1 (See figure[T)). Note that this algorithm does not handle the
degenerate cases where the sets may have 0 or 1 points, but optimal paths can
be found on a case-by-case basis.

Upon completion of D, ., the path is inside the innermost uncovered Box;,
heading in either the North direction or the West direction, and all remaining
points in D; are to the North and West of the most recently covered point. These
conditions are invariants to maintain after each subsequent point sequence, D;;,
is completed. The conditions are sufficient to cover all points of the inner most
uncovered Box; using exactly 4 additional lines. The invariants remain true upon
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completion of Box;. The invariants are also sufficient to cover a particular D;
using |D;| lines, and remain true after such a covering. Thus all points in (J,
(Box; U D;) can be covered with Y, (|Box;| + |D;) lines (See figure [7).

b

Extra
~ Line

Fig. 7. The path through the diagonal points, and splicing in the box points

Joining the end of the tour back to its beginning will require 1 or 2 or 3 ad-
ditional lines, depending on the starting and finishing directions. If 3 additional
lines are required, then the starting and finishing directions must both be North.
In this case we can apply the Diagonal Switching Theorem to modify the sizes
of D’ and Z each by 1. This changes both the starting and finishing directions,
allowing the tour to complete with 1 additional line. The resultant tour will have
n + 2 total lines, or n + 3 total lines. By the parity argument, the tour can only
have n 4 3 lines if n is odd. Thus we achieve the desired optimality bound. O

The total number of iterations of both the while loops in FIND-NC-
OMBTSP and in PLANAR-SUBDIVISION is at most n, since an iteration of either
loop reduces the size of P. The SMALLEST-ENCLOSING-RECTANGLE is thus run
at most n times, and if run in a brute force fashion takes O(n) time to run.
However, by using 2 binary search trees, one keyed on the z-coordinate and one
keyed on the y-coordinate, and an amortized analysis of the work needed per
iteration, we can show that this portion of the algorithm runs in O(nlogn) time
overall. The remainder of the algorithm runs in O(n) time.
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